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Twisted N = 4, d = 4 SYM theory

in the continuum

S = SQ−exact + SQ−closed

{Q,Q} = 0 , =⇒ Q2 = 0 , Preserved in discrete space-time

SQ−exact =
N
2λ
Q
∫
d4xTr[(χabFab + η[Da,Da]− 1

2
ηd)]

SQ−closed = − N
8λ

∫
d4xTr[ϵabcdeχabDcχde ]

Daϕ = ∂aϕ+ [Aa, ϕ], a = 1, 2..5, Fab = [Da,Db], d = [Da,Db]

The nilpotent transformations

QAa = ψa Qψa = 0

Qχab = −Fab QAa = 0

Qη = d Qd = 0
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Performing the Q-variation and integrating out the auxiliary field d

SQ−exact = SB + SF

SB = N
2λ

∫
d4xTr[−FabFab +

1
2
[Da,Da]

2]

SF = N
2λ

∫
d5xTr[−χabD[aψb ] − ηDaψa]

S = N
2λ

∫
d4xTr

[
−FabFab +

1
2
[Da,Da]

2 − χabD[aψb ] − ηDaψa

−1
4
ϵabcdeχabDcχde

]
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Dimensional reduction method

Compactifying the k spatial dimension on circles of radii R

xm of R1,(d−1) → xµ of R1,(d−1−k) & y 1, y 2...y k of S1

R1,(d−1) → R1,(d−1−k) × S1 × S1 · · · S1 k times

R1,(d−1) → R1,(d−1−k) × TK

R → 0 , compactified dimension y i of k circle S1 vanish to zero

This process is called dimensional reduction

Field decomposes into a direct sum
⊕

of representations

Similarly component of gauge field in reduced direction Ar for
r = 1, 2, 3..k becomes scalar fields
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N = 1, d = 10 N = 1, d = 6 N = 1, d = 4
↓ ↓ ↓

N = 2, d = 6 N = 2, d = 4 N = 2, d = 3
↓ ↓ ↓

N = 4, d = 4 N = 4, d = 3 N = (2, 2), d = 2

↓ ↓
N = 8, d = 3 N = (4, 4)d = 2

↓
N = (8, 8), d = 2

Table: Dimensional reduction of SYM theories
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N = (8,8), d = 2 SYM theory

Bosonic action in continuum

Reduction to 2d from N = 4, d = 4 SYM
By reducing 4th, 5th direction as A4 = φ,A5 = ϕ

Aa → Ai

⊕
A4

⊕
A5 ≡ Ai

⊕
φ
⊕

ϕ

Fab = [Da,Db] → [Di ,Dj ]
⊕

[Di ,D4]
⊕

[Di ,D5]
⊕

[D4,D5]

Fab ≡ Fij

⊕
DiA4

⊕
DiA5

⊕
[A4,A5]

Sd=2
B = N

2λ

∫
d2xTr

[
− |Fij |2 − 2|Diφ|2 − 2|Diϕ|2 − 2|[φ, ϕ]|2

+1
2
[Di ,Di ]

2+ 1
2
[ϕ, ϕ]2+ 1

2
[φ, φ]2+[Di ,Di ][ϕ, ϕ]+[Di ,Di ][φ, φ]

+[ϕ, ϕ][φ, φ]
]
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N = (8,8), d = 2 SYM theory

Fermionic action in continuum

ψa → ψi

⊕
ψ4

⊕
ψ5 = ψi

⊕
ζ
⊕

η

χab → χij

⊕
χi4

⊕
χi5

⊕
χ45

⊕
χ44

⊕
χ55⊕

χ4j

⊕
χ5j

⊕
χ54 where χab = −χba (Antisymmetric )

χab → χij

⊕
ψi

⊕
θi
⊕

ζ⊕
−ψj

⊕
−θj

⊕
−ζ

SF = − N
2λ

∫
d2xTr

[
χijD[iψj ]+2ψi

(
Diζ− [φ, ψi ]

)
+2θi

(
Diη− [ϕ, ψi ]

)
+2ζ

(
[φ, η]− [ϕ, ζ]

)
+ ηDiψi + η[φ, ζ] + η[ϕ, η]

]
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N = (8,8), d = 2 SYM theory

Q-Closed Action in Continuum

SN=4,d=4
Q−closed = − N

4λ

∫
d4xTr

[
ϵabcdeχabDcχde

]
Reducing 4th, 5th direction

ϵabcde → ϵijk45
⊕

ϵi4k5m
⊕

ϵ4jk5m
⊕

ϵ4jkl5... 20 Permutations

χabDcχde → χijDkχ45

⊕
χi4Dkχ5m

⊕
χ4jDkχ5m

⊕
χ4jDkχl5

⊕
...

S2d
Q−closed =∫
d2xTr

[
1
2
ϵijkψi [ϕ, χjk ]− 1

2
ϵijkθi [φ, χjk ] +

1
2
ϵijkζDiχjk + ϵijkψiDjθk

+1
2
ϵijkχij [ϕ, ψk ]− 1

2
ϵijkχij [φ, θk ] +

1
2
ϵijkχijDkζ − ϵijkθiDjψk

]
where ϵijk = ϵ54ijk
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Prescription for Lattice

x → nxa, t → nta,
∫
d2x →

∑
n=(nx ,nt)

Aa(x) → eAa(n) ≡ Ua(n)

χab(x) → χab(n), ψa(x) → ψa(n), η(x) → η(n)

Da → D(+)
a , Da → D(−)

a

D(+)
c f (n) ≡ Uc(n)f (n + µc)− f (n)Uc(n)

D(+)
c fa(n) ≡ Uc(n)fa(n + µc)− fa(n)Uc(n + µa)

D(−)

c fc(n) ≡ fc(n)U c(n)− U c(n − µc)fc(n − µc)

D(−)

c fab(n) ≡ fab(n)U c(n − µc)− U c(n + µa + µb − µc)fab(n − µc)
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Square d = 2 Lattice

µ3

µ1

µ2

Square Lattice
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Triangular d = 2 Lattice

µ3

µ1

µ2

Triangular lattice
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Bosonic action on the lattice

Sd=2,latt
B = N

2λ

∑
n

Tr

[ ∑
i=1,2,3

1

2

(
Ui(n)U i(n)− U i(n − µi)Ui(n − µi)

)2
+1

2
([φ(n), φ(n)])2 + 1

2
([ϕ(n), ϕ(n)])2

+
(
Ui(n)U i(n)− U i(n − µi)Ui(n − µi)

)
[φ(n), φ(n)]

+
(
Ui(n)U i(n)− U i(n − µi)Ui(n − µi)

)
+[ϕ(n), ϕ(n)] + [φ(n), φ(n)][ϕ(n), ϕ(n)]

+
∑

i ,j=1,2,3

|Ui(n)Uj(n + µi)− Uj(n)Ui(n + µj)|2

+2
∑

i=1,2,3

|Ui(n)φ(n + µi)− φ(n)Ui(n)|2

+2
∑

i=1,2,3

|Ui(n)ϕ(n + µi)− ϕ(n)Ui(n)|2

−2|[φ(n), ϕ(n)]|2
]
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Fermionic action on the lattice

Sd=2latt.
F = − N

2λ

∑
n,i ,j ,k

Tr

[
1

2
χij(n)

(
Ui(n)ψj(n + µi)− ψj(n)Ui(n + µj)

)
−1

2
χij(n)

(
Uj(n)ψi(n + µj)− ψi(n)Uj(n + µi)

)
+2ψi(n)

(
Ui(n)ζ(n + µi)− ζ(n)Ui(n)− [φ(n), ψi(n)]

)
+2θi(n)

(
Ui(n)η(n + µi)− η(n)Ui(n)− [ϕ(n), ψi(n)]

)
+2ζ(n)

(
[φ(n), η(n)]− [ϕ(n), ζ(n)]

)
+η(n)

(
ψi(n)U i(n)− U i(n − µi)ψi(n − µi)

)
+η(n)[φ(n), ζ(n)] + η(n)[ϕ(n), η(n)]

]
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Q-Closed Action on the Lattice

=
1

8

∑
n

Tr

[
+ ϵijkψi(n)ϕ(n)χjk(n + µi)− ϵijkψi(n)χjk(n + µi)ϕ(n + µi)

− ϵijkθi(n)φ(n)χjk(n + µi)− ϵijkθi(n)χjk(n + µi)φ(n + µi)

+ ϵijkχij(n + µk)ϕ(n + µk)ψk(n)− ϵijkχij(n + µk)ψk(n + µk)ϕ(n)

− ϵijkχij(n + µk)φ(n + µk)θk(n)− ϵijkχij(n + µk)θk(n + µk)φ(n)

+ ϵijkζ(n)χjk(n + µi)U i(n)− ϵijkζ(n)U i(n + µj + µk)χjk(n)

+ 2ϵijkψi(n + µj + µk)θk(n + µj)U j(n)− 2ϵijkψi(n + µj + µk)U j(n + µk)θk(n)

+ ϵijkχij(n + µk)ζ(n + µk)Uk(n)− ϵijkχij(n + µk)Uk(n)ζ(n)

− 2ϵijkθi(n + µj + µk)ψk(n + µj)U j(n)

− 2ϵijkθi(n + µj + µk)U j(n + µk)ψk(n)

]
(1)
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Observable & RHMC

S(U ,U , k , k ,Ψ) = SB(U ,U , k , k) + ΨTD(U ,U , k , k)Ψ

Kähler–Dirac fermion field Ψ

ΨT =
(
ηT , ηT , ζT , ζ

T
, ψT

i , ψ
T

i , θ
T

i , χ
T
ij

)
D(U ,U , k , k) = Fermion Operator

< O >=
∫
dUdUdkdkdΨOe−S(U,U,k,k,Ψ)∫
dUdUdkdkdΨe−S(U,U,k,k,Ψ)

< O >=
∫
dUdUdkdkOe−SB (U,U,k,k)pfD(U ,U ,k,k)∫
dUdUdkdke−SB (U,U,k,k)pfD(U ,U ,k,k)

|pfD| =
(
det[D†D]

)1/4 ∝ ∫
[dΦ†][dΦ]exp

[
− Φ†(D†D

)−1/4
Φ
]
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SUSY LATTICE Code

SUSY LATTICE is parallel code for RHMC simulations of
extended-supersymmetric Yang–Mills theories in various
dimensions.

SUSY LATTICE is based on the MILC code for lattice QCD.

SUSY LATTICE is mostly based on C - Language.

SUSY LATTICE is developed in a publicly accessible version
control repository https://github.com/daschaich/susy.git
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2-Torus

S1
L

S1
τ

T2 = S1 × S1
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Phase diagram

JHEP 01 (2006) 140

Figure: Phase diagram of massless SU(N) bosonic gauge theory
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Future work

To study the phase diagram of two-dimensional massless SU(N)
bosonic gauge theory and look for three possible completions.

To study a complete system with the differently skewed torus.

To study certain black hole solutions in Type IIA and IIB
supergravity. Phys.Rev.D 97 (2018) 8, 086020
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Thank You !
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