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-
Why Matrices

o Intermediate vector bosons (W™, W~, Z°%) and gluons are matrix valued gauge fields:

a,b=1,2 — SU(2) — weak interactions
a,b=1,2,3 — SU(3) — strong interactions
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-
Why Matrices

o Intermediate vector bosons (W™, W~, Z°%) and gluons are matrix valued gauge fields:

a,b=1,2 — SU(2) — weak interactions
a,b=1,2,3 — SU(3) — strong interactions

e "Pure” QCD (h=c=1)

1 .
L= 7ZTr FuvF*Y5 Fuy = 0uAL — O AL + igymlAu, Avl
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-
Why Matrices

o Intermediate vector bosons (W™, W~, Z°%) and gluons are matrix valued gauge fields:

a,b=1,2 — SU(2) — weak interactions
a,b=1,2,3 — SU(3) — strong interactions

e "Pure” QCD (h=c=1)

1 .
L= 7ZTr FuvF*Y5 Fuy = 0uAL — O AL + igymlAu, Avl

@ Should set Agcp and predict glueball mases. With quarks (matter fields), confinement,
meson and baryon masses

1 - .
L= —ZTI‘ FMUFHU +7}1’7H(18H — gYMAH)'l,Z)
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-
Why Matrices

o Intermediate vector bosons (W™, W~, Z°%) and gluons are matrix valued gauge fields:

a,b=1,2 — SU(2) — weak interactions
a,b=1,2,3 — SU(3) — strong interactions
e "Pure” QCD (h=c=1)
1 .
L= fZTr FuvF*Y5 Fuy = 0uAL — O AL + igymlAu, Avl

@ Should set Agcp and predict glueball mases. With quarks (matter fields), confinement,
meson and baryon masses

1 - .
L= —ZTI‘ FMUFHU +7}1’7H(18/4 — gYMAH)'l,Z)

@ QCD cousin: N = 4 super Yang-Mills theory (i = 1, ...,6 matrix scalars)
— 1 uv 1 s g\%M 2
Lf—ZTrF,wF +5DHX,-D X,-+T[X,-,Xj] + ..
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-
Why Large Matrices

e 't Hooft [1974] generalized 3 x 3 matrices — N x N. N large, A = gf,MN finite.
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Why Large Matrices

e 't Hooft [1974] generalized 3 x 3 matrices — N x N. N large, A = gf,MN finite.
@ [Wilke van der Schee, 2011]

o Large N field theory

Planar limit:
A=g¢*N fixed

N =

G. 't Hooft, A planar diagram theory for strong interactions (197.4)
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Why Large Matrices

@ 't Hooft [1974] generalized 3 x 3 matrices — N x N.

N large, A = gf,MN finite.
@ [Wilke van der Schee, 2011]

o Large N field theory
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Planar limit:
A=g¢*N fixed

N =

G. 't Hooft, A planar diagram theory for strong interactions (197.4)

o Example: GS energy E = N2=28f()\). QCD string ?
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Large N, gauge invariance and loop equations

o Gauge theories — gauge invariance — restrict to gauge invariant states
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Large N, gauge invariance and loop equations
o Gauge theories — gauge invariance — restrict to gauge invariant states
o Wilson loops

B(C) = Tr (Pl e ™) | 6(C.x,50) = Ba)P e 5 A% 5 x0)
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Large N, gauge invariance and loop equations

o Gauge theories — gauge invariance — restrict to gauge invariant states
o Wilson loops

B(C) = Tr (Pl e ™) | 6(C.x,50) = Ba)P e 5 A% 5 x0)
o Large N factorization of gauge invariant operators (loops from now on):

< (C)H(C2) >Nmoo=< (C1) >< ¢(C2) > +1/N...
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Large N, gauge invariance and loop equations

o Gauge theories — gauge invariance — restrict to gauge invariant states
o Wilson loops

B(C) = Tr (Pl e ™) | 6(C.x,50) = Ba)P e 5 A% 5 x0)
o Large N factorization of gauge invariant operators (loops from now on):

< (C)H(C2) >Nmoo=< (C1) >< ¢(C2) > +1/N...

o Migdal-Makeenko equations [1979] (Schwinger-Dyson equations). On the lattice [Kazakov and

Zheng, 2022]:
0—0= Q0

==
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(Path) integral or quantum mechanics of finite number of Matrices -
reduced models

o Compactified gauge theories - QCD motivated

[Luscher, 1982-1984] - Y-M theory on a torus

[Eguchi and Kawai, 1982] - Loop equations from p = 1, ..., 4 unitary matrices
[Bhanot, Heller and Neuberger, 1982] - Quenched unitary matrices

[Gross and Y. Kitazawa, 1982] - Large N quenched prescription for hermitian matrices
[Kitazawa and Wadia, 1983] - Large N quenched prescription - Hamiltonian
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(Path) integral or quantum mechanics of finite number of Matrices -
reduced models

o Compactified gauge theories - QCD motivated

[Luscher, 1982-1984] - Y-M theory on a torus

[Eguchi and Kawai, 1982] - Loop equations from p = 1, ..., 4 unitary matrices
[Bhanot, Heller and Neuberger, 1982] - Quenched unitary matrices

[Gross and Y. Kitazawa, 1982] - Large N quenched prescription for hermitian matrices
[Kitazawa and Wadia, 1983] Large N quenched prescription - Hamiltonian

o D— branes [Polchinski, 1995]

[Banks, Fischler, Shenker, Susskind, 1997] - SS QM of 9 hermitian matrices (DO0's) - M-theory!
[Ishibashi, Kawai, Kitazawa, Tsuchiya, 1997] - 10d SYM

[Maldacena, Gubser, Klebanov, Polyakov, Witten, 1998-1999] - AdS/CFT

[

[

Berenstein, Maldacena, Nastase, 2002] - Scalars of N' = 4 SYM
tzhaki, Maldacena, ... | - Black holes and matrix QM

D-brane

%
e

Open String
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Constraints in loop space

o Can one study matrix systems directly in the large N limit? Loop space is highly non-trivial
and difficult to parametrize (more later). And is subject to positivity constraints!
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Constraints in loop space
o Can one study matrix systems directly in the large N limit? Loop space is highly non-trivial

and difficult to parametrize (more later). And is subject to positivity constraints!
o Recently re-discovered [Anderson and Kruczenski, 2017]
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Constraints in loop space

o Can one study matrix systems directly in the large N limit? Loop space is highly non-trivial
and difficult to parametrize (more later). And is subject to positivity constraints!

o Recently re-discovered

o Consider set of open Wilson lines C;,/ =1, ..., L from x; to x3, and U’ the corresponding
product of unitary matrices along the curves. For an arbitrary set of coefficients ¢;, define
A= Zi c/U'. Since TrATA > 0 for any ¢/, one must have

1 /
,:—<Tr[U/TU’} >>0
Pl NL (u) =
Semi-definite programming can then be used. Wording bootstrap is associated with existence

of constraints and parameter "scanning”.
@ Recent interest
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Collective Field Hamiltonian

@ Our approach is based on the collective field theory Hamiltonian of Jevicki and Sakita [1980].
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Collective Field Hamiltonian

@ Our approach is based on the collective field theory Hamiltonian of Jevicki and Sakita

o This Hamiltonian is an exact re-writing of a theory in terms of its gauge invariant variables.
The large N (planar) background is then obtained semiclassically as the minimum of an
effective potential Vg and, when expanded about this large N background, the collective
field theory Hamiltonian generates 1/N corrections systematically.
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Collective Field Hamiltonian

@ Our approach is based on the collective field theory Hamiltonian of Jevicki and Sakita

o This Hamiltonian is an exact re-writing of a theory in terms of its gauge invariant variables.
The large N (planar) background is then obtained semiclassically as the minimum of an
effective potential Vg and, when expanded about this large N background, the collective
field theory Hamiltonian generates 1/N corrections systematically.

@ The idea is to implement a change of variables from the original variables of the theory,
generically denoted by X 4, to the invariant set of operators (the collective fields) ¢(C), and
to require explicit hermiticity of the collective field Hamiltonian. This change of variable is
accompanied by a Jacobian J. In general J is not known explicitly, but it satisfies the
following equation

aQ(c’, C)

dlnJ , .
>, C)=w(C) - > 3T ()

> 561(CY) C/

This is sufficient to obtain explicitly the collective field Hamiltonian in terms of ¢(C) and its
canonical conjugate 7(C).
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Collective Field Hamiltonian and constraints

@ In general,

! T() (,) 2()
QCC—§:6¢CE¢C,WC—§:7E¢C :
(¢ = oXl,  9Xa () = 0X1,0X 4

Q(C, C') joins two loops into a sum of single loops, and w(C) splits a given loop into a sum
of two (in general smaller) loops.
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Collective Field Hamiltonian and constraints

@ In general,

, d¢t(C) 8g(C') 92¢(C)
Q(C,C") = E _ w(C) = E — 7
(€. 7 oxl,  0Xa (©) 7 9X1,0X4

Q(C, C') joins two loops into a sum of single loops, and w(C) splits a given loop into a sum
of two (in general smaller) loops.

@ The collective field Hamiltonian H,,, is ideally suited to a numerical approach based on
minimisation of the effective potential Vg, in a truncated loop space H., — Hgg‘,‘"c.

Already some time ago this approach was
successfully implemented for 2 + 1 lattice gauge theories.
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Collective Field Hamiltonian and constraints

@ In general,

! C T() (,) 9 ()
QCC_§:76¢CE¢C wc_§:7c¢c :
(¢ = oxl, Xa’ () = 0X1,0X 4

Q(C, C') joins two loops into a sum of single loops, and w(C) splits a given loop into a sum
of two (in general smaller) loops.

@ The collective field Hamiltonian H,,, is ideally suited to a numerical approach based on
minimisation of the effective potential Vg, in a truncated loop space H., — Hgg’f"c.
Already some time ago this approach was
successfully implemented for 2 + 1 lattice gauge theories.

@ Systems of unitary matrices have a phase transition between a strong and weak phase, and it
was then established that in the weak coupling phase the minimization has to be
accompanied by a constraint:

L ¢
Minimize V",
Q(C,C’) = 0.
In other words, the large N expectation values of the loop variables ¢(C) must satisfy the
constraint that the matrix Q(C, C’) is semi-positive definite, with a number of eigenvalues
saturating to zero in the weak coupling regime. This was shown to also be the case when
considering loop equations
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Constraint and density of eigenvalues

@ This constraint is not difficult to understand: the large N limit of the single unitary matrix
integral has a well known third order phase transition , described in terms
of the density of its (phases of) eigenvalues p(0) as:

p(0) = (1 + 2 cos0) —r<O<m forA>2,
A

{ p(@):ﬁ—z)\cosgw/i—sinzg, |0\<25in*1% } for \ < 2.

p(6) =0, 2sint 2 <9 <7
In the strong coupling regime, the density of eigenvalues is periodic with period 27. For

weak coupling, the density of eigenvalues develops finite support within the interval [—7, 7],
and p(0) = 0 outside this finite support.
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Constraint and density of eigenvalues

@ This constraint is not difficult to understand: the large N limit of the single unitary matrix
integral has a well known third order phase transition , described in terms
of the density of its (phases of) eigenvalues p(0) as:

p(0) = 3=(1+ 2 co —m<O0<m for\>2,

s0),
I 0. /A _gin2 @ in—12
{ p(0) = -5 cos 54/ 5 —sin® 3, |6] <2sin™* 5 } for A < 2.

p(6) =0, 2sint 2 <9 <7

In the strong coupling regime, the density of eigenvalues is periodic with period 27. For
weak coupling, the density of eigenvalues develops finite support within the interval [—7, 7],
and p(0) = 0 outside this finite support.

@ A similar phase transition is present in the large N limit of the quantum mechanics of single
unitary matrix systems. Hermitian matrix systems are always in the weak phase, so ensuring
that ¢(x) = 0 outside their finite support in order that the density of states remains
non-negative is of paramount importance.
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Constraint and density of eigenvalues

@ This constraint is not difficult to understand: the large N limit of the single unitary matrix
integral has a well known third order phase transition , described in terms
of the density of its (phases of) eigenvalues p(0) as:

p(0) = (1 + 2 cos0) —r<O<m forA>2,
A

{ p(G):ﬁ—z)\cos%\/g—sinzg, |9\<25in*1% } for \ < 2.

p(6) =0, 2sint 2 <9 <7

In the strong coupling regime, the density of eigenvalues is periodic with period 27. For
weak coupling, the density of eigenvalues develops finite support within the interval [—7, 7],
and p(0) = 0 outside this finite support.

@ A similar phase transition is present in the large N limit of the quantum mechanics of single
unitary matrix systems. Hermitian matrix systems are always in the weak phase, so ensuring
that ¢(x) = 0 outside their finite support in order that the density of states remains
non-negative is of paramount importance.

o For a single hermitian N x N matrix M, with invariants ¢, = T‘r(e‘ikM), the density of
eigenvalues is simply its Fourier transform.Then Q(x, y) = 9x9y (¢(x)d(x — y)), and Q(x,y)
is seen to have zero eigenvalues when the density matrix < x|d|y >= ¢(x)é(x — y) has zero
eigenvalues, or when ¢(x) = 0. For single matrix systems then, this constraint on Q is easily
related to the requirement that the density is non-negative.
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J.P. Rodrigues (NITheCS and MITP)

Density of eigenvalues - another look

. _n I 3 -
2 2

(a) Density of eigenvalues at A = 3

Y-M coupled matrices

3 2 -1 3 1 2 3

(b) Density of eigenvalues at A =1
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Quantum mechanics of two massless Y-M coupled matrices

o Our system is then [Mathaba, Mulokwe, Rodrigues, 2306.00935 [hep-th]]
13 g2
A=Z P% — YMTrXX2 TrP3 + Tr(V(Xa)).
P P, Xl A}; 3+ TH(V (X))

P, is canonical conjugate to X4. In our convention, 't Hooft's coupling A\ is A = g%M

J.P. Rodrigues (NITheCS and MITP) Y-M coupled matrices Mandesltam VI Talk 2024 12 /30



Quantum mechanics of two massless Y-M coupled matrices

o Our system is then [Mathaba, Mulokwe, Rodrigues, 2306.00935 [hep-th]]

2
£ = % Z P2 gYMTr[X X2 = ZTrPA + Te(V(Xa))-
A=1 A 1

P, is canonical conjugate to X4. In our convention, 't Hooft's coupling A\ is A = g%M

@ The U(N) invariant loops are single traces of products of the matrices X4, up to cyclic
permutations:
B(C) = To( X XPEXPXJ2..).

For instance, with two matrices one has [11] = Tr(X2),[12] = Tr(X1X2), [22] = Tr(X2),
with three matrices [111] = Tr(X3), [112] = Tr(X2Xz),
[122] = Tr(X1X2),[222] = Tr(X3), etc.
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Quantum mechanics of two massless Y-M coupled matrices

@ Our system is then

I\)H—l

2
Z P2 gY’V’Tf[x Xo]? = ZﬁPA+ﬂ( (Xa)).
A=1 A 1

P, is canonical conjugate to X4. In our convention, 't Hooft's coupling A\ is A = g%M

@ The U(N) invariant loops are single traces of products of the matrices X4, up to cyclic

permutations:
B(C) = Tr( X XXX,

For instance, with two matrices one has [11] = Tr(X2),[12] = Tr(X1X2), [22] = Tr(X2),
with three matrices [111] = Tr(X3), [112] = Tr(X2Xz),
[122] = Tr(X1X2),[222] = Tr(X3), etc.

o We let 6(C) — 6(C)/N"2+1 and then
Hcol = 2N2 CZC/ T(C Q(C C )ﬂ—(C )+ N2 eff(d))

= Z w(C)QHC, Cwl(C) + V(g).

CC’

Verr(9)
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Truncation of loop space

@ The large N background is then the minimum of Vg subject to the constraint that Q(C, C’)
is semi-positive definite.
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Truncation of loop space

@ The large N background is then the minimum of Vg subject to the constraint that Q(C, C’)
is semi-positive definite.

o For a given | (I > 4), Q is truncated to be a N x Ng matrix, where Ng is the number of
loops of length [ or less. Q itself, however, depends on loops with lengths up to

Imax = 21 — 2. If Nigops is the number of loops with length /max or less, then Vg is a
function of Ngops:

o VIIE(§(C), C =1,.., Mioops) = § ¢/ w(C)2H(C, C)wi(C) + V(0)
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Truncation of loop space

@ The large N background is then the minimum of Vg subject to the constraint that Q(C, C’)
is semi-positive definite.

o For a given | (I > 4), Q is truncated to be a N x Ng matrix, where Ng is the number of
loops of length [ or less. Q itself, however, depends on loops with lengths up to
Imax = 21 — 2. If Nigops is the number of loops with length /max or less, then Vg is a

function of Ngops:

o ngﬁnc(ﬂc)v c=1,.., Nloops) = %

J.P. Rodrigues (NITheCS and MITP)

No
c,c'=1

w(C)Q~H(C, Cwi(C) + V(9)

[ e [ No | Nioops ]

8 23 93
10 37 261
12 57 801
14 93 2615
16 153 8923
18 261 | 31237

Y-M coupled matrices
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Truncation of loop space

@ The large N background is then the minimum of Vg subject to the constraint that Q(C, C’)

is semi-positive definite.

o For a given | (I > 4), Q is truncated to be a N x Ng matrix, where Ng is the number of
loops of length [ or less. Q itself, however, depends on loops with lengths up to

Imax = 21 — 2. If Nigops is the number of loops with length /max or less, then Vg is a

function of Ngops:

o ngﬁnc(ﬂc)v c=1,.., Nloops) = %

@ How is the constraint enforced ?

J.P. Rodrigues (NITheCS and MITP)

No

c,c’=1

8 23 93
10 37 261
12 57 801
14 93 2615
16 153 8923
18 261 | 31237

Y-M coupled matrices

w(C)QH(C, C)wi(C') + V(9)
H Imax ‘ Ng ‘ Nloops H

Mandesltam VI Talk 2024
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Master Variables

@ To minimize VX" subject to the constraint Q(C, C’) = 0, we introduce master variables
¢ that explicitly satisfy the constraint:

961 (C) ag(C’
Qc,c)=>" (g(b( ) ‘g; ) v



Master Variables

@ To minimize VX" subject to the constraint Q(C, C’) = 0, we introduce master variables
¢ that explicitly satisfy the constraint:

91 (C) 99(C’
Qc,c)=>" (g(b( ) 2; ) v

@ Specifically, we choose Xj to be diagonal and X; a N X N hermitian matrix. The master
field then has N? 4+ N real components ¢o, a =1,2,..., N(N + 1).



Master Variables

@ To minimize VX" subject to the constraint Q(C, C’) = 0, we introduce master variables
¢ that explicitly satisfy the constraint:

91 (C) 99(C’
Qc,c)=>" (g(b( ) 2; ) v

@ Specifically, we choose Xj to be diagonal and X; a N X N hermitian matrix. The master
field then has N? 4+ N real components ¢o, a =1,2,..., N(N + 1).

@ The planar limit is obtained by minimizing VJFF”"C with respect to the master variables. More
precisely, at the minimum,

Moops runc
OV _ R OV 09(C)
dpa & 09(C) 0da |60

C
¢p1anar(c) = ¢(C)‘¢91’ C= 17 ey Nloops-

=0, a=1,2,... N(N +1)

In general, VI /0¢(C) # 0. The planar background is specified by the large N
expectation values ¢p1anar(C) of all gauge invariant operators.



Master Variables

@ To minimize VX" subject to the constraint Q(C, C’) = 0, we introduce master variables
¢ that explicitly satisfy the constraint:

91 (C) 99(C’
Qc,c)=>" (f%( ) 2; ) v

@ Specifically, we choose Xj to be diagonal and X; a N X N hermitian matrix. The master
field then has N? 4+ N real components ¢o, a =1,2,..., N(N + 1).

@ The planar limit is obtained by minimizing VJFF”"C with respect to the master variables. More
precisely, at the minimum,

Moops runc
OV _ ROV 00|,
dpa &g 09(C) Oa 1ot

C
¢p1anar(c) = ¢(C)‘¢91’ C= 17 ey Nloops-

=1,2,.., N(N +1)

In general, VI /0¢(C) # 0. The planar background is specified by the large N
expectation values ¢p1anar(C) of all gauge invariant operators.

@ We have chosen a truncation with /nhax = 14, that is, 2615 Njg,ps and a 93 x 93 Q matrix.
For the master field, we took N = 51, corresponding to 2652 master variables.



Scaling properties in the massless limit

@ Recall

[y

2
,Z P2 gYMTr[XhXQ]

N

P4 is canonical conjugate to X4, A = 17 2.
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Scaling properties in the massless limit

@ Recall

2 2
A=>3 TeP; - g%Tr[Xl,XQ]Z.

A=1

N | =

P, is canonical conjugate to X4, A =1,2.
@ This system has one dimensional parameter only, gyy. Its dimension and that of the fields
Xy are:

lgym] = é, Xi] = [Xo] = —% .

N
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Scaling properties in the massless limit

@ Recall
2 2
~ 8
A= TrP2 — SYM Ty X, X,]?.
> - S, x)

N | =

P, is canonical conjugate to X4, A =1,2.
@ This system has one dimensional parameter only, gyy. Its dimension and that of the fields
Xy are:

ol =2 Dal=Del= .

o We expect a simple algebraic dependence on gyy of all physical quantities, determined by
their energy dimensions (h = ¢ = 1). For instance,

2/3 —2/3 —4/3
e=1Ne gyﬁ/,v TrXf = Ay gYM/ s TeX{ = Ay gYM/ , etc.,

where e is any energy of the system.
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Scaling properties in the massless limit

@ Recall

2 2
A=>3 TeP; - g%Tr[Xl,XQF .

A=1

N | =

P, is canonical conjugate to X4, A =1,2.
@ This system has one dimensional parameter only, gyy. Its dimension and that of the fields
Xy are:

ol =3, Dil=Del=—.

o We expect a simple algebraic dependence on gyy of all physical quantities, determined by
their energy dimensions (h = ¢ = 1). For instance,
2/3 —2/3 —4/3
e=1Ne gyﬁ/,v TrXf = Ay gYM/ s TeX{ = Ay gYM/ , etc.,

where e is any energy of the system.
@ We considered 15 values of gyp, ranging from 1 to 12, chosen so that they are reasonably
distributed over this range in both a linear and logarithmic scale:

H 8ym

[ 1128403 [ 1.64872 | 2 [ 26 [ 325 |4 [ 5] 6|7 8] 9] 10 ] 11 ] 12

J.P. Rodrigues (NITheCS and MITP) Y-M coupled matrices Mandesltam VI Talk 2024 15 /30



Scaling properties in the massless limit

@ Recall

2 2
A=>3 TeP; - g%Tr[Xl,XQF .

A=1

N | =

P, is canonical conjugate to X4, A =1,2.
@ This system has one dimensional parameter only, gyy. Its dimension and that of the fields
Xy are:

ol =3, Dil=Del=—.

o We expect a simple algebraic dependence on gyy of all physical quantities, determined by
their energy dimensions (h = ¢ = 1). For instance,
2/3 —2/3 —4/3
e=1Ne gyﬁ/,v TrXf = Ay gYM/ s TeX{ = Ay gYM/ , etc.,

where e is any energy of the system.

@ We considered 15 values of gyp, ranging from 1 to 12, chosen so that they are reasonably
distributed over this range in both a linear and logarithmic scale:

H 8ym

[ 1128403 [ 1.64872 | 2 [ 26 [ 325 |4 [ 5] 6|7 8] 9] 10 ] 11 ] 12

o Working directly in this massless limit, the optimization algorithm exhibited remarkable
stable convergence to the system's minimum for all gyp,.
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Planar quantities - ground state energy

o Plot of large N ground state energies versus gyp:

0/ N
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Planar quantities - ground state energy

o Plot of large N ground state energies versus gyp:

o/ N?

4

awm
2 4 6 8 10 12

o We fit the data to the curve
eo/N? = Aogfy,
by performing a least squares fit to the logarithmic plot, with result. We find:
InAp = —0.117625(8), p = 0.666671(5).

J.P. Rodrigues (NITheCS and MITP) Y-M coupled matrices Mandesltam VI Talk 2024 16 / 30



|
Planar quantities - ground state energy

o Plot of large N ground state energies versus gyp:

0/ N

4

o We fit the data to the curve

eo/N? = Aogfy,
by performing a least squares fit to the logarithmic plot, with result. We find:
InAp = —0.117625(8),

p = 0.666671(5) .
@ This linear fit is shown below

Ineo / N? data points

— Linear fit

J.P. Rodrigues (NITheCS and MITP)

In gym

Y-M coupled matrices
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Planar quantities

@ The accuracy with which the interpolation matches the exact scaling p = 2/3 at this level of
truncation is remarkable. We are then justified in setting p = 2/3 and fit the data to the
scaling function

eo/N? =gy, (=NoX/?) (1)
with result
Ao = 0.889034(3). (2)
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Planar quantities

@ The accuracy with which the interpolation matches the exact scaling p = 2/3 at this level of
truncation is remarkable. We are then justified in setting p = 2/3 and fit the data to the
scaling function

eo/N? =gy, (=NoX/?) (1)
with result
Ao = 0.889034(3). (2)

@ The fit of the large N planar ground state energies to the scaling function is shown below.
The level of accuracy with which the numerically obtained planar ground state energies
match the scaling behaviour at this level of truncation is again remarkable.

* eo/N? data points

— 0.88903 gym?®
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Planar quantities

@ The accuracy with which the interpolation matches the exact scaling p = 2/3 at this level of
truncation is remarkable. We are then justified in setting p = 2/3 and fit the data to the
scaling function

eo/N? =gy, (=NoX/?) (1)
with result
Ao = 0.889034(3). (2)

@ The fit of the large N planar ground state energies to the scaling function is shown below.
The level of accuracy with which the numerically obtained planar ground state energies
match the scaling behaviour at this level of truncation is again remarkable.

* eo/N? data points

— 0.88903 gym?®

o

@ Taking into account possible truncation dependent errors, the final scaling dependence on 't
Hooft's coupling for the planar ground state energy of the massless system as:

eo/N? = 0.8890(2) A1/3
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Planar quadratic correlators

o We consider the correlator Tr(Z1Z)/N? = (TrX? + TrX3)/N?, (Z = X; + iX2) and do same
analysis.
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Planar quadratic correlators

o We consider the correlator Tr(Z1Z)/N? = (TrX? + TrX3)/N?, (Z = X; + iX2) and do same
analysis.

@ The results are presented in the table and figures below

[ Parameters of (log) linear fit | p = —2/3 fixed || Final scaling function |
InAgi, P Agiz T (Z7Z)/N?
-0.07219(7) | -0.66672(4) 0.93027(3) 0.930(1) A~1/3

« InTr(z'2)/N? data points

* Tr(z!2)/N? data points |

— Linear fit

— 0.9303 gy 23

LY o 08

8 5

[SAY) 04

£ E
02¢

sl
0.0t
0.0 05 1.0 15 20 25 o 2 4 6 8 10 12
Ingym gYm
(e) Linear fit of In TerTZ/N2 versus In gy () Fit of TrZ]\Z/N2 to scaling function

0.9303 gy, °
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Planar quadratic correlators

o We consider the correlator Tr(Z1Z)/N? = (TrX? + TrX3)/N?, (Z = X; + iX2) and do same
analysis.

@ The results are presented in the table and figures below

[ Parameters of (log) linear fit | p = —2/3 fixed || Final scaling function |

InAi, p Atz Tr(Z7Z)/N?
-0.07219(7) | -0.66672(4) 0.93027(3) 0.930(1) A~1/3

+ InTr(Z'2) / N? data points * Tr(Z'2) /N2 data points |
08t ]
—— Linear fit

— 0.9303 gy 23

Ingym

(g) Linear fit of In TrZTZ/N2 versus In gy

avm

(h) Fit of TrZT Z/N? to scaling function
—2/3
0.9303 gy,

@ The scaling power for the large N planar correlator is again predicted with a high level of

accuracy, and their numerical values match with a high level of precision the scaling
behaviour.

J.P. Rodrigues (NITheCS and MITP) Y-M coupled matrices

Mandesltam VI Talk 2024 18 /30



Quartic correlators

@ For invariant loops with 4 matrices, we consider the loops Tr(ZtZZtZ)/N3 and
tr(ZtZTZZ)/N3, and carry out the same analysis, summarized in table and figures below.

H ” Log linear fit

[ o=—4/3 ]

Final ”

InA P

A

Scaling function

Tr(Z1ZzZ1Z)/N3 || 0.4441(1) | -1.33340(6) || 1.55895(8)

1.559(8) A—2/3

Tr(Z1Z1ZZ)/N3 || 0.2333(1) | -1.33341(8) || 1.26261(8)

1.263(6) \—2/3

« 05 o e
z * InTrztzztz)IN®
§ 00N
N . t o
N 05 InTr(ztztzz) IN
£
< -10
"’; -15
N
N -20
E} — Linear fit
N 25
C — Linear fit
= =30
0.0 05 1.0 15 20 25

Ingym

(i) Linear fit of the log of 4 matrices loop
expectation values versus In gy,

Trztz ZtzyN3and Tr(zt Zt zZyN?

o Tr(ZZtzZ) IN?

— 1.5589 gyn ™

— 1.2626 gyy

(j) Fit of loops of 4 matrices to scaling

functions A g;ﬁ 3

Similar remarks concerning the high level of accuracy of the numerical results apply.



Quartic correlators

@ For invariant loops with 4 matrices, we consider the loops Tr(ZtZZtZ)/N3 and
tr(ZtZTZZ)/N3, and carry out the same analysis, summarized in table and figures below.

[ | Log linear fit [ p=-4/31 Final |
In A P A Scaling function
Tr(Z1Z2Z1Z)/N3 || 0.4441(1) | -1.33340(6) || 1.55895(8) || 1.559(8) \—2/3
Tr(Z1Z1ZZ)/N3 || 0.2333(1) | -1.33341(8) || 1.26261(8) || 1.263(6) \—2/3

o O0SN_ TT ' 2 ADING
£ o InTrZtzZtz) IN3 o 18 . 2’222 IN°
8 oo™ z e
N 3 S . THZ'Z'ZZ) IN
N 08 * InTHZtZt22)IN N . ) ]
S o £ — 1.5589 gy
§ &
% -15 Z — 1.2626 gyy
& s
N 20 i
N — Linear fit N
" 25 3
e — Linear fit "
= =30 0.0

0.0 05 1.0 15 20 25 [ 2 4 6 8 10 12

Ingym gm

(k) Linear fit of the log of 4 matrices loop (1) Fit of loops of 4 matrices to scaling

expectation values versus In gy, functions A g74 3
YM

Similar remarks concerning the high level of accuracy of the numerical results apply.
o Finally, we consider an "angle” defined to be

TeXPX3 — TeXi XoXiXo N Tr[X, X2

A=N = )
TrX2TrX? 2 TrX2TrX?

and obtain A = 0.685(2)



Spectrum

o Master variables can be used to obtain the spectrum of the O(N°) = O(1) quadratic
collective Hamiltonian [Koch, Jevicki, Liu, Mathaba, Rodrigues, 2022] ( based on [Jevicki and
Rodrigues, 1984]). The “mass matrix” is a Npoops X Npoops matrix, with Nyoops — No
unphysical zero modes.
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Spectrum

o Master variables can be used to obtain the spectrum of the O(N°) = O(1) quadratic
collective Hamiltonian ( based on
). The “mass matrix” is a Nyoops X Nioops Matrix, with Nioops — No
unphysical zero modes.
@ The mass of the third excited state and of all other higher excited states show the expected
increase with coupling. Not so for the two lowest lying states (more on these later)
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Spectrum

o Master variables can be used to obtain the spectrum of the O(N°) = O(1) quadratic
collective Hamiltonian ( based on
). The “mass matrix” is a Nyoops X Nioops Matrix, with Nioops — No
unphysical zero modes.
@ The mass of the third excited state and of all other higher excited states show the expected
increase with coupling. Not so for the two lowest lying states (more on these later)
@ Same analysis as before is carried out. Levels 3 — 15 are shown in the table below

H H Log linear fit “ p = 2/3 fixed H Final H
n InA, P An Scaling function
es || 0.4624(1) | 0.66657(7) 1.58767(9) 1.588(1) AL/3
es || 0.4627(1) | 0.66656(6) 1.58806(8) 1.588(1) AY/3
es 0.645(6) 0.650(3) 1.862(8) 1.86(3) A1/3
€6 0.873(6) 0.660(4) 2.373(8) 2.37(3) A1/3
e 0.885(3) 0.661(2) 2.406(5) 2.41(3) \1/3
eg 1.09(1) 0.651(6) 2.91(2) 2.91(11) A\1/3
€ 1.112(7) 0.652(4) 2.98(1) 2.98(10) AL/3
ero || 1.159(3) 0.663(2) 3.170(5) 3.17(2) A\1/3
enn || 1.167(2) 0.662(1) 3.191(5) 3.19(2) AY/3
e 1.34(2) 0.62(1) 3.57(5) 3.57(18) A\1/3
e13 || 1.336(6) 0.660(3) 3.77(1) 3.77(6) A\1/3
ews || 1.361(5) 0.657(3) 3.85(1) 3.85(7) A1/3
e1s || 1.382(7) 0.655(4) 3.92(2) 3.92(8) Al/3
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Spectrum patterns

J.P. Rodri

es (NITheCS and MITP)

15
20
— e linear fit
05 —— & linear fit
= & linear fit
00
00 05 10 15 20 25

Ingym
(m) Linear fit of the log of e3 4 5 versus

Ingypm. €34 form a | = 12 doublet, e5 is
a | = 0 singlet

Ineg789

— eg linear fit |

e linear fit
05 — 7 linear fit
— eg linear it
00
0 05 10 15 20 25

Ingym

(o) Linear fit of the log of eg,7,8,9 versus
Ingypm. eg,7 form a | = &3 doublet and
eg,9 a | = %1 doublet

Y-M coupled matrices

— e3 scaling fit
— ez scaling fit
&5 scaling fit

o 2 4 6 8 10 12

(n) Fit of the n = 3, 4, 5 masses to
scaling functions A3 4 5 gi,/\;

— eq scaling fit

&5 scaling fit
— ey scaling fit
~— &4 scaling fit

0 2 4 6 8 10 12

(p) Fit of n = 6,7, 8,9 masses to scaling
) 2/3
function Ag,7,8,9 &y

Mandesltam VI Talk 2024
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More on Spectrum

o Further spectrum energies

J.P. Rodri

o
3 X — esscalingfit -
& 1ol — ess linear fit 15 scaling fit
2 e14 linear fit — 13 scaling it
= — e13 linear fit 15 scaling fit
05 13 linear fit — eir scaling fit -
— &1} linear fit 815 scaiing fit
—— eqp linear fit -
00t 0
00 05 0 s 20 25 0 2 4 G 8 10 12
Ingym oYM
(q) Linear fit of the log of eg,... 15 (r) Fit of the n = 10, ..., 15 masses to

versus In gyps.They form 3
| = +4, +2, 30 doublets.

es (NITheCS and MITP)

Y-M coupled matrices

. . 2/3
scaling function A10,11,12,13,14,15 &y
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More on Spectrum

o Further spectrum energies

— esscalingfit -
ei4 scaling fit
— ey3 scaling it
&1 scaling fit
— el scaling fit
— ero scaling it

Ine10,11,12,13,14,15
€10,11,12,13,14.15

[ 2 4 6 8 10 12

Ingym am

(s) Linear fit of the log of e1g, ... 15 versus (t) Fit of the n = 10, ..., 15 masses to
In gyp.They form 3 | = +4, £2, 40

scaling function A19,11,12,13,14,15 g2/3
doublets. »11,12,13,14, YM

@ For the lowest excited sates e; and e>, numerically, their masses do not increase with the
coupling, and remain very small compared with the other massive excited states. These are
the U(N) traced fundamental single particle states TrX; and TrX>, and we associate them
with the non interacting (free) U(1) x U(1) subgroup of the Hamiltonian. Numerically, one
should recall that the eigenvalues of the mass matrix include N,ops — N unphysical zero
eigenvalues, so these modes will mix with physical zero modes if present in the system.
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More on Spectrum

o Further spectrum energies

— esscalingfit -
ei4 scaling fit
e13 scaling fit
13 scaling fit

— eir scaling fit -

— ero scaling it

Ine10,11,12,13,14,15
©10,1,12,13,14,15

[ 2 4 6 8 10 12

Ingym am

(u) Linear fit of the log of erg,... 15 (v) Fit of the n = 10, ..., 15 masses to
versus In gyps.They form 3

scaling function A19,11,12,13,14,15 g2/3
| = £4, £2, 40 doublets. »11,12,13,14, YM

@ For the lowest excited sates e; and e>, numerically, their masses do not increase with the
coupling, and remain very small compared with the other massive excited states. These are
the U(N) traced fundamental single particle states TrX; and TrX>, and we associate them
with the non interacting (free) U(1) x U(1) subgroup of the Hamiltonian. Numerically, one
should recall that the eigenvalues of the mass matrix include N,ops — N unphysical zero
eigenvalues, so these modes will mix with physical zero modes if present in the system.

@ In order to confirm numerically that, indeed, our interpretation that e; and e are decoupled
zero mass states, we "switch on” masses in the Hamiltonian and seek evidence that indeed
e1 and e remain decoupled states with masses equal to their "bare” masses. This will also
allow us to compare our results with the few planar results available in the literature.
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Y-M coupled matrices with masses - planar quantities

o Given that the leading large gy behaviour of the large N energy, that of the massless limit,
has been established, we can obtain the next, mass dependent, power dependence on gyy.
The least squares fit result for the exponent is —0.630(2), in other words p = —2/3 to a high
degree of accuracy. Setting p = —2/3, we obtain at this truncation level:

2
0/NV? = 0.8890(2) \'/° +0.4518(1) {75 + -

6

-095 i * eo/N? data points
+ Data points ]
-1.00 ]
b — Linear fit 4 ]
2
N_ 105 o
& Z; 3
< - © e ® — 0.8890 gyn?3+ 1.807 gym 2 -
& ]
c -1.15
- 1
-1.20
0
23 24 25 26 27 0 2 4 6 8 10 12 14

In gym o™

(w) Strong coupling linear fit to (x) Fit of ey/N? to mass corrected scaling

In(eg — /\ogaﬁ)/N2 versus In gy function (m = 2)
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Y-M coupled matrices with masses - planar quantities

o Given that the leading large gy behaviour of the large N energy, that of the massless limit,
has been established, we can obtain the next, mass dependent, power dependence on gyy.
The least squares fit result for the exponent is —0.630(2), in other words p = —2/3 to a high
degree of accuracy. Setting p = —2/3, we obtain at this truncation level:

2302
In (g = Aogym ™~ N’

-1.00f

-1.20

2

0/NV? = 0.8890(2) \'/° +0.4518(1) {75 + -

-105}
-1.10f

-5}

+ Data points

~—— Linear fit

6 e
* eo/N? data points

ol — 0.8890 gyy2+ 1.807 gyy 23

24 25 26 27

In gym

(y) Strong coupling linear fit to
In(eg — /\ggaﬁ)/N2 versus In gy
@ The following table compares our large N planar results to those available in the literature.

avm

(z) Fit of eo/N2 to mass corrected scaling
function (m = 2)

[ | This article [ [
eo/N2 0.8890(2)A/3 + 0.4518(1) 0 +... | 0.88201/3 4 .. [ 0.8821/3 4+ 04017 + ..
TrZTZ/N? 0.930(1)A~1/3 + ... 0.913\"1/3 4 .. 0.968\"1/3 + ...

J.P. Rodrigues (NITheCS and MITP)
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Spectrum with masses

@ One finds that the energies e; and e, remain constant and very close to the "bare” mass
value m = 2. In the massless limit then, these states remain massless, confirming the
interpretation provided in the previous slides.
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Spectrum with masses

@ One finds that the energies e; and e, remain constant and very close to the "bare” mass
value m = 2. In the massless limit then, these states remain massless, confirming the
interpretation provided in the previous slides.

o For the next 3 states, we display the mass corrected large gyy scaling function

12F el
e

D 1.5877 gym?%+ 4.57 gym2° |
it 1.5881 gym23+ 4.56 gym2° |
2l — 1.8619 gyu?°+2.89 gym 2% |
ok ]

0 2 4 6 8 10 12 1

Figure: Numerical results for the masses e3 4 5 and fit to mass corrected scaling functions.
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3 massless matrices - preliminary results

o We considered 9 values of 't Hooft’s coupling A = e~*,e~3, ... €3, €*, and a truncation with

Imax = 10, corresponding to 9503 Njoops and a 225 x 225 Q matrix. For the master field, we
took N = 69, corresponding to 2N2 + N = 9591 master variables.
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3 massless matrices - preliminary results

o We considered 9 values of 't Hooft's coupling A = e~

4

, €

=3,...,e3, e* and a truncation with

Imax = 10, corresponding to 9503 Njoops and a 225 x 225 Q matrix. For the master field, we
took N = 69, corresponding to 2N2 + N = 9591 master variables.

o The accuracy of the planar O(3) symmetry is illustrated below

I

[A=e [ =1 )=+

11 1.6622 0.4380 | 0.1155

22 1.6625 0.4382 | 0.1156

33 1.6625 0.4381 | 0.1156
1111 5.5667 0.3866 | 0.0269
2222 5.5687 0.3868 | 0.0269
3333 5.5683 0.3867 | 0.0269
1122 2.5855 0.1796 | 0.0125
1133 2.5856 0.1796 | 0.0125
2233 2.5848 0.1796 | 0.0125
1212 0.3985 0.0276 | 0.0019
1313 0.3984 0.0276 | 0.0019
2323 0.3981 0.0276 | 0.0019

J.P. Rodrigues (NITheCS and MITP)

Table: Discrete symmetries

Y-M coupled matrices

Mandesltam VI Talk 2024 25/30



3 massless matrices - planar quantities and scaling

@ As for the 2 matrix case, we fit the planar ground state energies to the curve eg/N? = Ag AP
by performing a least squares fit to the logarithmic plot, with result. We find
InAp = 0.3131, p=0.3333.

o This linear fit is shown below

loglenergy)

o 2 H
og(lambda)

J.P. Rodrigues (NITheCS and MITP) Y-M coupled matrices Mandesltam VI Talk 2024 26 /30



3 massless matrices - planar quantities and scaling

@ As for the 2 matrix case, we fit the planar ground state energies to the curve eg/N? = Ag AP
by performing a least squares fit to the logarithmic plot, with result. We find
InAp = 0.3131, p=0.3333.

o This linear fit is shown below

loglenergy)

L 2 H

o
og(lambda)

@ Similarly for Ter2 + TrX22 + TrX32 = A2 \P, we find In A, = 0.2753, p = —0.3333. The
linear fit is shown below:
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3 massless matrices - planar quantities and scaling

@ As for the 2 matrix case, we fit the planar ground state energies to the curve eg/N? = Ag AP
by performing a least squares fit to the logarithmic plot, with result. We find
InAp = 0.3131, p=0.3333.

o This linear fit is shown below

loglenergy)

L 2 H

o
og(lambda)

@ Similarly for Ter2 + TrX22 + TrX32 = A2 \P, we find In A, = 0.2753, p = —0.3333. The
linear fit is shown below:

logx~2)

3
log(lambda)
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3 massless matrices - lowest bound states

@ As was the case for the 2 matrix system, the 3 the U(N) traced fundamental single particle
states remain massless. All the other bound states acquire masses scaling with the coupling
constant as determined by its dimensions. It is of interest to consider the spectrum structure
of the lowest lying bound states.
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3 massless matrices - lowest bound states

@ As was the case for the 2 matrix system, the 3 the U(N) traced fundamental single particle
states remain massless. All the other bound states acquire masses scaling with the coupling
constant as determined by its dimensions. It is of interest to consider the spectrum structure
of the lowest lying bound states.

o Lowest non-zero spectrum states at 3 different coupling values:

(D= D=1[3=¢]

ey 0.0972 1.671 14.08

es 0.2427 3.500 50.10

€6 0.2429 3.501 50.14

e7 0.2430 3.503 50.18

eg 0.2431 3.504 50.21

€y 0.2431 3.508 50.25
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3 massless matrices - lowest bound states

@ As was the case for the 2 matrix system, the 3 the U(N) traced fundamental single particle
states remain massless. All the other bound states acquire masses scaling with the coupling
constant as determined by its dimensions. It is of interest to consider the spectrum structure
of the lowest lying bound states.

o Lowest non-zero spectrum states at 3 different coupling values:

(D= D=1[3=¢]

ey 0.0972 1.671 14.08

es 0.2427 3.500 50.10

€6 0.2429 3.501 50.14

e7 0.2430 3.503 50.18

eg 0.2431 3.504 50.21

€y 0.2431 3.508 50.25

@ A clear pattern of degeneracies is evident, with a lowest mass singlet and a quintuplet
(corresponding to a traceless symmetric matrix).
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Summary

o We studied the large N dynamics of two massless Yang-Mills coupled matrix quantum
mechanics, by minimization of a loop truncated Jevicki-Sakita effective collective field
Hamiltonian.

@ The loop space constraints are handled by the use of master variables.

@ The method is successfully applied directly in the massless limit for a range of values of the
Yang-Mills coupling constant, and the scaling behaviour of different physical quantities
derived from their dimensions are obtained with a high level of precision.

@ We consider both planar properties of the theory, such as the large N ground state energy
and multi-matrix correlator expectation values, and also the spectrum of the theory.

@ For the spectrum, we establish that the U(N) traced fundamental constituents remain
massless and decoupled from other states, and that bound states develop well defined mass
gaps, with the mass of the two degenerate lowest lying bound states being determined with a
particularly high degree of accuracy.

@ Similar preliminary 3 matrix results were presented.
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Open questions

More matrices
Quenched eigenvalues and 3d physics?
BMN

Supersymmetry

More gravity properties?

o Finite temperature, ...



Thank you !

J.P. Rodrigues (NITheCS and MITP) Y-M coupled matrices Mandesltam VI Talk 2024 30/30




