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Experiments in the 1D regime

Effective one-dimensional ¢ potential
M. Olshanii, PRL 81, 938 (1998).

Uip(z) = g1pd(x)
where

2hasw |

1 - Cag\/ 55+

91D

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems January 13, 2023



Experiments in the 1D regime

Effective one-dimensional ¢ potential
M. Olshanii, PRL 81, 938 (1998).

Uip(z) = g1pd(x)
where

2hasw |

1 - Cag\/ 55+

91D

Lieb & Liniger '63,

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems January 13, 2023



Experiments in the 1D regime

Effective one-dimensional ¢ potential
M. Olshanii, PRL 81, 938 (1998).

Uip(z) = g1pd(x)
where

2hasw |

1 - Cag\/ 55+

91D

Lieb & Liniger '63, Girardeau '60 (gip = o)

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems January 13, 2023 5/33



Experiments in the 1D regime

Effective one-dimensional ¢ potential
M. Olshanii, PRL 81, 938 (1998).

Uip(z) = g1pd(x)
where

2hasw |

1 - Cag\/ 55+

91D

Lieb & Liniger '63, Girardeau '60 (gip = o)

03 F T T T 17T I| T T L \‘
07 E
T. Kinoshita, T. Wenger, and D. S. Weiss, ool
Science 305, 1125 (2004). 0'5 E
T. Kinoshita, T. Wenger, and D. S. Weiss, o 04 7
03
Phys. Rev. Lett. 95, 190406 (2005). s E

< e i

01

b2 (2) 02 (2 mgq E ol I |

g(2)(x) _ (¥ n%D)‘(I;)( ) and Yot = rﬂilg 0 ; ) "

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems January 13, 2023 5/33



Experiments in the 1D regime

Effective one-dimensional ¢ potential
M. Olshanii, PRL 81, 938 (1998).

Uip(z) = g1pd(x)

where
_ 2hasw,
91D = 1—Ca, 7@‘#
Lieb & Liniger '63, Girardeau '60 (gip = o)
101

Lieb, Schulz, and Mattis '61 (U/J = oo)

B. Paredes et al., g
Nature (London) 429, 277 (2004).
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n(z): Density distribution <
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Absence of thermalization, quantum Newton’s cradle

density

Density profile Momentum profile
c
kel
=
£l
@
©
=
=]
€
[}
£
o
E \\\>

position momentum
T. Kinoshita, T. Wenger, and D. S. Weiss, Nature 440, 900 (2006).
MR, A. Muramatsu, and M. Olshanii, Phys. Rev. A 74, 053616 (2006).
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Absence of thermalization, quantum Newton’s cradle
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T. Kinoshita, T. Wenger, and D. S. Weiss,
Nature 440, 900 (2006).
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g1p: Contact interaction strength
n1p: One-dimensional density

If v > 1 the system is in the strongly
correlated Tonks-Girardeau regime

If v < 1 the system is in the weakly
interacting regime

Review of related work in atom chips:
T. Langen, T. Gasenzer, and J. Schmiedmayer,
J. Stat. Mech. 064009 (2016).
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Q Introduction

@ Classical and quantum integrability
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Classical chaos and integrability

Particle trajectories in a circular cavity and a Bunimovich stadium (scholarpedia)

@ Integrability: A system is said to be integrable if it has as many constants
of motion as degrees of freedom

@ Chaos: exponential sensitivity of the trajectories to perturbations
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Liouville’s integrability theorem (Classical)

Hamiltonian
H(p,q), coordinates ¢ = (q1, " ,qn)
momenta p = (p1, - ,PN)

N independent constants of the motion, I = (I3, -- , I), in involution

8f 8g Of dg
{lo,H} =0, {ls,Ig}=0, {f.a}= > 90 00 Opi 0;

i=1,N

January 13, 2023
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Liouville’s integrability theorem (Classical)

Hamiltonian
H(pa q)a coordinates q= ((ha e )qN)
momenta p = (p1, - ,PN)
N independent constants of the motion, I = (I3, -- , I), in involution

of 6g Of g
L, HY =0, {Ia,I5} =0, = S 9f9 9f 9
{ } Ceattl i i:;N 9q; Opi  Op; 9g;

There is a canonical transformation (p, ¢) — (09, I) (action-angle variables)

H(p,q) = H'(I)
Equations of motion

o _ aHI—O = I, = constant

a 9o, o = consta
dO, OH' 0
& = oL =Q.(I) = 0,=0,I)t+06,
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Scattering without diffraction (Quantum)

Impenetrable particles, interaction potential decays sufficiently fast,
T LT L a3 <K .., and ky > ko > kg > ...

B. Sutherland, Beautiful Models (World Scientific, Singapore, 2004).
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Scattering without diffraction (Quantum)

Impenetrable particles, interaction potential decays sufficiently fast,
T LT L a3 <K .., and ky > ko > kg > ...

(] [

Two particles: K = k1 + ko, E=ce(k1)+e(ks), ¥(z1,22)—
ZA(P) cikp1zi+kpaws) A(12) gilkizitkozs) | A(21) et(k2w1tkizo)
P

B. Sutherland, Beautiful Models (World Scientific, Singapore, 2004).
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Scattering without diffraction (Quantum)

Impenetrable particles, interaction potential decays sufficiently fast,
T L L a3 <K .., and ky > ko > kg > ...

[ ] [ ]

Two particles: K =ky + ko, E=ce(k1)+e(ks), ¥(z1,22)—
ZA(P) ei(kP1$1+kP2$2) — A(12) ei(k1$1+k‘2372) +A(21) ei(k2x1+k1x2)
P

k;,x; ko, % ks, %
[ ) [ ] ]

Three particles: K = ky + ko + k3, E =e(k1) + (ko) + e(ks)
U(zy, 29, m3) — »_ A(P) e'hrimthravathrsss) 4 diffractive scattering
P

B. Sutherland, Beautiful Models (World Scientific, Singapore, 2004).
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Scattering without diffraction (Quantum)

Impenetrable particles, interaction potential decays sufficiently fast,
T L L a3 <K .., and ky > ko > kg > ...

[ ] [ ]

Two particles: K =ky + ko, E=ce(k1)+e(ks), ¥(z1,22)—
ZA(P) ei(kP1$1+kP2$2) — A(12) ei(k1$1+k‘2372) +A(21) ei(k2x1+k1x2)
P

k;,x; ko, % ks, %
[ ) [ ] ]

Three particles: K = ky + ka + ks, E = ¢e(ky) + e(ko) + e(ks)
U (1,22, 23) — ZA(P) ¢ikPizitkpazathesTs) | chiffractive-seatteting
P

B. Sutherland, Beautiful Models (World Scientific, Singapore, 2004).
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Q Introduction

@ Hard-core bosons in one-dimensional lattices
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Bose-Fermi mapping in a 1D lattice

Hard-core boson Hamiltonian in an external potential

FAI = —JZ (iji)i-‘rl =+ HC) + ZU,‘, ﬁ,
Constraints on the bosonic operators

b2 =2 =0
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Bose-Fermi mapping in a 1D lattice

Hard-core boson Hamiltonian in an external potential

H=-7Y (8fbys +He) + > v

Constraints on the bosonic operators

b2 =2 =0

4

Map to spins and then to fermions (Jordan-Wigner transformation)

o =f1] e~ i3 fs. H e fhfs §,

Non-interacting fermion Hamiltonian

=—JZ(f le—l-Hc)—&-Zvl af
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Bose-Fermi mapping in a 1D lattice

Hard-core boson Hamiltonian in an external potential
PI = —JZ (i)ji)Hl =+ HC) + ZU,‘, ﬁ,
Constraints on the bosonic operators

22—
J

Set of conserved quantitites
(Occupations of the single-particle energy eigenstates of the noninteracting fermions)

Hr45110) = En4if0)
{I5} = {3134)

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems January 13, 2023 15/33



One-body density matrix

One-body Green’s function
G” = <‘I’HCB|0' 0’ |\I/HCB \I/F| H emfﬁfﬁf f]L H mf f |\I/F

Time evolution

. N L
(Up(t)) =e UL = [ D Pos(t)f] 10)

6=1 o=1

MR and A. Muramatsu, PRL 93, 230404 (2004).
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One-body density matrix

One-body Green’s function
Gij = <‘IIHCB|61‘_6';_|\I/HCB \I/F| H 6”Tfﬂf5f f]L H “Tf f |\I/F

Time evolution

. N L
(Up(t)) =e UL = [ D Pos(t)f] 10)

6=1 o=1

Exact Green’s function
Gi;(t) = det [(Pl(t))*Pr(t)}
ij
Computation time oc L2N?3 — study very large systems

~ 10000 lattice sites, ~ 1000 particles

MR and A. Muramatsu, PRL 93, 230404 (2004).
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Dynamical fermionization during expansion in 1D

Dynamics after turning off the confining potential

H= —JZ (IA)}LIA)Z»+1 + H.c.) + Zvi i

MR and A. Muramatsu, Phys. Rev. Lett. 94, 240403 (2005).
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MR and A. Muramatsu, Phys. Rev. Lett. 94, 240403 (2005).
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1D expansion of TG gases (fermionization)
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J. M. Wilson, N. Malvania, Y. Le, Y. Zhang, MR, and D. S. Weiss, Science 367, 1461 (2020).
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1D expansion of TG gases (fermionization)
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J. M. Wilson, N. Malvania, Y. Le, Y. Zhang, MR, and D. S. Weiss, Science 367, 1461 (2020).
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1D expansion of TG gases (fermionization)
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J. M. Wilson, N. Malvania, Y. Le, Y. Zhang, MR, and D. S. Weiss, Science 367, 1461 (2020).
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1D expansion of TG gases (fermionization)
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J. M. Wilson, N. Malvania, Y. Le, Y. Zhang, MR, and D. S. Weiss, Science 367, 1461 (2020).
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1D expansion of TG gases (fermionization)

Oms

. -5 0 5
Z 1o (Mm) p (Vimw.)
J. M. Wilson, N. Malvania, Y. Le, Y. Zhang, MR, and D. S. Weiss, Science 367, 1461 (2020).
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Finite temperature

One-particle density matrix (grand-canonical ensemble)

_ 1 otp _I:IHCB_kHZ’:Tm Bin’;m _I:IHCB—kM%m Binf’m
p”:ETI' bzbje B g Z =Trqe B

MR, PRA 72, 063607 (2005)
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Finite temperature

One-particle density matrix (grand-canonical ensemble)

_ 1 otp _I:IHCB_kHZ’:Tm Bin’;m _I:IHCB—kM%m Binf’m
p”:E’I‘I' bzbje B g Z =Trqe B

Mapping to noninteracting fermions
g=1 - A4 5 1—1
- A 1S fin Fm
k=1

4

1
= {det [I +(I+A)O,Ue~(B-1D/ kBTUTOQ}

Exact one-particle density matrix

pij =
— det [I + 0, Ue(B-1D)/ kBTUTOQ] }

Computation time ~ L°: 1000 sites
MR, PRA 72, 063607 (2005)
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Finite temperature

One-particle density matrix (grand-canonical ensemble)

_ 1 otp _I:IHCB_kHZ’:Tm Bin’;m _I:IHCB—kM%m Binf’m
p”:E’I‘I' bzbje B g Z =Trqe B

Mapping to noninteracting fermions
g=1 - A4 5 1—1
- A 1S fin Fm
k=1

4

1
= {det [I +(I+A)O,Ue~(B-1D/ kBTUTOQ}

Exact one-particle density matrix

pij =
— det [I + 0, Ue(B-1D)/ kBTUTOQ] }

Computation time ~ L°: 1000 sites
MR, PRA 72, 063607 (2005); W. Xu and MR, Phys. Rev. A 95, 033617 (2017).
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e Generalized Gibbs Ensemble (GGE)
@ Maximal entropy and the GGE
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Relaxation dynamics in an integrable system

Density profile
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MR, V. Dunjko, V. Yurovsky, and M. Olshanii, PRL 98, 050405 (2007).
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Generalized Gibbs ensemble (GGE)

Thermal equilibrium

p=2Zlexp [— (H - MN) /kBT]

Z="Tr {exp [— (H . ,JN) /kBT]}

E:”ﬁ{flﬁ}, N:Tr{Nﬁ}
MR, PRA 72, 063607 (2005).
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Generalized Gibbs ensemble (GGE)

Thermal equilibrium |5 Evolution of ny—q
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Generalized Gibbs ensemble (GGE)

Thermal equilibrium s Evolution of nj—o

. .
— Time evolution

p=ZLexp [— <H’ — uN) /kBT] 3, Thermal |
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Generalized Gibbs ensemble (GGE)

Thermal equilibrium s Evolution of ng—o

. .
— Time evolution

p=2Z Lexp [_ (H _ ,UN) /kBT] Thermal

2t forp [ (i - ¥) prarl} * |

. . 0.5 1
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MR, PRA 72, 063607 (2005). % 1000 29;00 3000 4000
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Generalized Gibbs ensemble (GGE)

Thermal equilibrium
p=2Zlexp [— (H - MN) /kBT]
7 = T {exp [ (i - utt) /ho]}
E:Tr{f[,é}, N:Tr{Nﬁ}

MR, PRA 72, 063607 (2005).

The constraints

Tr {fmﬁGGE} = (Im)r=0

result in

Am = In ll _A<fm>7=0]
<Im>7':0

Marcos Rigol (Penn State)
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Generalized Gibbs ensemble (GGE)

Thermal equilibrium
p=2Ztexp [— (H - MN) /kBT]
7 = Te {exp [ (i - utt) /ho]}
E:’I&r{f[,ﬁ}, N:Tr{Nﬁ}

MR, PRA 72, 063607 (2005).

The constraints

Tr {fmﬁGGE} = (Im)r=0

result in

Am = 1In ll _A<fm>7=0]
<Im>7':0

Marcos Rigol (Penn State)
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Generalized Gibbs ensemble (GGE)

Density profile Momentum profile
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e Generalized Thermalization
@ GGE vs quantum mechanics
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Exact results from quantum mechanics

If the initial state is not an eigenstate of
i) # [a) where Hla) = Eqla) and  E = (ini H|¢ini),
then observables O evolve in time:

O(7) = (W(1)|Op(r)) where [(r)) = e A7 |ghm).
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Exact results from quantum mechanics

If the initial state is not an eigenstate of H
|Ymi) # la) where Hla) = Ealo) and E = (g H|vmi),
then observables O evolve in time:
O(r) = W(DIOl(r))  where (7)) = e~ ym).
What is it that we call generalized thermalization?
O(r >7")~=0(,...,1Ir).
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Exact results from quantum mechanics

If the initial state is not an eigenstate of H
|Ymi) # la) where Hla) = Ealo) and E = (g H|vmi),
then observables O evolve in time:
O(r) = W(DIOl(r))  where (7)) = e~ ym).
What is it that we call generalized thermalization?
O(r >7")~=0(,...,1Ir).

One can rewrite

O(1) =Y CrCue"Fa=PBo)T005 using  |Yhn) = Y _ Cala).
o, a
Taking the infinite time average (diagonal ensemble ppe = 3", |Ca|?|a){c|)

Ot = tim - [ dr (W) 10 ) L T CalOne = (O

which depends on the initial conditions through C\,, = (a|tini).
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e Generalized Thermalization

@ Generalized eigenstate thermalization
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Entropy of the GGE vs the diagonal entropy

Soe = —TrlppeInppe],  Sece = —Tpace In pace]
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Entropy of the GGE vs the diagonal entropy

Spe = —Tr[ppeInppe],  Sage = —Tr[pace In peGE]
Entropies after quenches in a superlattice potential

20 I tg I L] I L] I I L]
[ 0o, ]
15 __ = Soop ]
2o -
) 00-04 _]
5 L l L l L l K
20 I l L] l L] l L]
15F
0 |
L 04-00 3
5 [ B B
20 30 40 50
L

Spe & Sgge are extensive but different!
Santos, Polkovnikov, and MR, Phys. Rev. Lett. 107, 040601 (2011).
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Entropy of the GGE vs the diagonal entropy

Spe = —TrlppeInppel,  Seee = —Tr[paae In paGel
The transverse-field Ising model

rens = = 3 750 ~h 3055
J J
Entropies after quenches in the translationally invariant case

Sace = 2SpE

Gurarie, J. Stat. Mech. P02014 (2013); Kormos, Bucciantini & Calabrese, EPL 107, 40002 (2014).

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems

January 13, 2023 29/33



Entropy of the GGE vs the diagonal entropy

Spe = —TrlppeInppel,  Seee = —Tr[paae In paGel
The transverse-field Ising model

rens = = 3 750 ~h 3055
J J
Entropies after quenches in the translationally invariant case

Sace = 2SpE

Gurarie, J. Stat. Mech. P02014 (2013); Kormos, Bucciantini & Calabrese, EPL 107, 40002 (2014).

Why does the GGE work?

Marcos Rigol (Penn State) “Thermalization” in Integrable Systems January 13, 2023 29/33



Entropy of the GGE vs the diagonal entropy

Spe = —TrlppeInppel,  Seee = —Tr[paae In paGel
The transverse-field Ising model

Hrens == 855 ~h Y 6
J J
Entropies after quenches in the translationally invariant case

Sace = 2SpE

Gurarie, J. Stat. Mech. P02014 (2013); Kormos, Bucciantini & Calabrese, EPL 107, 40002 (2014).

Why does the GGE work?

Generalized eigenstate thermalization:
A. C. Cassidy, C. W. Clark, and MR, PRL 106, 140405 (2011).
L. Vidmar and MR, J. Stat. Mech. 064007 (2016).

Behind generalized thermodynamic Bethe ansatz approaches:
J.-S. Caux and F. H. L. Essler, PRL 110, 257203 (2013).
B Pozsgay, J. Stat. Mech. P09026 (2014).
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Generalized eigenstate thermalization (1D-TFIM)

Weight of eigenstate expectation values after equilibration

0.25

<

S
Coarse grained weights

10°

025707205 0.0 05 10 210 -0.5 00 05 1.0 210 -05 00 05

-0.25, -0.25

E/| By B/|Ey E/| Byl

L. Vidmar and MR, J. Stat. Mech. 064007 (2016).
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Weight of eigenstate expectation values after equilibration

0.25 - - - 10"
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02570705 00 05 10 200 -05 00 05 10 %00 -05 00 05 10°
E/|E,| E/|E,| E/|E,|
Weight of eigenstate expectation values in the GGE
10"
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210 -05 00 05 1.0 210 -05 0.0 05 1.0 210 05 00 05
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ol

L. Vidmar and MR, J. Stat. Mech. 064007 (2016).

Coarse grained weights

Coarse grained weights
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Generalized eigenstate thermalization (1D-TFIM)

Variance of observable O after quenches hy — h (ENS = DE, GGE)

2
OENS ZPENS (n|Oln)? (ZPENS n|Oln) )

L. Vidmar and MR, J. Stat. Mech. 064007 (2016).
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Generalized eigenstate thermalization (1D-TFIM)

Variance of observable O after quenches hy — h (ENS = DE, GGE)

2
OENS ZPENS (n|Oln)? (ZPENS n|Oln) )

For all local observables for which Zé Ens Was calculated analytically
Dy A
O,DE 1
Z% = 27 and E@,ENS Y ﬁ
0,GGE

L. Vidmar and MR, J. Stat. Mech. 064007 (2016).
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Generalized eigenstate thermalization (1D-TFIM)

Variance of observable O after quenches hy — h (ENS = DE, GGE)

2
OENS ZPENS (n|Oln)? (ZPENS n|Oln) )

For all local observables for which Zé Ens Was calculated analytically
22
O,DE 1
Z% = 27 and E@,ENS Y ﬁ
0,GGE

For example, for quenches across the critical field:

oL [1+ R — 2] if h>1, hy<1
22

x
S;SJ+1

s {4 302 — (&) (4—202) + (%)2] it h<1, hy>1

L. Vidmar and MR, J. Stat. Mech. 064007 (2016).
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@ Few-body observables in integrable systems equilibrate
% Recurrences occur but most of the time observables are described
by the diagonal ensemble
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@ Few-body observables in integrable systems equilibrate
 Recurrences occur but most of the time observables are described

by the diagonal ensemble

@ After equilibration, observables can be described by a generalized Gibbs
ensemble (GGE), which takes into account the constraints imposed by
the conserved quantities
% The number of constraints increases polynomially with system size,

the Hilbert space increases exponentially with the system size
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@ Few-body observables in integrable systems equilibrate
* Recurrences occur but most of the time observables are described
by the diagonal ensemble

@ After equilibration, observables can be described by a generalized Gibbs
ensemble (GGE), which takes into account the constraints imposed by
the conserved quantities
% The number of constraints increases polynomially with system size,

the Hilbert space increases exponentially with the system size

@ The GGE works because of an underlying generalized eigenstate
thermalization (expectation values of few-body observables do not
change between eigenstates of the Hamiltonian with similar distributions
of conserved quantities)
 Microcanonical discussion: Cassidy, Clark & MR, PRL 106, 140405 (2011).
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@ Few-body observables in integrable systems equilibrate
* Recurrences occur but most of the time observables are described
by the diagonal ensemble

@ After equilibration, observables can be described by a generalized Gibbs
ensemble (GGE), which takes into account the constraints imposed by
the conserved quantities
% The number of constraints increases polynomially with system size,

the Hilbert space increases exponentially with the system size

@ The GGE works because of an underlying generalized eigenstate
thermalization (expectation values of few-body observables do not
change between eigenstates of the Hamiltonian with similar distributions
of conserved quantities)

* Microcanonical discussion: Cassidy, Clark & MR, PRL 106, 140405 (2011).

@ The assumption of local equilibration to the GGE is a starting point for
generalized hydrodynamics theories
% O. A. Castro-Alvaredo, B. Doyon, T. Yoshimura, PRX 6, 041065 (2016).
% B. Bertini, M. Collura, J. De Nardis, M. Fagotti, PRL 117, 207201 (2016).
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