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 Semiclassical analysis of strings in                  space-time 
is relevant for large                      (strong coupling) 
investigation of AdS/CFT;

l l d b d d Computing gluon scattering amplitudes can be reduced 
to finding the minimal area of a classical string solution 
(Alday Maldacena program);(Alday-Maldacena program);

 Giant magnon solutions on               and               can be 
mapped to soliton solutions in sine-Gordon and complex mapped to soliton solutions in sine Gordon and complex 
sine-Gordon, respectively.
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Euclidean world Sheet : The Polygon ProblemEuclidean world Sheet : The Polygon Problem

 Alday & Maldacena (2007) outlined a version of  Yang-
Mills           String duality;Mills           String duality;

 N=4 Super Yang Mills scattering amplitudes can be 
alternatively evaluated by AdS strings;alternatively evaluated by AdS strings;

 Strong coupling  (                  ) : Minimal area surface in 
AdS:AdS:

Boundary of AdS :y

Polygon : 

Amplitude :
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Four-point Solution:p

Gauge : Euclidean worldsheet

AdS string action (              ) :

case :case :

where :
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The boosted solution:
 Perform a boost in the 04 plane, the solution for s≠t reads: 

 Projection:

 Area:

 n=8 solution was accomplished in [2] recently.
6 [2] Alday & Maldacena ‘09



GKP folded string solution:g
Gubser, Klebanov and Polyakov [3] gave a first study of large (spin) angular 
momentum solutions in conformal gauge. 

metric :

AdS3 coordinates :

action :

Virasoro constraints : 

Ansatz : 

Assumption :

where c is a constant to rescale the period of σ.
rigid rotation
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Rigid rotating string:Rigid rotating string:

Solution :
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Energy-momentum relation:gy

In the large S (spin angular momentum) limit, we have ω=1+2η, where η<<1.In the large S (spin angular momentum) limit, we have ω 1 2η, where η 1.
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Spiky string solution:p y g
Kruczenski [4]  gave the spiky string solutions in physical gauge:

Ansatz :

rigid rotation :

Nambu-Goto action :

Spiky string solution:

where ρ0 is the minimum value of ρ; the maximum value is ρ1=arccoth ω.

10 [4] M. Kruczenski ‘04



Energy-momentum relation:Energy momentum relation:

L  S  f ik  l tiLarge S energy of n-spike solution:

Note : n=2 agrees with the GKP solution.
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Spiky strings in AdSSpiky strings in AdS

oThe main interest is to study the dynamics of spikes
o For this purpose, it is convenient to introduce the soliton picture
oWe will show next the soliton picture of the GKP solution
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oThe same argument works for the Kruczenski n-spike solution



Kruczenski’s solution in conformal gaugeKruczenski s solution in conformal gauge

ansatz :

The equations of motion and the Virasoro constraints can be solved by :

(GKP solution)

Therefore, the n-spike configuration is a n-soliton solution 
in sinh Gordon picture
Therefore, the n-spike configuration is a n-soliton solution 
in sinh Gordon picture

13

in sinh-Gordon picture.in sinh-Gordon picture.



Exact transformationExact transformation

where :where :

The gauge transformation functions are :

where :
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Asymptotics near the turning point: GKP solution

L                               h                 h   Let                              where               , then one gets

Denote                         ,  we have 
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Near-spike approximationNear spike approximation
Exact solution:

Approximation:

approximation

exact

ω=1.02
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Relation to Sinh-Gordon soliton:Relation to Sinh Gordon soliton:
One observes the correspondence with the sinh-Gordon soliton. 

D fi  Define :

where q being a AdS3 string solution with signature: {-1, -1, +1, +1}.

One can check, that for the near turning point GKP solution, , g p ,

satisfies the sinh Gordon equation:satisfies the sinh-Gordon equation:

Therefore,  the finite GKP solution is then a two-soliton
configuration of sinh-Gordon system !
Therefore,  the finite GKP solution is then a two-soliton
configuration of sinh-Gordon system !
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We parameterize AdSd with d+1 embedding coordinates q subject to the constraint 

Conformal gauge action :

where τ and σ are Minkowski worldsheet coordinates.

Virasoro constraints :

Equations of motion :

Virasoro constraints :
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Equivalence to sinh-Gordon modelq
Choose a basis :

where i=1 2    d+1 and the vectors b with k=4 5    d+1 are orthonormalwhere i=1,2, … , d+1 and the vectors bk with k=4,5, … , d+1 are orthonormal

D fiDefine:

The equations of motion are :

Generalized sinh-Gordon model [5].

d=2:  Liouville equation       d=3:  sinh-Gordon equation       d=4:  B2 Toda model
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AdS3 case in more detail3

Now we express the derivatives of the basis vectors in terms of the basis itself :

we get :
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SO(2 2) symmetrySO(2,2) symmetry
In order to see the explicit SO(2,2) symmetry, we choose an orthonormal basis

Then A, B matrices become
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Remember the isometry :

Introduce two commuting sets of SO(2,1) generators :

Expand A, B matrices as

with coefficients
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Spinor representationp p
Remember SO(2,1)=SU(1,1), we can define two spinors as

where the matrices are given by
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Reconstructing the string solution:Reconstructing the string solution:

Th  h  i  l i  i  i  bThen the string solution is given by:
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Vacuum solution: 

Matrices :

Spinors :

String solution :
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Vacuum :Vacuum :
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One-soliton solution:
Sinh-Gordon :

Spinors :
Linear !

String solution :
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Energy of one-soliton solutionEnergy of one soliton solution

If we neglect the τ dependence since the exponential term increases much faster,
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One-soliton solutionOne soliton solution
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Two-soliton solution

where                                            and v is the relative velocity of two solitons.

sinh-Gordon :

where                                            and v is the relative velocity of two solitons.
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Note: Solitons are localized near the center of AdS space.
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Properties of the soliton solutions

Solitons (spikes) are located in the bulk of AdS
Near the boundary the solution reduces to vacuumNear the boundary the solution reduces to vacuum
These solutions defined on an open line (ω=1) are simple 

but not fully satisfactory :y y
1) Energy is not conserved because there is momentum 

flow at the asymptotic ends of the string

To make the physical quantities conserved, and also to 

y p g
2) String is not closed

clarify the ω=1 limit, we need to build string solutions on 
a closed circle.
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Period : ( )

k=1 limit :
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Another solution ?

k=1 limit :
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Relation of two solutions: σ translation
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Reduction to the GKP solution

This is exactly the GKP solution.
Folded rotating string along a straight line !

Therefore, the energy reads :
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ρ as a function of σρ
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Sinh-Gordon pictureSinh Gordon picture

There is a tiny shift along y axis and a tiny expansion of the period : nonzero b.c.

Similarly, there is a σ shifted solution reducing to         in the limit of                .

There is a tiny shift along y axis and a tiny expansion of the period : nonzero b.c.

In this sense, we say Kruczenski’s solution is a generalization of the GKP In this sense, we say Kruczenski’s solution is a generalization of the GKP 
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solution by lifting the minimum value of ρ.solution by lifting the minimum value of ρ.



N-spike solutionp

Sinh-Gordon :

where

Spiky Strings :
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 Spike locations can be described by (collective) coordinates:

ik  l ti              ith )(t ni 21 n-spike solution:             with 

An interacting Lagrangian

Dynamical system of Calogero (RS) type

)(ti ni ,,2,1 

),(


L

Dynamical system of Calogero (RS) type.

 In the flat limit where              : simple descriptionRIn the flat limit where              : simple descriptionR

( i h G d ) (Li ill )
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(sinh-Gordon) (Liouville)



Dynamics of singularities: Liouville casey g
 Complete description of (singular) solutions of Liouville is 

known: Singular solutions            Motion of poles

hwhere

Singularities:

Equations of motion:

 This can be generalized to n-body case;
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Dynamics of spikes

One-spike solution :

where

N-spike dynamics :p y
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Dynamics of singularities: sinh-Gordon casey g

For soliton-soliton scattering :

Following the poles of the Hamiltonian density [8],

T j t  f th  l  Trajectory of the poles :

N-body Hamiltonian [9]:y [ ]

Soliton-soliton scattering potential :

[8]

[9]
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Some commentsSome comments
 This gives a 0-brane description of AdS3 string

 Different from the spin-chain picture

 Exact ?

 Holographic

collective boson

AdS string in the physical gauge
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Giant magnons on R × S2

 For strings on R×S2 the 0-brane description is given in [10]

 Poisson structure :
where L is the Lax matrix.

 String magnon energy is given in [11] :

 Hamiltonian :

[10]

[11]
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Magnon dynamicsMagnon dynamics

 does not produce the correct dynamics;

 The correct scattering phase shift :

 Integrable models possess multi-Poisson structures;

 In [10], the second Poisson structure was identified which 
i  th  d igives the magnon dynamics;

 An analogous situation exists for sine-Gordon/sinh-Gordon 
theory itself;theory itself;

 Standard Poisson structure (Light-cone variables)
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 Inverse scattering method is useful for finding the classical string solutions 
in AdS;in AdS;

 Spikes in AdS are related to solitons in sinh-Gordon theory;

 The GKP solution is a two-soliton configuration with solitons localized at g
the boundary of AdS;

 Statoc N-spike solution (Kruczenski’s solution) can be constructed from 
the GKP solution by lifting the minimum value of ρ;

We constructed new string solutions with N spikes in the bulk of AdS
corresponding to N solitons of sinh-Gordon;corresponding to N solitons of sinh Gordon;

 Dynamics of the spikes: Moduli space;

 0-brane description of AdS string.
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