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Horizon entropy

• Bekenstein-Hawking entropy provides a low-energy window into the 
realm of quantum gravity  
 
 
 
 

• Universal formula: applies to black hole horizons, cosmological 
horizons, acceleration horizons, and entanglement wedges.
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“Entropy = area” for any volume of space

• Claim: gravitational entropy is not only associated to the area of 
black hole or de Sitter horizon, but to the area of any boundary 
separating a region of space. 
 
 
 
 
 
 
 
 
 
 
How to justify this?
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Bousso (1999), Banks-Fischler (2001), Jacobson-Parentani (2003), Bianchi-Myers (2014), …



Gravitational path integral

Gibbons and Hawking (1977) derived the entropy of black hole 
and de Sitter horizons from a Euclidean saddle approximation of 
the quantum gravity partition function. 
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Can the entropy of any volume of space be derived 

from a quantum gravity partition function? 

See also Banks-Draper-Farkas (2020) 
and our statistical interpretation (Jacobson-MV 2022)



Gravitational path integral
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Yes! Using the method of constrained instantons

Gibbons and Hawking (1977) derived the entropy of black hole 
and de Sitter horizons from a Euclidean saddle approximation of 
the quantum gravity partition function. 

 
Can the entropy of any volume of space be derived 

from a quantum gravity partition function? 



Outline

1. Gravitational partition function for de Sitter space 
 
- T. Jacobson, B. Banihashemi, Thermodynamic ensembles with cosmological horizons, JHEP, 
2204.05324. 
 
- E. Morvan, J.P. Van der Schaar, MV, On the Euclidean action of de Sitter black holes and 
constrained instantons, SciPost, 2203.06155. 

2. Constrained sphere partition function


- T. Jacobson & MV, Partition function of a volume of space, PRL, 2212.10607.
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Euclidean gravity path integral

GH represented the canonical partition function in gravity as a 
Euclidean path integral over metrics

Z = Tr e��H
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• If the action is very large compared to Planck’s constant,                            
the path integral can be estimated as: 


• From the canonical partition                           one usually gets 
thermodynamic quantities for the system

lnZ = ��F
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� d

d�
lnZ = hHi�
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◆
lnZ = S

<latexit sha1_base64="HWSdq+XTDwC3p+yNtUllimjlxh0="></latexit>

Z = Tr e��H
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Z ⇠ exp
�
�IsaddleE /~

�
<latexit sha1_base64="M8x44qnLd6rWyzmE02/mQ96Pt3M="></latexit>

Gibbons-Hawking partition function
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• If the saddle geometry is a Euclidean black hole spacetime, then


• If the saddle geometry is Euclidean de Sitter space  
(a round sphere whose radius is the dS curvature scale L), then  
 
- M = 0 (since the saddle has no boundary) 
 
- the entropy is 
 
NB: the action is independent of 

Entropy from the partition function

S =

✓
�

d

d�
� 1

◆
IE/~ =

horizon area

4~G
<latexit sha1_base64="stnLjxsXq8F0/C8JRGhhiQANdpg="></latexit>

IE/~ = �F = �M � S
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SdS = �IE/~ =
A(L)

4~G
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SD
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�
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Sphere partition function

11

• What is the meaning of the sphere partition function?  
What is the thermodynamic ensemble?


• Resolution: introduce an artificial “York” boundary, where H is 
defined, and examine the limit in which it disappears 
 
 
 
 
 
 
 
 
 
topology: 

Jacobson-Banihashemi (2022)

𝑟𝑐

sys
te

𝑟𝑐

D2 ⇥ SD�2
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SD
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Dimension of the Hilbert space
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• Canonical partition function with a York boundary


• In the vanishing boundary limit the Brown-York Hamiltonian 
vanishes                 , and the path integral is over all metric on 
the sphere      .  Jacobson-Banihashemi (2022) 
                                               

Z = Tr e��HBY
<latexit sha1_base64="83cxNFnCBBAUvv4yHMuB5xHFWsI=">AAACEHicbVDJSgNBEO2JW4xb1KOXxiB60DATBb0IIV5yjGDcMjH0dCqxsWehu0YMw3yCF3/FiwdFvHr05t/YWQ6a+KDg8V4VVfW8SAqNtv1tZaamZ2bnsvO5hcWl5ZX86tq5DmPFoc5DGapLj2mQIoA6CpRwGSlgvifhwrs76fsX96C0CIMz7EXQ9Fk3EB3BGRqpld++PnYRHjA5Uyl1dyncJHuuB8hotZUMncpVmqatfMEu2gPQSeKMSIGMUGvlv9x2yGMfAuSSad1w7AibCVMouIQ058YaIsbvWBcahgbMB91MBg+ldMsobdoJlakA6UD9PZEwX+ue75lOn+GtHvf64n9eI8bOUTMRQRQjBHy4qBNLiiHtp0PbQgFH2TOEcSXMrZTfMsU4mgxzJgRn/OVJcl4qOvvF0ulBoVwZxZElG2ST7BCHHJIyqZIaqRNOHskzeSVv1pP1Yr1bH8PWjDWaWSd/YH3+AEzLnMY=</latexit>

SD
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Z ! TrH 1 = eSdS
<latexit sha1_base64="TYT30HgGqMBuAOt3NrLyJ5Q/px0=">AAACF3icbVDJSgNBEO2JW4zbqEcvjUHwIGEmCnoRgl5yjGTFTBx6OpWkSc9Cd48YhvkLL/6KFw+KeNWbf2NnOWjig4LHe1VU1fMizqSyrG8js7S8srqWXc9tbG5t75i7ew0ZxoJCnYY8FC2PSOAsgLpiikMrEkB8j0PTG16P/eY9CMnCoKZGEXR80g9Yj1GitOSahVvsqFAXPKikJlI3cXyiBpRwXE6xc4JtfInhLqm6Sbeapq6ZtwrWBHiR2DOSRzNUXPPL6YY09iFQlBMp27YVqU5ChGKUQ5pzYgkRoUPSh7amAfFBdpLJXyk+0koX90KhK1B4ov6eSIgv5cj3dOf4aDnvjcX/vHasehedhAVRrCCg00W9mGOdxDgk3GUCqOIjTQgVTN+K6YAIQpWOMqdDsOdfXiSNYsE+LRRvzvKlq1kcWXSADtExstE5KqEyqqA6ougRPaNX9GY8GS/Gu/Exbc0Ys5l99AfG5w9GRJ66</latexit>

= dimension of Hilbert space 
of states surrounded by a horizon,  
i.e. states of a ball

HBY = 0
<latexit sha1_base64="hWNgVIRfntfQqdp0KEiLEYEFFQY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlIF3QilbrqsYB/ShjCZTtqhkwczN8US8iduXCji1j9x5984abPQ1gMXDufcy733eLHgCizr21hb39jc2i7tlHf39g8OzaPjjooSSVmbRiKSPY8oJnjI2sBBsF4sGQk8wbre5C73u1MmFY/CB5jFzAnIKOQ+pwS05Jpm000HwJ4gbTxm2a1Vds2KVbXmwKvELkgFFWi55tdgGNEkYCFQQZTq21YMTkokcCpYVh4kisWETsiI9TUNScCUk84vz/C5VobYj6SuEPBc/T2RkkCpWeDpzoDAWC17ufif10/Av3FSHsYJsJAuFvmJwBDhPAY85JJREDNNCJVc34rpmEhCQYeVh2Avv7xKOrWqfVmt3V9V6o0ijhI6RWfoAtnoGtVRE7VQG1E0Rc/oFb0ZqfFivBsfi9Y1o5g5QX9gfP4AyfCTGQ==</latexit>
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de Sitter black holes
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• What about black holes in de Sitter space? How do we take 
them into account in the Euclidean gravitational path integral?


• Let us focus on Schwarzschild-de Sitter space.


• SdS has both a black hole and a cosmological horizon, which 
have different temperatures. Only for the largest dS black hole 
(Nariai) are the temperatures the same.



 de Sitter black holes
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• The sum of the black hole entropy and cosmological horizon entropy                                    
is always lower than the de Sitter entropy, i.e. pure dS has maximum 
entropy. 
 
 
 

• This suggests: 
 
1. Euclidean de Sitter black holes are subdominant in the 
gravitational path integral. 
 
2. Empty dS corresponds to a maximally mixed state,  
and the presence of a black hole constitutes a constraint on the state, 
reducing the entropy.
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SSdS := Sb + Sc  SdS
<latexit sha1_base64="7i5Kfbh8N3oK/z/9ndnl2c9Mn8w=">AAACCHicbVDLSgMxFM34rPU16tKFwSIIQpmpgiIIRTcuK2Mf0A5DJnOnDc08SDJCGbp046+4caGIWz/BnX9j+lho64HkHs65l+QeP+VMKsv6NhYWl5ZXVgtrxfWNza1tc2e3IZNMUKjThCei5RMJnMVQV0xxaKUCSORzaPr9m5HffAAhWRLfq0EKbkS6MQsZJUpLnnngeLkTOEN8eYUdz8cn+qa4w0HXXOueWbLK1hh4nthTUkJT1DzzqxMkNIsgVpQTKdu2lSo3J0IxymFY7GQSUkL7pAttTWMSgXTz8SJDfKSVAIeJ0CdWeKz+nshJJOUg8nVnRFRPznoj8T+vnanwws1ZnGYKYjp5KMw4VgkepYIDJoAqPtCEUMH0XzHtEUGo0tkVdQj27MrzpFEp26flyt1ZqXo9jaOA9tEhOkY2OkdVdItqqI4oekTP6BW9GU/Gi/FufExaF4zpzB76A+PzB2zkl7I=</latexit>

Banks-Fiol-Morisse (2006)

Banks-Fisschler (2001)



Euclidean SdS geometries
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(i) Euclidean de Sitter (ii) Euclidean Nariai

(iii) Euclidean SdS

• Possible obstacle: The Euclidean continuation of SdS is singular 
at (at least one of) the horizons, hence the Einstein equations 
are not satisfied there. 



Constrained path integral
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• Even though Euclidean SdS black holes are not regular 
gravitational instantons, they can be interpreted as stationary 
points of a constrained path integral at fixed 


• Introduce a Lagrange multiplier to impose the constraint  


• Perform stationary-point approximation at fixed

Affleck (1981), Cotler-Jensen (2021)

Z =

Z
Dge�IE [g] =

Z
DADg�(C[g]�A)e�IE [g]

<latexit sha1_base64="dVeE/gPw1V6T+m29V0yv8W/wvBo="></latexit>

Z =

Z
DADgD�e�IE [g]+�(C[g]�A) =

Z
DAZ[A]

<latexit sha1_base64="z5L34+/KbyvEs20uLS4s1x5AC4Y="></latexit>

A = Ab +Ac
<latexit sha1_base64="IoSVTl5df+je0fG2K8nh3HmATDU=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyUwXdCK1uXFawD2iHIZNm2tDMgyQjlLELf8WNC0Xc+hvu/Bsz7Sy09UDC4Zx7ycnxYs6ksqxvo7C0vLK6VlwvbWxube+Yu3stGSWC0CaJeCQ6HpaUs5A2FVOcdmJBceBx2vZGN5nffqBCsii8V+OYOgEehMxnBCstueZBL8BqSDBHdXSF6q6HTvVNXLNsVawp0CKxc1KGHA3X/Or1I5IENFSEYym7thUrJ8VCMcLppNRLJI0xGeEB7Woa4oBKJ53mn6BjrfSRHwl9QoWm6u+NFAdSjgNPT2Zp5byXif953UT5l07KwjhRNCSzh/yEIxWhrAzUZ4ISxceaYCKYzorIEAtMlK6spEuw57+8SFrVin1Wqd6dl2vXeR1FOIQjOAEbLqAGt9CAJhB4hGd4hTfjyXgx3o2P2WjByHf24Q+Mzx/egpQP</latexit>

A
<latexit sha1_base64="vudavbVt1FebNpPcTffFjP/dpvE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdVNy4r2Ad0hpJJM21oJhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaTu9zvPlGlmRSPZprQIMYjwSJGsLGS78fYjAnm6AahQbXm1t050CrxClKDAq1B9csfSpLGVBjCsdZ9z01MkGFlGOF0VvFTTRNMJnhE+5YKHFMdZPPMM3RmlSGKpLJPGDRXf29kONZ6God2Ms+ol71c/M/rpya6DjImktRQQRaHopQjI1FeABoyRYnhU0swUcxmRWSMFSbG1lSxJXjLX14lnUbdu6g3Hi5rzduijjKcwCmcgwdX0IR7aEEbCCTwDK/w5qTOi/PufCxGS06xcwx/4Hz+ALMmkM0=</latexit>

equations of motion
C[g] = A

<latexit sha1_base64="59cv+u1RlTOz9NO+BszuH8F1yDQ=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFXQjVLtxWcE+IA1lMp20QycPZiZCCXXjr7hxoYhb/8Kdf+OkDaKtBwbOnHMv997jxZxJZVlfRmFpeWV1rbhe2tjc2t4xd/daMkoEoU0S8Uh0PCwpZyFtKqY47cSC4sDjtO2N6pnfvqdCsii8U+OYugEehMxnBCst9cyDboDVkGCO6s7Avfz5XfXMslWxpkCLxM5JGXI0euZntx+RJKChIhxL6dhWrNwUC8UIp5NSN5E0xmSEB9TRNMQBlW46vWCCjrXSR34k9AsVmqq/O1IcSDkOPF2ZbSjnvUz8z3MS5V+4KQvjRNGQzAb5CUcqQlkcqM8EJYqPNcFEML0rIkMsMFE6tJIOwZ4/eZG0qhX7tFK9PSvXrvM4inAIR3ACNpxDDW6gAU0g8ABP8AKvxqPxbLwZ77PSgpH37MMfGB/fV66WKw==</latexit>Z[A] ⇡ e�IE [A]
<latexit sha1_base64="eXcDvOq/kPsC8TBvbIKgXKYDguY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDEkVdFkVQXcV7AOTGCbTaTt08mBmIpaQv3Djr7hxoYhb3fk3TtosauuBC4dz7uXee/yYUSFN80ebm19YXFourZRX19Y3NvWt7aaIEo5JA0cs4m0fCcJoSBqSSkbaMSco8Blp+YOL3G89EC5oFN7KYUzcAPVC2qUYSSV5ugHhne0ESPYxYvDMhQ6KYx49QnKfHl576WU26WaeXjENcwQ4S6yCVECBuqd/O50IJwEJJWZICNsyY+mmiEuKGcnKTiJIjPAA9YitaIgCItx09FcG95XSgd2IqwolHKmTEykKhBgGvurMbxTTXi7+59mJ7J66KQ3jRJIQjxd1EwZlBPOQYIdygiUbKoIwp+pWiPuIIyxVlGUVgjX98ixpVg3ryKjeHFdq50UcJbAL9sABsMAJqIErUAcNgMETeAFv4F171l61D+1z3DqnFTM74A+0r18t3Z62</latexit>

Draper-Farkas (2022), Morvan, Van der Schaar, MV (2022)



Constrained path integral
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• Now let’s take the constraint to be the sum of the horizon areas  
(at a fixed horizon radius) 

• The partition function at fixed      is then


• The saddle point equations are


• Euclidean SdS is a saddle (= constrained instanton):  
 
if           &                        

A = Ab +Ac
<latexit sha1_base64="4/XiN18rxwLgBr3tqI8/XeYTvZU=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJqqAbodWNywr2AW0Ik+mkHTp5MDMRSqgbf8WNC0Xc+hfu/BsnbRbaemCGwzn3cu89XsyZVJb1bRSWlldW14rrpY3Nre0dc3evJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Cbz2w9USBaF92ocUyfAg5D5jGClJdc86AVYDQnmqI4QukJ110On+ieuWbYq1hRokdg5KUOOhmt+9foRSQIaKsKxlF3bipWTYqEY4XRS6iWSxpiM8IB2NQ1xQKWTTi+YoGOt9JEfCf1Chabq744UB1KOA09XZvvKeS8T//O6ifIvnZSFcaJoSGaD/IQjFaEsDtRnghLFx5pgIpjeFZEhFpgoHVpJh2DPn7xIWtWKfVap3p2Xa9d5HEU4hCM4ARsuoAa30IAmEHiEZ3iFN+PJeDHejY9ZacHIe/bhD4zPH5Q7lGM=</latexit>

Z[A] =

Z
DgD� exp

✓
1

16⇡G

Z
dDx

p
g(R� 2⇤)� �

4G

✓I

Hb

+

I

Hc

�
dD�2x

p
� �A

◆◆

<latexit sha1_base64="uUJfHX2aYEs6SoI32ckRiB8pm5M="></latexit>

A
<latexit sha1_base64="HOiDCl5bG3eGiDOIAEaZUzI65Vo=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfju8xvT6jSTIpHM42pH+GhYCEj2FjJR70ImxHBHN0g1C9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJmM8pF1LBY6o9tN56Bk6s8oAhVLZJwyaq783UhxpPY0CO5ll1MteJv7ndRMTXvspE3FiqCCLQ2HCkZEoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vklat6l1Uaw+XlfptXkcRTuAUzsGDK6jDPTSgCQSe4Ble4c2ZOC/Ou/OxGC04+c4x/IHz+QMKL5D3</latexit>

R =
2D

D � 2
⇤+ 4⇡�

p
�

p
g
(�(r = rb) + �(r = rc))

<latexit sha1_base64="woZcMT5HVnTBauehOuLGUUlzfBQ="></latexit>

� = 1
<latexit sha1_base64="+Qwd47ReYi+RyiG4wpCSVUYJ8E0=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQTdC0Y3LCvYB06FkMpk2NJMMSUYoQz/DjQtF3Po17vwb03YW2nogcDjnXHLvCVPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXog15UzQtmGG016qKE5CTrvh+G7md5+o0kyKRzNJaZDgoWAxI9hYye9zG40wuvHQoFpz6+4caJV4BalBgdag+tWPJMkSKgzhWGvfc1MT5FgZRjidVvqZpikmYzykvqUCJ1QH+XzlKTqzSoRiqewTBs3V3xM5TrSeJKFNJtiM9LI3E//z/MzE10HORJoZKsjiozjjyEg0ux9FTFFi+MQSTBSzuyIywgoTY1uq2BK85ZNXSadR9y7qjYfLWvO2qKMMJ3AK5+DBFTThHlrQBgISnuEV3hzjvDjvzsciWnKKmWP4A+fzB+WlkFc=</latexit>

p
� =

p
g

<latexit sha1_base64="wPsg5lDWLW+xI8SetSW7T/0qeJI=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZKuhGKLpxWcE+oDOUTJqZhiaZMckIZRg3/oobF4q49S/c+Tem7Sy09cCFk3PuJfeeIGFUacf5tkpLyyura+X1ysbm1vaOvbvXVnEqMWnhmMWyGyBFGBWkpalmpJtIgnjASCcYXU/8zgORisbiTo8T4nMUCRpSjLSR+vaBp+6lzrwIcY5yeAln7yjv21Wn5kwBF4lbkCoo0OzbX94gxiknQmOGlOq5TqL9DElNMSN5xUsVSRAeoYj0DBWIE+Vn0wtyeGyUAQxjaUpoOFV/T2SIKzXmgenkSA/VvDcR//N6qQ4v/IyKJNVE4NlHYcqgjuEkDjigkmDNxoYgLKnZFeIhkghrE1rFhODOn7xI2vWae1qr355VG1dFHGVwCI7ACXDBOWiAG9AELYDBI3gGr+DNerJerHfrY9ZasoqZffAH1ucPz/6XHg==</latexit>

C[g] =
I

Hb

+

I

Hc

�
dD�2x

p
�

<latexit sha1_base64="AUX+UzcqrQmbEHm/MVko2/RnuF0="></latexit>

R = Rbulk +Rcon
<latexit sha1_base64="Y+DTWb654ewHPZJnf+B93hbqS0A=">AAACC3icbVDLSgNBEJyNrxhfUY9ehgRBEMJuFPQiBL14jME8IFmW2ckkGTI7u8z0imHZuxd/xYsHRbz6A978GycPRBMLGoqqbrq7/EhwDbb9ZWWWlldW17LruY3Nre2d/O5eQ4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/vBr7zTumNA/lLYwi5gakL3mPUwJG8vKF2kXNSzrA7iHxYzFMU3yMfxQayjT18kW7ZE+AF4kzI0U0Q9XLf3a6IY0DJoEKonXbsSNwE6KAU8HSXCfWLCJ0SPqsbagkAdNuMvklxYdG6eJeqExJwBP190RCAq1HgW86AwIDPe+Nxf+8dgy9czfhMoqBSTpd1IsFhhCPg8FdrhgFMTKEUMXNrZgOiCIUTHw5E4Iz//IiaZRLzkmpfHNarFzO4siiA1RAR8hBZ6iCrlEV1RFFD+gJvaBX69F6tt6s92lrxprN7KM/sD6+AaDdm28=</latexit>



Euclidean action of SdS black hole
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• Off-shell Euclidean action


• For Euclidean SdS the Ricci scalar is constant everywhere, 
except at the conical singularities at the horizons                 . 

• The on-shell actions for both these terms are finite

Euclidean spacetime volume

R = Rbulk +Rcon
<latexit sha1_base64="Y+DTWb654ewHPZJnf+B93hbqS0A=">AAACC3icbVDLSgNBEJyNrxhfUY9ehgRBEMJuFPQiBL14jME8IFmW2ckkGTI7u8z0imHZuxd/xYsHRbz6A978GycPRBMLGoqqbrq7/EhwDbb9ZWWWlldW17LruY3Nre2d/O5eQ4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/vBr7zTumNA/lLYwi5gakL3mPUwJG8vKF2kXNSzrA7iHxYzFMU3yMfxQayjT18kW7ZE+AF4kzI0U0Q9XLf3a6IY0DJoEKonXbsSNwE6KAU8HSXCfWLCJ0SPqsbagkAdNuMvklxYdG6eJeqExJwBP190RCAq1HgW86AwIDPe+Nxf+8dgy9czfhMoqBSTpd1IsFhhCPg8FdrhgFMTKEUMXNrZgOiCIUTHw5E4Iz//IiaZRLzkmpfHNarFzO4siiA1RAR8hBZ6iCrlEV1RFFD+gJvaBX69F6tt6s92lrxprN7KM/sD6+AaDdm28=</latexit>

IE = � 1

16⇡G

Z

M
dDx

p
g(R� 2⇤)

<latexit sha1_base64="Cxu9laulH3Q9N8Auolk9BGlMOms="></latexit>

IE,bulk = � V⇤
(D � 2)4⇡G

<latexit sha1_base64="CijoIthtxyFcgyNSRY/A78N5J64="></latexit>

IE,con = �Ab

4G
� Ac

4G
+ �

✓
Abb

8⇡G
+

Acc

8⇡G

◆

<latexit sha1_base64="/aUNdaqoNXIv9+STfMgQp8Q8BJo="></latexit>



Euclidean action of SdS black hole
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• The total on-shell Euclidean action is 

• Thus, 
 
 
 
NB the result is independent of the inverse temperature 
NB this holds for any value of the mass M


• Constrained partition function: 

Smarr formula for SdS

IE,SdS = �Ab +Ac

4G
<latexit sha1_base64="eWNBPffN7wAgDijS3/LP+ssx3Vg=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIapmpBd0IrSLqrlL7gHYYMmmmDc1khiQjlGE+wI2/4saFIm79AHf+jWk7C60eCBzOOZebe9yQUalM88vIzM0vLC5ll3Mrq2vrG/nNraYMIoFJAwcsEG0XScIoJw1FFSPtUBDku4y03OHF2G/dEyFpwO/UKCS2j/qcehQjpSUnX7hx4stDWO/VE3gGj7qeQDiuOi48gFUHJ3EZXiU6ZRbNCeBfYqWkAFLUnPxntxfgyCdcYYak7FhmqOwYCUUxI0muG0kSIjxEfdLRlCOfSDueHJPAPa30oBcI/biCE/XnRIx8KUe+q5M+UgM5643F/7xOpLxTO6Y8jBTheLrIixhUARw3A3tUEKzYSBOEBdV/hXiAdB9K95fTJVizJ/8lzVLROi6WbsuFynlaRxbsgF2wDyxwAirgGtRAA2DwAJ7AC3g1Ho1n4814n0YzRjqzDX7B+PgGvPWY5Q==</latexit>

IE = IE,bulk + IE,con = �

✓
Abb

8⇡G
+

Ac

8⇡G
� ⇥⇤

(D � 2)4⇡G

◆
� Ab

4G
� Ac

4G
<latexit sha1_base64="ZuawYdth2ZAaCkVrJbplQSTmiMU="></latexit>

Z[A] ⇡ e�IE [A] = e(Ab+Ac)/4G
<latexit sha1_base64="kahkUHxHoB6jW+xESpcXSgRYjgc="></latexit>



Outline

1. Gravitational partition function for de Sitter space 
 
- T. Jacobson, B. Banihashemi, Thermodynamic ensembles with cosmological horizons, JHEP, 
2204.05324. 
 
- E. Morvan, J.P. Van der Schaar, MV, On the Euclidean action of de Sitter black holes and 
constrained instantons, SciPost, 2203.06155. 

2. Constrained sphere partition function


- T. Jacobson & MV, Partition function of a volume of space, PRL, 2212.10607.
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Partition function for a volume of space

• Should not “area = entropy” apply to any volume of space (topological ball)?


• To specify a “region of space”, one must somehow fix its size.


• We fix the spatial volume, by adding a constraint in the path integral 
that all spatial slices have volume V 

                    
                                   
                                  

21

Z[V ] = TrH1
<latexit sha1_base64="2CEShLlh+DGxKA140e8linS7N5Q=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSlIF3QhFN11W6AubUCbTSTt08mDmRiwhazf+ihsXirj1C9z5N07bLLT1wIXDOfdy7z1eLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6mfjteyYVj8IGjGPmBmQQcp9TAlrqmUd33ZaLrzB2gD1A2pBZL3UCAkNKBK5l2MY9s2SVrSnwIrFzUkI56j3zy+lHNAlYCFQQpbq2FYObEgmcCpYVnUSxmNARGbCupiEJmHLT6SsZPtFKH/uR1BUCnqq/J1ISKDUOPN05uVLNexPxP6+bgH/ppjyME2AhnS3yE4EhwpNccJ9LRkGMNSFUcn0rpkMiCQWdXlGHYM+/vEhalbJ9Vq7cnpeq13kcBXSIjtEpstEFqqIaqqMmougRPaNX9GY8GS/Gu/Exa10y8pkD9AfG5w8gBplD</latexit>

 = dimension of Hilbert space of geometries  
with spatial volume V 



Euclidean sphere geometry

• What are the topologies that we integrate over in the path integral?


• Consider a spatial topological (D-1)-ball whose boundary has 
topology           .


• The Euclidean manifold generated by rotating the ball through a 
complete circle about the ball boundary is a topological D-sphere 
 
e.g. D=2 version:

22

SD�2
<latexit sha1_base64="3jshpOXh58mJ8s9otPP8nPAMD9Y=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegHjxGNA9I1jA7mSRDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMYXk/8xhPXRkTqAUcx90PaV6InGEUrNe4f05vT8rhTKLoldwqySLyMFCFDtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NwxObZKl/QibUshmaq/J1IaGjMKA9sZUhyYeW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyO+kKzRnKkSWUaWFvJWxANWVoE8rbELz5lxdJvVzyzkrlu/Ni5SqLIweHcAQn4MEFVOAWqlADBkN4hld4c2LnxXl3PmatS042cwB/4Hz+AJGVjxA=</latexit>

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>

Euclidean "horizon”



Constrained sphere partition function

• Foliate        by (D-1)-balls at constant      with induced metric 


• The saddle point equations are the Einstein equations sourced by an effective 
perfect fluid with vanishing energy density, 
 
                                                  with 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� (D � 1)
<latexit sha1_base64="7bh8n3AYV7DlacVRctYuWQwzDLY=">AAAB+HicbVBNS8NAEJ34WetHox69LBahQi1JFfRY1IPHCvYDmlA22027dLMJuxuhlv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2V1bX1jc3cVn57Z3evYO8fNFWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDG+mfuuRSsVi8aBHCfUj3BcsZARrI3XtgpcMGPLKXhmVbs/c065ddCrODGiZuBkpQoZ61/7yejFJIyo04Vipjusk2h9jqRnhdJL3UkUTTIa4TzuGChxR5Y9nh0/QiVF6KIylKaHRTP09McaRUqMoMJ0R1gO16E3F/7xOqsMrf8xEkmoqyHxRmHKkYzRNAfWYpETzkSGYSGZuRWSAJSbaZJU3IbiLLy+TZrXinleq9xfF2nUWRw6O4BhK4MIl1OAO6tAAAik8wyu8WU/Wi/VufcxbV6xs5hD+wPr8Aa6ckSU=</latexit>

�ab = gab �N2�,a�,b
<latexit sha1_base64="jE3nu8ak9lX+C0WFbQjTtAWXYj4=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAUXGiZqYJuhKIbV1LBXqCtw5k0bUOTmSHJCGWYt3Djq7hxoYhb3fk2pu0I2vpD4OM/OZxzfi/kTGnb/rIyC4tLyyvZ1dza+sbmVn57p66CSBJaIwEPZNMDRTnzaU0zzWkzlBSEx2nDG16O6417KhUL/Fs9CmlHQN9nPUZAG8vNl9p9EALcGLwEn+P+FI7w9V0Zt8MBc+NDSH7IS9x8wS7ZE+F5cFIooFRVN//Z7gYkEtTXhINSLccOdScGqRnhNMm1I0VDIEPo05ZBHwRVnXhyV4KLxuniXiDN8zWeuL87YhBKjYRZuChAD9RsbWz+V2tFunfWiZkfRpr6ZDqoF3GsAzwOCXeZpETzkQEgkpldMRmABKJNlDkTgjN78jzUyyXnuFS+OSlULtI4smgP7aMD5KBTVEFXqIpqiKAH9IRe0Kv1aD1bb9b79GvGSnt20R9ZH9/jMJ6A</latexit>

N ⌘ (gab�,a�,b)
�1/2

<latexit sha1_base64="HFa9VZq2DJlPVxCMKVjFUFj15kU=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyFilqTKuiy6MaVVLAXaNIwmU7aoZOLM5NCCXkIN76KGxeKuHXhzrdx2mahrT8MfPxnDuec340YFdIwvrWFxaXlldXcWn59Y3NrW9/ZbYgw5pjUcchC3nKRIIwGpC6pZKQVcYJ8l5GmO7ge15tDwgUNg3s5iojto15APYqRVJajH91CizzEdAhLvU6C3BRaUZ86yTFKM3DTw05yYp5WUkcvGGVjIjgPZgYFkKnm6F9WN8SxTwKJGRKibRqRtBPEJcWMpHkrFiRCeIB6pK0wQD4RdjI5KoVF5XShF3L1Agkn7u+OBPlCjHy1cdFHsi9ma2Pzv1o7lt6lndAgiiUJ8HSQFzMoQzhOCHYpJ1iykQKEOVW7QtxHHGGpcsyrEMzZk+ehUSmbZ+XK3XmhepXFkQP74ACUgAkuQBXcgBqoAwwewTN4BW/ak/aivWsf068LWtazB/5I+/wB7G2deg==</latexit>

Gab + ⇤gab = 8⇡GTab
<latexit sha1_base64="gskY1Kqnwb8wPu7QY5Gy0Ncb9Sc=">AAACEHicbVBLSwMxGMzWV62vVY9egqUoCGW3CvYiFD3Ug4cKfUF3WbLZbBuafZBkhbL0J3jxr3jxoIhXj978N6bbPWjrQGAykyHfN27MqJCG8a0VVlbX1jeKm6Wt7Z3dPX3/oCuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vhm5vceCBc0CttyEhM7QMOQ+hQjqSRHP2k6KXKn8AxadyrlITicC1ewbsUUNmE7uzt62agaGeAyMXNSBjlajv5leRFOAhJKzJAQA9OIpZ0iLilmZFqyEkFihMdoSAaKhiggwk6zhaawohQP+hFXJ5QwU38nUhQIMQnUmJUAyZFY9Gbif94gkX7dTmkYJ5KEeP6RnzAoIzhrB3qUEyzZRBGEOVWzQjxCHGGpOiypEszFlZdJt1Y1z6u1+4ty4zqvowiOwDE4BSa4BA1wC1qgAzB4BM/gFbxpT9qL9q59zJ8WtDxzCP5A+/wBsqWbHg==</latexit>

Tab =
�

N
�ab ⌘ P�ab

<latexit sha1_base64="WeNeX0k5Q/NeNco8DnElN31bOTw=">AAACInicbVDLSgMxFM34rPVVdekmWAquykwV1IVQdONKKvQFnVLupJk2NJkZk0yhDPMtbvwVNy4UdSX4MaaPRW09EDick8O993gRZ0rb9re1srq2vrGZ2cpu7+zu7ecODusqjCWhNRLyUDY9UJSzgNY005w2I0lBeJw2vMHt2G8MqVQsDKp6FNG2gF7AfEZAG6mTu6p2EvDSa9eXQBKXm2QX0uQ+xW4PhICJi136GLMhrsyLnVzeLtoT4GXizEgezVDp5D7dbkhiQQNNOCjVcuxItxOQmhFO06wbKxoBGUCPtgwNQFDVTiYnprhglC72Q2leoPFEnU8kIJQaCbNrQYDuq0VvLP7ntWLtX7YTFkSxpgGZDvJjjnWIx33hLpOUaD4yBIhkZldM+mDK0qbVrCnBWTx5mdRLReesWHo4z5dvZnVk0DE6QafIQReojO5QBdUQQU/oBb2hd+vZerU+rK/p1xVrljlCf2D9/AJpG6TP</latexit>

Z[V,⇤] =

Z
D�Dg exp


1

16⇡~G

Z
dDx

p
g(R� 2⇤) +

1

~

Z
d��(�)

✓Z
dD�1x

p
� � V

◆�

<latexit sha1_base64="/EzJIG9crxDPRjh++F2u1DvlyzQ="></latexit>

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>

Method of constrained instantons     
Affleck (1981), Stanford (2020), Cotler-Jensen (2021)

Z[V,⇤] =

Z
Dg�(C[g]� V ) exp


1

16⇡~G

Z
dDx

p
g(R� 2⇤)

�

<latexit sha1_base64="X7UPzUqz1gLZnxzgyKR1JLvQY4Q="></latexit>



Static, spherically symmetric saddle
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• Saddle with minimum action presumably is the most symmetric one: 

• N(r) is determined by the Tolman-Oppenheimer-Volkoff-equation,  
with boundary conditions: 
 
1)                at r = RV , the “horizon”  
 
2)                         at r = RV , to prevent conical singularity 

•                        solution:

ds2 = N2(r)d�2 + h(r)dr2 + r2d⌦2
D�2

<latexit sha1_base64="e5GOMrVauGgIhd5NHdEKNrPlq1s="></latexit>

N 0 = �
p
h

<latexit sha1_base64="YsRCBC6G3TVc15uBoUxfigzn+Ws=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIXixJFfQiFL14kgr2A9pQNttNu3SzibsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3NLyyupafr2wsbm1XbR3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IfXE7/5SKVikbjXo5h6Ie4LFjCCtZG6dvH2CF2iE9RRD1Kng3HXLjllZwq0SNyMlCBDrWt/dXoRSUIqNOFYqbbrxNpLsdSMcDoudBJFY0yGuE/bhgocUuWl08PH6NAoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vnejgwkuZiBNNBZktChKOdIQmKaAek5RoPjIEE8nMrYgMsMREm6wKJgR3/uVF0qiU3dNy5e6sVL3K4sjDPhzAMbhwDlW4gRrUgUACz/AKb9aT9WK9Wx+z1pyVzezBH1ifPwPUkgo=</latexit>

N = 0
<latexit sha1_base64="1x79onOOqIrSmFE58qG5G3V3PUk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IsniWgekCxhdjJJhszOLjO9QljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1M/eYT10ZE6hHHMfdDOlCiLxhFKz3cXbndYsktuzOQZeJlpAQZat3iV6cXsSTkCpmkxrQ9N0Y/pRoFk3xS6CSGx5SN6IC3LVU05MZPZ6dOyIlVeqQfaVsKyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/0k+FihPkis0X9RNJMCLTv0lPaM5Qji2hTAt7K2FDqilDm07BhuAtvrxMGpWyd1au3J+XqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOdF+fd+Zi35pxs5hD+wPn8AZfFjVc=</latexit>

⇤ = 0
<latexit sha1_base64="N1y7c6foofu4lU8D4L/hK5YEV7g=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKbly4qGAfMB1KJpNpQzPJkNwRytDPcONCEbd+jTv/xrSdhbYeCBzOOZfce8JUcAOu++2srK6tb2yWtsrbO7t7+5WDw7ZRmaasRZVQuhsSwwSXrAUcBOummpEkFKwTjm6nfueJacOVfIRxyoKEDCSPOSVgJb93b6MRwdcu7leqbs2dAS8TryBVVKDZr3z1IkWzhEmgghjje24KQU40cCrYpNzLDEsJHZEB8y2VJGEmyGcrT/CpVSIcK22fBDxTf0/kJDFmnIQ2mRAYmkVvKv7n+RnEV0HOZZoBk3T+UZwJDApP78cR14yCGFtCqOZ2V0yHRBMKtqWyLcFbPHmZtOs177xWf7ioNm6KOkroGJ2gM+ShS9RAd6iJWogihZ7RK3pzwHlx3p2PeXTFKWaO0B84nz+ygJA2</latexit>

RV = [(D � 1)V/⌦D�2]
1/(D�1)

<latexit sha1_base64="FdF9FTCafjxqwFfpvIjU8P3p/VU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh10Tapgm6Eol24s4pNC2kMk+m0HTp5MDMRSugvuPFX3LhQxK07d/6N0zQLbT1w4XDOvdx7jxcxKqRhfGsLi0vLK6u5tfz6xubWtr6za4kw5pg0cchC3vaQIIwGpCmpZKQdcYJ8j5GWN7yc+K0HwgUNgzs5iojjo35AexQjqSRXL966FjyHdrFeMo+gBSuwc+2TPnKTeqk6du4Ts5JaY1cvGGUjBZwnZkYKIEPD1b863RDHPgkkZkgI2zQi6SSIS4oZGec7sSARwkPUJ7aiAfKJcJL0ozE8VEoX9kKuKpAwVX9PJMgXYuR7qtNHciBmvYn4n2fHsnfmJDSIYkkCPF3UixmUIZzEA7uUEyzZSBGEOVW3QjxAHGGpQsyrEMzZl+eJVS2bx+XqzUmhdpHFkQP74AAUgQlOQQ1cgQZoAgwewTN4BW/ak/aivWsf09YFLZvZA3+gff4Axi6ZOw==</latexit>

ds2 =
1

4R2
V

(R2
V � r2)2d�2 + dr2 + r2d⌦2

D�2
<latexit sha1_base64="XEc5leYNYqngwSTjg81At5W+78E="></latexit>

 



Euclidean action

• Euclidean constrained instanton has topology       , is conformally flat, and  
has a 1/(r-RV) curvature singularity at the horizon. 


• BUT the on-shell Euclidean action is finite:  
 
for  : 

• Hence, in the zero-loop saddle-point approximation: 
 
 
 
 
 
 
This shows that finite volumes of space have a BH “entropy” (log dim H).

⇤ = 0
<latexit sha1_base64="N1y7c6foofu4lU8D4L/hK5YEV7g=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKbly4qGAfMB1KJpNpQzPJkNwRytDPcONCEbd+jTv/xrSdhbYeCBzOOZfce8JUcAOu++2srK6tb2yWtsrbO7t7+5WDw7ZRmaasRZVQuhsSwwSXrAUcBOummpEkFKwTjm6nfueJacOVfIRxyoKEDCSPOSVgJb93b6MRwdcu7leqbs2dAS8TryBVVKDZr3z1IkWzhEmgghjje24KQU40cCrYpNzLDEsJHZEB8y2VJGEmyGcrT/CpVSIcK22fBDxTf0/kJDFmnIQ2mRAYmkVvKv7n+RnEV0HOZZoBk3T+UZwJDApP78cR14yCGFtCqOZ2V0yHRBMKtqWyLcFbPHmZtOs177xWf7ioNm6KOkroGJ2gM+ShS9RAd6iJWogihZ7RK3pzwHlx3p2PeXTFKWaO0B84nz+ygJA2</latexit>
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Isaddle = � 1

16⇡G

Z
dDx

p
gR =

D � 1

D � 2
2⇡�V = �AV

4G
<latexit sha1_base64="lY7EGlFy3lYOC5myIt4MDt0NiDc="></latexit>

Z[V ] ⇡ exp(AV /4~G)
<latexit sha1_base64="QxNg1xyacqOG1MslTLSaiNGCOGU=">AAACC3icbVC7TgJBFJ3FF+Jr1dJmAjHBBneRREvUQktM5BHZzWZ2GGDC7M5kZtZACL2Nv2JjoTG2/oCdf+MAWyh6kpucnHNv7r0nFIwq7ThfVmZpeWV1Lbue29jc2t6xd/caiicSkzrmjMtWiBRhNCZ1TTUjLSEJikJGmuHgcuo374lUlMe3eiSIH6FeTLsUI22kwM7ftRs+9JAQkg+hR4YCFs+DxjGsQK8fIgmvjgK74JScGeBf4qakAFLUAvvT63CcRCTWmCGl2q4jtD9GUlPMyCTnJYoIhAeoR9qGxigiyh/PfpnAQ6N0YJdLU7GGM/XnxBhFSo2i0HRGSPfVojcV//Paie6e+WMai0STGM8XdRMGNYfTYGCHSoI1GxmCsKTmVoj7SCKsTXw5E4K7+PJf0iiX3JNS+aZSqF6kcWTBAciDInDBKaiCa1ADdYDBA3gCL+DVerSerTfrfd6asdKZffAL1sc3YoGYtA==</latexit>

 

Isaddle = � 1

16⇡G

Z
dDx

p
gR =

D � 1

D � 2
2⇡�V = �AV

4G
<latexit sha1_base64="lY7EGlFy3lYOC5myIt4MDt0NiDc="></latexit>

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>



         case
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⌃
<latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit>

For nonzero       a similar saddle exists, where spatial ball is embedded in 
                              
 
 

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

⇤ 6= 0
<latexit sha1_base64="mCGMr51Ii1Oze2FJjJGZS3bu5qg=">AAAB9XicbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgZtLCwimAcka5id3CRDZmfXmVklLPkPGwtFbP0XO//GSbKFJh4YOJxzLvfOCWLBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJr4jUdUmkfyzoxi9EPal7zHGTVWum/f2GiXkrbEB+J2CkW35E5BFomXkSJkqHYKX+1uxJIQpWGCat3y3Nj4KVWGM4HjfDvRGFM2pH1sWSppiNpPp1ePybFVuqQXKfukIVP190RKQ61HYWCTITUDPe9NxP+8VmJ6F37KZZwYlGy2qJcIYiIyqYB0uUJmxMgSyhS3txI2oIoyY4vK2xK8+S8vknq55J2WyrdnxcplVkcODuEITsCDc6jANVShBgwUPMMrvDlPzovz7nzMoktONnMAf+B8/gBI6ZG3</latexit>

SD�1 for ⇤ > 0
<latexit sha1_base64="GgHqJwmh2KRxXP7VOSVLY6wTQY4=">AAACD3icbVC7TsMwFHXKq5RXgZHFogIxlCopSDChChgYGIqgD6kJleO6rVXnIfsGUUX5AxZ+hYUBhFhZ2fgb3DYDFI5k6fice+17jxsKrsA0v4zMzOzc/EJ2Mbe0vLK6ll/fqKsgkpTVaCAC2XSJYoL7rAYcBGuGkhHPFazhDs5GfuOOScUD/waGIXM80vN5l1MCWmrnd69v4/N9K8F20S5iG9g9xN1AJqNL0b7UD3UIPjHb+YJZMsfAf4mVkgJKUW3nP+1OQCOP+UAFUaplmSE4MZHAqWBJzo4UCwkdkB5raeoTjyknHu+T4B2tdLAeQx8f8Fj92RETT6mh5+pKj0BfTXsj8T+vFUH32Im5H0bAfDr5qBsJDAEehYM7XDIKYqgJoZLrWTHtE0ko6AhzOgRreuW/pF4uWQel8tVhoXKaxpFFW2gb7SELHaEKukBVVEMUPaAn9IJejUfj2Xgz3ielGSPt2US/YHx8A5+hmoE=</latexit>

H
D�1 for ⇤ < 0

<latexit sha1_base64="n+dqiXx/XXcgpeT4WdnMEKTUdvk=">AAACD3icbVC7TsMwFHV4lvIqMLJYVCCGUiUFCQaGChg6MBSJPqQmVI7rtladh+wbRBXlD1j4FRYGEGJlZeNvcNsM0HIkS8fn3Gvfe9xQcAWm+W3MzS8sLi1nVrKra+sbm7mt7boKIklZjQYikE2XKCa4z2rAQbBmKBnxXMEa7uBy5DfumVQ88G9hGDLHIz2fdzkloKV27qByF18dWQm2C3YB28AeIO4GMhldCva1fqhD8LnZzuXNojkGniVWSvIoRbWd+7I7AY085gMVRKmWZYbgxEQCp4IlWTtSLCR0QHqspalPPKaceLxPgve10sF6DH18wGP1d0dMPKWGnqsrPQJ9Ne2NxP+8VgTdMyfmfhgB8+nko24kMAR4FA7ucMkoiKEmhEquZ8W0TyShoCPM6hCs6ZVnSb1UtI6LpZuTfPkijSODdtEeOkQWOkVlVEFVVEMUPaJn9IrejCfjxXg3Pialc0bas4P+wPj8AYpUmnQ=</latexit> or



         case

27

⌃
<latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit>

For nonzero       a similar saddle exists, where spatial ball is embedded in 
                              
 
 
BUT for                there are significant differences: 


• If V is larger than the dS spatial hemisphere, entropy decreases as V increases.


• There is no saddle if V is larger than the full spatial dS sphere. 

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

⇤ > 0
<latexit sha1_base64="DtpX+DSvEtKQccd2nx0lcPqVIZ0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKupKiGxcuKtgHTIeSyWTa0EwyJHeEMvQz3LhQxK1f486/MW1noa0HAodzziX3njAV3IDrfjsrq2vrG5ulrfL2zu7efuXgsG1UpilrUSWU7obEMMElawEHwbqpZiQJBeuEo9up33li2nAlH2GcsiAhA8ljTglYye/d22hE8DV2+5WqW3NnwMvEK0gVFWj2K1+9SNEsYRKoIMb4nptCkBMNnAo2Kfcyw1JCR2TAfEslSZgJ8tnKE3xqlQjHStsnAc/U3xM5SYwZJ6FNJgSGZtGbiv95fgbxVZBzmWbAJJ1/FGcCg8LT+3HENaMgxpYQqrndFdMh0YSCbalsS/AWT14m7XrNO6/VHy6qjZuijhI6RifoDHnoEjXQHWqiFqJIoWf0it4ccF6cd+djHl1xipkj9AfO5w+z9pA3</latexit>

⇤ 6= 0
<latexit sha1_base64="mCGMr51Ii1Oze2FJjJGZS3bu5qg=">AAAB9XicbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgZtLCwimAcka5id3CRDZmfXmVklLPkPGwtFbP0XO//GSbKFJh4YOJxzLvfOCWLBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJr4jUdUmkfyzoxi9EPal7zHGTVWum/f2GiXkrbEB+J2CkW35E5BFomXkSJkqHYKX+1uxJIQpWGCat3y3Nj4KVWGM4HjfDvRGFM2pH1sWSppiNpPp1ePybFVuqQXKfukIVP190RKQ61HYWCTITUDPe9NxP+8VmJ6F37KZZwYlGy2qJcIYiIyqYB0uUJmxMgSyhS3txI2oIoyY4vK2xK8+S8vknq55J2WyrdnxcplVkcODuEITsCDc6jANVShBgwUPMMrvDlPzovz7nzMoktONnMAf+B8/gBI6ZG3</latexit>

AV
<latexit sha1_base64="7UjXhUS2FCSWf0VzvYxNR5nOQCc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj14rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp4brX7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5flGs3eRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPxOY2S</latexit>

V
<latexit sha1_base64="ZHTJuVrsXJ8Nz2mGcO2drL0vXec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fs/+M3g==</latexit>

VdS
<latexit sha1_base64="x3Z0lY0/F8arKGlwGIhYxYAmpgs=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQKeix68VjRfkAbymYzbZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMzzY8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kc3U781BqV5JB9wEoMX0oHkfc4oGslr9tIuwhOmwX2W9Uplp+LMYC8TNydlkqPeK311g4glIUhkgmrdcZ0YvZQq5ExAVuwmGmLKRnQAHUMlDUF76ezozD41SmD3I2VKoj1Tf0+kNNR6EvqmM6Q41IveVPzP6yTYv/JSLuMEQbL5on4ibIzsaQJ2wBUwFBNDKFPc3GqzIVWUocmpaEJwF19eJs1qxT2vVO8uyrXrPI4COSYn5Iy45JLUyC2pkwZh5JE8k1fyZo2tF+vd+pi3rlj5zBH5A+vzB16+kn0=</latexit>

1

2
VdS

<latexit sha1_base64="xYY2d913qdk0u3+NxhSo1RYd8xk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBV0W3bisaB/QhDCZTtqhkwczN2IZ4sZfceNCEbf+hTv/xmmbhbYeuHA4517uvSdIOZNg299GaWl5ZXWtvF7Z2Nza3jF399oyyQShLZLwRHQDLClnMW0BA067qaA4CjjtBKOrid+5p0KyJL6DcUq9CA9iFjKCQUu+eeCGAhPl5Kqet33lAn0A1b/Nc9+s2jV7CmuROAWpogJN3/xy+wnJIhoD4VjKnmOn4CksgBFO84qbSZpiMsID2tM0xhGVnpp+kFvHWulbYSJ0xWBN1d8TCkdSjqNAd0YYhnLem4j/eb0MwgtPsTjNgMZktijMuAWJNYnD6jNBCfCxJpgIpm+1yBDrSECHVtEhOPMvL5J2veac1uo3Z9XGZRFHGR2iI3SCHHSOGugaNVELEfSIntErejOejBfj3fiYtZaMYmYf/YHx+QM+T5dn</latexit>

SD�1 for ⇤ > 0
<latexit sha1_base64="GgHqJwmh2KRxXP7VOSVLY6wTQY4=">AAACD3icbVC7TsMwFHXKq5RXgZHFogIxlCopSDChChgYGIqgD6kJleO6rVXnIfsGUUX5AxZ+hYUBhFhZ2fgb3DYDFI5k6fice+17jxsKrsA0v4zMzOzc/EJ2Mbe0vLK6ll/fqKsgkpTVaCAC2XSJYoL7rAYcBGuGkhHPFazhDs5GfuOOScUD/waGIXM80vN5l1MCWmrnd69v4/N9K8F20S5iG9g9xN1AJqNL0b7UD3UIPjHb+YJZMsfAf4mVkgJKUW3nP+1OQCOP+UAFUaplmSE4MZHAqWBJzo4UCwkdkB5raeoTjyknHu+T4B2tdLAeQx8f8Fj92RETT6mh5+pKj0BfTXsj8T+vFUH32Im5H0bAfDr5qBsJDAEehYM7XDIKYqgJoZLrWTHtE0ko6AhzOgRreuW/pF4uWQel8tVhoXKaxpFFW2gb7SELHaEKukBVVEMUPaAn9IJejUfj2Xgz3ielGSPt2US/YHx8A5+hmoE=</latexit>

H
D�1 for ⇤ < 0

<latexit sha1_base64="n+dqiXx/XXcgpeT4WdnMEKTUdvk=">AAACD3icbVC7TsMwFHV4lvIqMLJYVCCGUiUFCQaGChg6MBSJPqQmVI7rtladh+wbRBXlD1j4FRYGEGJlZeNvcNsM0HIkS8fn3Gvfe9xQcAWm+W3MzS8sLi1nVrKra+sbm7mt7boKIklZjQYikE2XKCa4z2rAQbBmKBnxXMEa7uBy5DfumVQ88G9hGDLHIz2fdzkloKV27qByF18dWQm2C3YB28AeIO4GMhldCva1fqhD8LnZzuXNojkGniVWSvIoRbWd+7I7AY085gMVRKmWZYbgxEQCp4IlWTtSLCR0QHqspalPPKaceLxPgve10sF6DH18wGP1d0dMPKWGnqsrPQJ9Ne2NxP+8VgTdMyfmfhgB8+nko24kMAR4FA7ucMkoiKEmhEquZ8W0TyShoCPM6hCs6ZVnSb1UtI6LpZuTfPkijSODdtEeOkQWOkVlVEFVVEMUPaJn9IrejCfjxXg3Pialc0bas4P+wPj8AYpUmnQ=</latexit> or



         case

28

⌃
<latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit>

For nonzero       a similar saddle exists, where spatial ball is embedded in 
                              
 
 
BUT for                there are significant differences: 


• If V is larger than the dS spatial hemisphere, entropy decreases as V increases.


• There is no saddle if V is larger than the full spatial dS sphere. 


• The integral over all V is indeed dominated by the de Sitter saddle: 

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

⇤ > 0
<latexit sha1_base64="DtpX+DSvEtKQccd2nx0lcPqVIZ0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKupKiGxcuKtgHTIeSyWTa0EwyJHeEMvQz3LhQxK1f486/MW1noa0HAodzziX3njAV3IDrfjsrq2vrG5ulrfL2zu7efuXgsG1UpilrUSWU7obEMMElawEHwbqpZiQJBeuEo9up33li2nAlH2GcsiAhA8ljTglYye/d22hE8DV2+5WqW3NnwMvEK0gVFWj2K1+9SNEsYRKoIMb4nptCkBMNnAo2Kfcyw1JCR2TAfEslSZgJ8tnKE3xqlQjHStsnAc/U3xM5SYwZJ6FNJgSGZtGbiv95fgbxVZBzmWbAJJ1/FGcCg8LT+3HENaMgxpYQqrndFdMh0YSCbalsS/AWT14m7XrNO6/VHy6qjZuijhI6RifoDHnoEjXQHWqiFqJIoWf0it4ccF6cd+djHl1xipkj9AfO5w+z9pA3</latexit>

⇤ 6= 0
<latexit sha1_base64="mCGMr51Ii1Oze2FJjJGZS3bu5qg=">AAAB9XicbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgZtLCwimAcka5id3CRDZmfXmVklLPkPGwtFbP0XO//GSbKFJh4YOJxzLvfOCWLBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJr4jUdUmkfyzoxi9EPal7zHGTVWum/f2GiXkrbEB+J2CkW35E5BFomXkSJkqHYKX+1uxJIQpWGCat3y3Nj4KVWGM4HjfDvRGFM2pH1sWSppiNpPp1ePybFVuqQXKfukIVP190RKQ61HYWCTITUDPe9NxP+8VmJ6F37KZZwYlGy2qJcIYiIyqYB0uUJmxMgSyhS3txI2oIoyY4vK2xK8+S8vknq55J2WyrdnxcplVkcODuEITsCDc6jANVShBgwUPMMrvDlPzovz7nzMoktONnMAf+B8/gBI6ZG3</latexit>

AV
<latexit sha1_base64="7UjXhUS2FCSWf0VzvYxNR5nOQCc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj14rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp4brX7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5flGs3eRwFOIYTOAMPLqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPxOY2S</latexit>

V
<latexit sha1_base64="ZHTJuVrsXJ8Nz2mGcO2drL0vXec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fs/+M3g==</latexit>

VdS
<latexit sha1_base64="x3Z0lY0/F8arKGlwGIhYxYAmpgs=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQKeix68VjRfkAbymYzbZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMzzY8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kc3U781BqV5JB9wEoMX0oHkfc4oGslr9tIuwhOmwX2W9Uplp+LMYC8TNydlkqPeK311g4glIUhkgmrdcZ0YvZQq5ExAVuwmGmLKRnQAHUMlDUF76ezozD41SmD3I2VKoj1Tf0+kNNR6EvqmM6Q41IveVPzP6yTYv/JSLuMEQbL5on4ibIzsaQJ2wBUwFBNDKFPc3GqzIVWUocmpaEJwF19eJs1qxT2vVO8uyrXrPI4COSYn5Iy45JLUyC2pkwZh5JE8k1fyZo2tF+vd+pi3rlj5zBH5A+vzB16+kn0=</latexit>

1

2
VdS

<latexit sha1_base64="xYY2d913qdk0u3+NxhSo1RYd8xk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBV0W3bisaB/QhDCZTtqhkwczN2IZ4sZfceNCEbf+hTv/xmmbhbYeuHA4517uvSdIOZNg299GaWl5ZXWtvF7Z2Nza3jF399oyyQShLZLwRHQDLClnMW0BA067qaA4CjjtBKOrid+5p0KyJL6DcUq9CA9iFjKCQUu+eeCGAhPl5Kqet33lAn0A1b/Nc9+s2jV7CmuROAWpogJN3/xy+wnJIhoD4VjKnmOn4CksgBFO84qbSZpiMsID2tM0xhGVnpp+kFvHWulbYSJ0xWBN1d8TCkdSjqNAd0YYhnLem4j/eb0MwgtPsTjNgMZktijMuAWJNYnD6jNBCfCxJpgIpm+1yBDrSECHVtEhOPMvL5J2veac1uo3Z9XGZRFHGR2iI3SCHHSOGugaNVELEfSIntErejOejBfj3fiYtZaMYmYf/YHx+QM+T5dn</latexit>

⇡ exp(AdS/4~G)
<latexit sha1_base64="kbhe7lnO5QQRBauDg8sYVfoKNJI=">AAACEnicbVA9SwNBEN3z2/gVtbRZDELSxLsY0NKPQsuIRoVcCHubiVmyd7fszknCkd9g41+xsVDE1srOf+Pmo9DEBwOP92aYmRcoKQy67rczMzs3v7C4tJxZWV1b38hubt2YONEcqjyWsb4LmAEpIqiiQAl3SgMLAwm3Qeds4N8+gDYijq6xp6AesvtItARnaKVGtuD7PlNKx13qQ1fR/Ekj9RG6mDav+v19WqZ+O2Canhca2ZxbdIeg08QbkxwZo9LIfvnNmCchRMglM6bmuQrrKdMouIR+xk8MKMY77B5qlkYsBFNPhy/16Z5VmrQVa1sR0qH6eyJloTG9MLCdIcO2mfQG4n9eLcHWUT0VkUoQIj5a1EokxZgO8qFNoYGj7FnCuBb2VsrbTDOONsWMDcGbfHma3JSK3kGxdFnOHZ+O41giO2SX5IlHDskxuSAVUiWcPJJn8krenCfnxXl3PkatM854Zpv8gfP5A1uTnJw=</latexit>

Z =

Z VdS

0
dV exp(AV /4~G)

<latexit sha1_base64="RL3G8BwK9rykM4vpsguJy92Qm8A="></latexit>

SD�1 for ⇤ > 0
<latexit sha1_base64="GgHqJwmh2KRxXP7VOSVLY6wTQY4=">AAACD3icbVC7TsMwFHXKq5RXgZHFogIxlCopSDChChgYGIqgD6kJleO6rVXnIfsGUUX5AxZ+hYUBhFhZ2fgb3DYDFI5k6fice+17jxsKrsA0v4zMzOzc/EJ2Mbe0vLK6ll/fqKsgkpTVaCAC2XSJYoL7rAYcBGuGkhHPFazhDs5GfuOOScUD/waGIXM80vN5l1MCWmrnd69v4/N9K8F20S5iG9g9xN1AJqNL0b7UD3UIPjHb+YJZMsfAf4mVkgJKUW3nP+1OQCOP+UAFUaplmSE4MZHAqWBJzo4UCwkdkB5raeoTjyknHu+T4B2tdLAeQx8f8Fj92RETT6mh5+pKj0BfTXsj8T+vFUH32Im5H0bAfDr5qBsJDAEehYM7XDIKYqgJoZLrWTHtE0ko6AhzOgRreuW/pF4uWQel8tVhoXKaxpFFW2gb7SELHaEKukBVVEMUPaAn9IJejUfj2Xgz3ielGSPt2US/YHx8A5+hmoE=</latexit>

H
D�1 for ⇤ < 0

<latexit sha1_base64="n+dqiXx/XXcgpeT4WdnMEKTUdvk=">AAACD3icbVC7TsMwFHV4lvIqMLJYVCCGUiUFCQaGChg6MBSJPqQmVI7rtladh+wbRBXlD1j4FRYGEGJlZeNvcNsM0HIkS8fn3Gvfe9xQcAWm+W3MzS8sLi1nVrKra+sbm7mt7boKIklZjQYikE2XKCa4z2rAQbBmKBnxXMEa7uBy5DfumVQ88G9hGDLHIz2fdzkloKV27qByF18dWQm2C3YB28AeIO4GMhldCva1fqhD8LnZzuXNojkGniVWSvIoRbWd+7I7AY085gMVRKmWZYbgxEQCp4IlWTtSLCR0QHqspalPPKaceLxPgve10sF6DH18wGP1d0dMPKWGnqsrPQJ9Ne2NxP+8VgTdMyfmfhgB8+nko24kMAR4FA7ucMkoiKEmhEquZ8W0TyShoCPM6hCs6ZVnSb1UtI6LpZuTfPkijSODdtEeOkQWOkVlVEFVVEMUPaJn9IrejCfjxXg3Pialc0bas4P+wPj8AYpUmnQ=</latexit>

recovers Gibbons-Hawking entropy!

or



Regulation of the saddle singularity

• Bekenstein-Hawking result for action seems reasonable, but a curvature singularity exists  
at the horizon.


• Despite the singularity, the result could be reliable provided the corrections are small.  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Regulation of the saddle singularity

• Bekenstein-Hawking result for action seems reasonable, but a curvature singularity exists  
at the horizon.


• Despite the singularity, the result could be reliable provided the corrections are small,  
EITHER because  
 
1. Curvature corrections might regularise the saddle without significantly changing the 
entropy, while remaining consistent with EFT 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SWald ⇠ A

`2P
(1 + `2R+ `4R2 + `4⇤R+ · · · )

<latexit sha1_base64="FpQ+Jo2/uPf4Du1dGdQUHFuP7Lc="></latexit>

Suppose curvature scalar  
saturates at ⇢ = `s

<latexit sha1_base64="72b1ZpwzdxXcZVoMtJ+rY3BVDE4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexWQS9C0YvHCvYDukvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NIyVRSaVHKpOiHRwJmApmGGQydRQOKQQzsc3c389hiUZlI8mkkCQUwGgkWMEmOlwFdDiW+wD5z3dK9ccavuHHiVeDmpoByNXvnL70uaxiAM5UTrrucmJsiIMoxymJb8VENC6IgMoGupIDHoIJsfPcVnVunjSCpbwuC5+nsiI7HWkzi0nTExQ73szcT/vG5qousgYyJJDQi6WBSlHBuJZwngPlNADZ9YQqhi9lZMh0QRamxOJRuCt/zyKmnVqt5FtfZwWanf5nEU0Qk6RefIQ1eoju5RAzURRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH+16kY0=</latexit>

R ⇠ 1

RV `s
<latexit sha1_base64="dzCfHmJniusaw+k79Qh/As5rGGY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0GXRjcta7AOaECbTSTt0ZhJmJkIJWbjxV9y4UMStH+HOv3HaZqGtBy4czrmXe+8JE0aVdpxvq7S2vrG5Vd6u7Ozu7R/Yh0ddFacSkw6OWSz7IVKEUUE6mmpG+okkiIeM9MLJzczvPRCpaCzu9TQhPkcjQSOKkTZSYFfb0FOUQy+SCGdunrWDLvQIY4HKA7vm1J054CpxC1IDBVqB/eUNY5xyIjRmSKmB6yTaz5DUFDOSV7xUkQThCRqRgaECcaL8bP5EDk+NMoRRLE0JDefq74kMcaWmPDSdHOmxWvZm4n/eINXRlZ9RkaSaCLxYFKUM6hjOEoFDKgnWbGoIwpKaWyEeIxOHNrlVTAju8surpNuou+f1xt1FrXldxFEGVXACzoALLkET3IIW6AAMHsEzeAVv1pP1Yr1bH4vWklXMHIM/sD5/AOMzl58=</latexit>

⇠ A

`2P

✓
1 +

`2

`sRV
+

`4

`2sR
2
V

+
`4

`3sRV
· · ·

◆

<latexit sha1_base64="JV7rfgdLVTS+u8OobY8QCIAfNSM="></latexit>



Regulation of the saddle singularity

• Bekenstein-Hawking result for action seems reasonable, but a curvature singularity exists  
at the horizon.


• Despite the singularity, the result could be reliable provided the corrections are small,  
EITHER because  
 
1. Curvature corrections might regularise the saddle without significantly changing the 
entropy, while remaining consistent with EFT 
 
 
 
 
 
OR 
2. non-EFT UV completion exists but does not significantly change the entropy, because 
It is only relevant in a small region surrounding the horizon.
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I ⇠
Z

dDx
p
gR ⇠

Z ✏

0

1

⇢RV
⇢d⇢ ⇠ ✏/RV ⌧ 1

<latexit sha1_base64="b6QzMerWXUs5RA+aMpf9cVFT+es="></latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>✏

<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>

SWald ⇠ A

`2P
(1 + `2R+ `4R2 + `4⇤R+ · · · )

<latexit sha1_base64="FpQ+Jo2/uPf4Du1dGdQUHFuP7Lc="></latexit>

Suppose curvature scalar  
saturates at ⇢ = `s

<latexit sha1_base64="72b1ZpwzdxXcZVoMtJ+rY3BVDE4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexWQS9C0YvHCvYDukvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NIyVRSaVHKpOiHRwJmApmGGQydRQOKQQzsc3c389hiUZlI8mkkCQUwGgkWMEmOlwFdDiW+wD5z3dK9ccavuHHiVeDmpoByNXvnL70uaxiAM5UTrrucmJsiIMoxymJb8VENC6IgMoGupIDHoIJsfPcVnVunjSCpbwuC5+nsiI7HWkzi0nTExQ73szcT/vG5qousgYyJJDQi6WBSlHBuJZwngPlNADZ9YQqhi9lZMh0QRamxOJRuCt/zyKmnVqt5FtfZwWanf5nEU0Qk6RefIQ1eoju5RAzURRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH+16kY0=</latexit>

R ⇠ 1

RV `s
<latexit sha1_base64="dzCfHmJniusaw+k79Qh/As5rGGY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0GXRjcta7AOaECbTSTt0ZhJmJkIJWbjxV9y4UMStH+HOv3HaZqGtBy4czrmXe+8JE0aVdpxvq7S2vrG5Vd6u7Ozu7R/Yh0ddFacSkw6OWSz7IVKEUUE6mmpG+okkiIeM9MLJzczvPRCpaCzu9TQhPkcjQSOKkTZSYFfb0FOUQy+SCGdunrWDLvQIY4HKA7vm1J054CpxC1IDBVqB/eUNY5xyIjRmSKmB6yTaz5DUFDOSV7xUkQThCRqRgaECcaL8bP5EDk+NMoRRLE0JDefq74kMcaWmPDSdHOmxWvZm4n/eINXRlZ9RkaSaCLxYFKUM6hjOEoFDKgnWbGoIwpKaWyEeIxOHNrlVTAju8surpNuou+f1xt1FrXldxFEGVXACzoALLkET3IIW6AAMHsEzeAVv1pP1Yr1bH4vWklXMHIM/sD5/AOMzl58=</latexit>

⇠ A

`2P

✓
1 +

`2

`sRV
+

`4

`2sR
2
V

+
`4

`3sRV
· · ·

◆

<latexit sha1_base64="JV7rfgdLVTS+u8OobY8QCIAfNSM="></latexit>



Conclusions
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• Partition function of a volume of space = dimension of the quantum gravity 
Hilbert space of a topological ball with fixed proper volume.

• To leading order in the coupling the Hilbert space dimension is given by the 
semiclassical entropy corresponding to the boundary of the saddle ball 
 

• This reflects the holographic nature of nonperturbative quantum gravity in a 
generic finite volume of space.

Z[V ] = dimH ⇡ exp(AV /4~G)
<latexit sha1_base64="0eezC7kMXScynaDyCTCP5pgvdUU="></latexit>



Future directions

33

• Higher curvature corrections deserve further work: do they regularise the 
curvature singularity at the horizon? 

• Constrained partition function might give a nonperturbative rationale for 
Jacobson’s maximal vacuum entanglement hypothesis,  
i.e. that entanglement entropy in small balls at fixed volume is maximized in the semiclassical, 
gravitationally dressed vacuum state. 

• Different constraints? E.g. fixing spacetime volume gives a smooth saddle. 


