6TH MANDELSTAM METP

THEORETICAL PHYSICS
SCHOOL AND WORKSHOP 2024 apC

COMPLEX LANGEVIN STUDY OF
SPONTANEOUS SO(10) SYMMETRY BREAKING IN
EUCLIDEAN IKKT MATRIX MODEL

ARPITH KUMAR
CCNU WUHAN, CHINA

16TH JAN, 12:00 - 12:30 SAST
UNIVERSITY OF WITS, JOHANNESBURG,
SOUTH AFRICA

ONGOING WORK WITH
ANOSH JOSEPH AND PIYUSH KUMAR



COMPLEX LANGEVIN STUDY OF
SPONTANEOUS SO(10) SYMMETRY BREAKING IN

EUCLIDEAN IKKT MATRIX MODEL

PLAN OF TALK

1. IKKT matrix model, SSB, and associated sign problem
2. Complex Langevin Method (CLM)
3. CLM to IKKT: Challenges and results

4. Summary and ongoing work



IKKT MATRIX MODEL

Ishibashi, Kawai, Kitazawa, Tsuchiya (1996)

+ Matrix models are promising candidate for non-perturbative formulation of superstrings

IKKT: 0d matrix model in large-N limit  11B: 10d superstring theory

- Inspired from Green-Schwarz action of type IIB superstring with Schild gauge

(A9, AP} — i X% X"
phase-space
Hoppe (1982) vol - I

Matrix Regularization

+ Can be derived from dimensional reduction of /0d A = 1 SYM theory to a point
Jevicki, Yoneya (1997)

- Spacetime emerges dynamically from the eigenvalues of Hermitian matrices

+  Our motivation: dynamical compactification (phenomenological admissibility)

Why we live in three spatial dimensions?



IKKT MATRIX MODEL

Ishibashi, Kawai, Kitazawa, Tsuchiya (1996)

Euclidean IKKT Model Wwick rotated: X, — iX,, IV — — il

Vectors XM

Majorana-Weyl spinors y,,

X, W, : N X N Hermitian traceless matrices

[# : 2% x 2* gamma matrices

v =12...10
a.f=12,..,16

Zﬁnite Krauth, Nicolai and Staudacher (1998)
Austing and Wheater (2001)




EUCLIDEAN IKKT:
SYMMETRIES

-+ Euclidean action 1s invariant under following
symmetries

A. SU(N) gauge symmetry
B. /' = 2 supersymmetry
C. SO(10) rotational symmetry

A. Gauge Symmetry: SU(N)

r— J7T
Xﬂ—>Xﬂ—UXﬂU
W, = Yo = Uly,U

« Inherited from 10D A/ =1 SYM, for U € SU(N)



EUCLIDEAN IKKT:
SYMMETRIES

-+ Euclidean action 1s invariant under following
symmetries

A. SU(N) gauge symmetry
B. /' = 2 supersymmetry
C. SO(10) rotational symmetry

B. Supersymmetry: // =2
1 — = 2 —
VX, = ie Ly 59X, =0

l 2),, —
S0y = - = [XﬂX] e, 5Py =¢,

- Two set of supersymmetries: VS = §¥S = 0



EUCLIDEAN IKKT:
SYMMETRIES

-+ Euclidean action 1s invariant under following
symmetries

A. SU(N) gauge symmetry
B. /' = 2 supersymmetry
C. SO(10) rotational symmetry

C. Rotational Symmetry: SO(10)
X, = X, = AX,
+ Spontaneously broken:

SO(10) —> SO

dynamical compactification

matrix d.o.f. gravitational d.o.f.



NUMERICAL SIGN PROBLEM
AND SSB INVESTIGATION

7 = J@X Dy e~ Gt

« Integrating out fermions, we obtain Fermion
matrix ./ :

Z= [QZX P e = L@X e e

N
Mgy = 5T, T <Xﬂ 14, 1] ) S = S, — In(PE.A)

1
$,=—7Nu ([XM,XU]Z)

anti-symmetric matrix: 16(N*> — 1) X 16(N? — 1)

complex nature: | Pt = |PEM | e

0% 0 fluctuates wildly



NUMERICAL SIGN PROBLEM N
AND SSB INVESTIGATION

« MC and 1/D expansion to bosonic IKKT model - No SSB
Hotta, Nishimura and Tsuchiya (1998)

- MC to phase-quenched IKKT model with | Pf.Z| - No SSB why phase quenched?
Ambjorn, Anagnostopoulos, Bietenholz, Hotta and Nishimura (2000) e_Seff N probabil-i-by Weight

Anagnostopoulos, Azuma and Nishimura (2013)

sign problem in Monte Carlo!

- Phase ¢’ responsible for SSB!  how to incorporate
complex phase?

complex Langevin
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COMPLEX LANGEVIN METHOD

1 \ with
ON\=—|Dd O —Sp —p generate { ¢, } wit
‘) Z [ PO € probability e oL

PATH INTEGRAL l
MONTE CARLO

1 N
<@=N§mw

For complex actions: § = S, ,+1S;

sign problem in

—(S,e+iS,) 1 :
c — probab We1ght Monte Carlo!

l

complex Langevin dynamics




COMPLEX LANGEVIN
METHOD IN A NUTSHELL

Parisi and Wu (1981)
Klauder (1983), Parisi (1983)

® =, + iy,

T4 &S 77 > Gtaple fixed point @

~ L] Unstable fixed point H
_ V2 2 3 NN NN P

ANV A NN NN nitial config.a
Sy v by vy AN eE=0)

Complex extension of Stochastic Quantization

expectation values < equilibrium values

v vV
e VIR VRN SRR
drift (friction) \ v VoV vy QI
5S[@] vV v v vV oV
(@, 7) = - AV £ RV ARE
0B(7) el Ly e
noise (kick) | il j\b(/ LL VLV bk
B > 77 MM NN w < Thermalization
(n(r)) =0 _ A AANw ¢

(n(n(z)) = 26(r — )



COMPLEX LANGEVIN
METHOD IN A NUTSHELL

Klauder (1983), Parisi (1983)

O =¢, +igp,

e ML Umiabie e b
0. P(7) =v(D,7)+n(r) °°° /L NN Ay NN
ANV RNV NN NN initial config.a
" e =0 4
LYy
{quuilibrium
. config. cloud

~ ~ —~-y —~- ~q 40

(O1O@)])p = | dp,dp,
X Pl@,, @,; 7] O[D(7)]




COMPLEX LANGEVIN METHOD
CORRECT CONVERGENCE

Klauder (1983), Parisi (1983)

- Expectation values of holomorphic observables O in real and complex configuration space

[dpdp, Py, by:7) O, + idh)

(O)pery = [dedp, P(p,, by; 7)
B |de p(¢p;7) O(P)
(O)pe) = [dgp p(¢p; o)

- Complex Langevin 1s justified if

: ?
lim <@>P(1) = <@>p(f)

- When action 1s complex, no such proof of convergence exists!



COMPLEX LANGEVIN METHOD
CORRECTNESS CRITERIA

Aarts, Seiler, and T 0 0 0S[ D]
Stamatescu (2009) L= o \ o +Re Y

Z: Langevin operator

Nagata, Nishimura, magnitude of drift :
and Shimasaki (2016)

Probability distribution P(u) falls off exponentially or faster

0
+ _—
d,,

(]

0S[ D]
dp,,

)
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APPLYING COMPLEX LANGEVIN METHOD
TO IKKT MATRIX MODEL

Investigate Spontaneous SO(10) Symmetry Breaking

Extent of space-time as
an order parameter

Intact SO(10) SSB  SO(10) =—p SO(d)
u=1,2, ..., 10: u=1,2, ..., d:extended directions
all equivalent directions u=d+1,d+2, ..., 10 — d: shrunken directions



APPLYING COMPLEX LANGEVIN
METHOD TO IKKT MODEL

Computational side-note

Bosonic IKKT model » MPI-based X, on p-th core
- Broadcast/Gather to all cores

- Langevin evolution of X, at Langevin time 7

d(X,);i B 03,

dT - 0(Xﬂ)ﬂ

a(a)f:)ﬁ —_N ( [X [Xﬂ,XU]] >

T (7,)(2)

Hermitian noise obeying

X exp <—% JTI‘ (77’3(1')) d’[>

ii




APPLYING COMPLEX LANGEVIN
METHOD TO IKKT MODEL

Bosonic IKKT model

- Extent of space-time as an order parameter

() = <%tr (X

- Results: No SSB

- SO(10).

SO(10)

SO(10) at finite N

<XH(N)>




APPLYING COMPLEX LANGEVIN
METHOD TO IKKT MODEL

Computational side-note

IKKT model » MPI-based X, on p-th core

- Broadcast/Gather to all cores
- Langevin evolution of X, at Langevin time 7

dX,)ji O

— + (1,);(7)
dr (X)) Y Hermitian noise obeying

0S; _ 08, | oM _lJT ) d>
oX,); 9K, 2Tr<a<xﬂ>ﬁ/% ) oceXp< 7| (i ) dr

+ Challenges: violation of correctness criteria

A. Excursion problem
B. Singular drift problem




CHALLENGES: EXCURSION PROBLEM

- Langevin evolution X, : SU(N) - SL(N, C)
- X, too far away from Hermitian: results are unreliable

+ Hermiticity Norm

- Possible solutions: Gauge cooling
Seiler, Sexty and Stamatescu (2012)

Dynamical stabilization
Attanasio and Jager (2019)



CHALLENGES: SINGULAR DRIFT

« Fermion operator ./ has near-zero eigenvalues
N
T Wu a +b
%aa,bﬂ o 9 FaﬂTr (Xﬂ [t 1 ] >
* The drift term diverges: results unreliable

0S; L, ( oMl ﬂ_l)
= ——Tr
a(X,u)]l 2 a(X/,t)]l

» Possible solutions: Mass deformations!




CHALLENGES: SINGULAR DRIFT

MASS DEFORMATIONS:

Ito and Nishimura (2016)

S_)S=SIKKT+AS

« In general, AS = AS, + AS;

AS, o Tr (MMVXﬂXy>

~

. . N " a +b
AS; o Tr WoVapWp | shifts eigenvalue M, p5 = M 1455 = _Faﬂtr (X,u [t , 1 ] > + YapOub
distribution of M 2

« Explicitly break the SO(10) rotational symmetry supersymmetry?

« Recover original model: im AS — 0



CHALLENGES: SINGULAR DRIFT

SUSY-BREAKING MASS DEFORMATIONS:

Ito and Nishimura (2016)

S_)S=SIKKT+AS

. Recently, Anagnostopoulos, Azuma, Ito, Nishimura, Okubo, Papadoudis (2020)

N 2
breaks SO(10) symmetry: AS, = 65 Z m, Tt (Xﬂ>

U
N
shifts eigenvalue distribution of #: AS; = — meTr (WaVaﬂWﬂ); y = irgrgTFIO

supersymmetry explicitly broken

* Probe SSB in original IKKT model by extrapolations:

A.N - © me=3.0 = SO(7)
B.e >0 —> my=14 = SO{)
C.mg— 0 m;=1.0,0.9, 0.7 = SO(3) consistent with GEM study

Nishimura, Okubo, Sugino (2011)



CHALLENGES: SINGULAR DRIFT

SUSY-PRESERVING MASS DEFORMATIONS:

S_)S=SIKKT+AS

Berenstein, Maldacena, and Nastase (2002)
* Analogous to 1d BMN matrix model gonelli and Natuurkunde (2002)

M, bosonic mass matrix

l :
AS =N tr <—M” XX, + §1/7N3l//+ INFPX X, Xp]> N;: fermion mass matrix
Muyers term




CHALLENGES: SINGULAR DRIFT

SUSY-PRESERVING MASS DEFORMATIONS:

I o
S - 5= SIKKT + AS AS=NTtr <—M” X, X, + gl//N3l//+ INH pXﬂ[Xy, Xp]>

M,,,: bosonic mass matrix Myers term

Nj: fermion mass matrix
* Simplest solution:

1
oXH = — EEF”W

1 l =
oy = 2 [X”,X”] I,€— 1—6X” <FﬂN3 + 2N3l"ﬂ> € 43

provided flux constraint

[Ny(THN; + 2N;T) + 43MPT | € = 0 : nio — 2N




CHALLENGES: SINGULAR DRIFT

SUSY-PRESERVING MASS DEFORMATIONS:

S—>5=SIKKT+AS

bosonic mass term

QZ - iQ NQ .
AS =N tr ( Z X? 4+ 3 + ? ¢ bc Xa[Xba Xc] _ ?Wa%ﬂl//ﬂ fermzon mass term
a=8 ‘ Muyers term

: T
yaﬂ — l(1’*81’*9 Flo)aﬂ

- Avoids singular drift problem?

shifts eigenvalue
distribution of M



CHALLENGES: SINGULAR DRIFT

SUSY-PRESERVING MASS DEFORMATI

ONS.

30

a0 [ )
S—>8=3§ AS g
IKKT T i3 |
200 % ° S
N NQ |
_ b } _o o |
%aa,bﬁ - ﬂaa,bﬁ(g) — Ergﬁtr (Xﬂ lta’t ] ) _Tyaﬂéab ol fizE—u(;MNARY :
20 2 oo, ]
SUSY preserving mass deformations evades : P
singular drift problem! “0r )
-30 -20 -10 10 20
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15 — azlo o [ =6
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-10 i— ]
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220 : v b b e b b e b b by ]
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PROBING SSB: SUSY PRESERVING
MASS DEFORMATIONS

BOSONIC IKKT MODEL WITH MYERS

02 bosonic mass term
S = Souxr + N Tr| =5 D X+ Z X2 + “bCX X, X1 | Myers term
i=1

- Extent of space-time as an order parameter .. e -
I ? Pl | NTZ7 | #200 s 0 g
(9 =—tr<X> QP o3t To i :
W8 N K = | 3 a1, ee@e SO(3):
A (Q) 0.25 ;e
p:”( ) = Q 0.9 AR IS S AL A 1]
2, () = 7 o005 SO(7):
3 015 | ¢ 01@oggﬁgi@i
~ ™\ SO(10) som ® ® e 8]
* RGSUltSI O]_ ’%e & B 8 @ @ 0095 “““““““ ®<b _
: 0 2 4 6
SO(10) restored |4 0051 N _g i % ]
—> No SSB 0 _ . :{Za ' Da ®oooo 5 g 5 @_f
5 10 15 20



PROBING SSB: SUSY PRESERVING
MASS DEFORMATIONS

IKKT DEFORMED MODEL WITH MYERS

bosonic mass term

Q? < 3Q° iQ NQ
S = SIKKT + N tr < Z X2 Z Xg 4 — 2 ach [Xb’ X ] _ Tl//ayaﬂl//ﬂ> fermzon mass term
i=1 a=8 ' Muyers term

. T
- Extent of space—time as an order parameter

02 | -
A (Q) | N=06
—_ i p1 —— p4 —— p7 p10 — |
0.15 ﬁ\ p3 —A—— p6 —A p9 —A— |
‘;;;?_— — & _ r---_:_- t_-_-_ -_'—‘—‘:_;
N 5;_:_;;é:;géf%‘;%ﬁ%z—;—ffﬁgff:%‘%f?:E
|
+ Results: 9}3 0 . : -
(@

v 0 SO(7) x SO(3)

Even for N = 6 extents are not same . .
Spontaneously broken: 005 | i 0 |
SO(10) - SO(d) x SO(10 — d) :t___::='§‘==g=—@—rﬁ——5——‘=%=====@=|===a
= hints SOd) : d <7 : I m = = = m === m- |

0 L L | L L L L | L L L L | L L L L | L L L L | L L L L

0 2 4 6 8 10 12



CONCLUSIONS

- Complex Langevin method can detect spontaneous SO(10)
symmetry breaking in IKKT matrix model

+ SUSY-preserving mass deformations successfully evade
singular drift problem
Ongoing work

- Large-N extrapolations to investigate exact nature of
SO(d) symmetric vacuum
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using stochastic estimation (noisy estimator method)
with MPI-CUDA based parallel architecture.



ONGOING WORK

time complexity

+ Computation of 0S¢ _ lTr( oM /%_1> O(N6) _ O(N4)

a(X/,t)]l 2 a(XIu)]l

using stochastic estimation (noisy estimator method)
with MPI-CUDA based parallel architecture.

Stochastic Trace Tr( oM ﬂ—1> ~pf - Y

"
Estimation a(X,)ii oX,)ii
¢
: _ /
MM CG algorithm

+ Linear transformation property of fermion matrix .#

W, > (M), = T,) 50X, ¥y ON*) - OV?)




ONGOING WORK
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