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Motivation

Complexity is related to the holographic description of black
holes

Growth of complexity = growth of black hole interiors

Thermofield double is a famous example of this
[Chapman et al, 1810.05151]

Complexity can be used as a diagnostic of quantum chaos
[Chapman, Pelicastro, 2110.14672]

Supplements diagnostics such as SFF, OTOC, Loschmidt
echo...
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[Balasubramanian, DeCross, Kar, Li, Parrikar, 2101.02209]
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Complexity

Central question: How hard is it to synthesize a desired target
state with the gates at your disposal?

Need, |ϕr ⟩, |ϕt⟩, {U1,U2, · · · ,Un}, g(U1,U2, · · · ,Un)

E.g. U1U2U1U3(U1)
3U2|ϕr ⟩ = U3U1U2U1U3(U1)

3U2U3|ϕr ⟩,
”complexity = 8”

Discrete notion of complexity closely related to quantum
computational setups

We will, however, be interested in a continuous notion of
complexity
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Nielsen Complexity

Accessible gates are taken to be from some symmetry group
[Nielsen, quant-ph/0502070]

E.g. SU(2): Gates U = e i(s1J1+s2J2+s3J3)

Target states: |ϕt(s1, s2, ..., sn)⟩ = U(s1, · · · , sn)|ϕr ⟩

We have a manifold of target states on which one can define a
metric

Complexity = shortest distance connecting points

Can introduce a circuit parameter si = si (σ)
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Nielsen Complexity

Two examples of metrics (assuming all transformations
equally hard)

F1 cost function: F1dσ = |⟨ϕr |U†dU|ϕr ⟩

ds2FS = ⟨ϕr |dU†dU|ϕr ⟩ − ⟨ϕr |dU†U|ϕr ⟩|⟨ϕr |U†dU|ϕr ⟩

Group symmetries are encoded as metric isometries

F1 : Fi = ∂i (⟨ϕt(s
′
1, s

′
2, · · · , s ′n)|ϕt(s1, s2, ..., sn)⟩)|s′=s

FS metric:
gij = ∂i∂

′
j log (⟨ϕt(s

′
1, s

′
2, · · · , s ′n)|ϕt(s1, s2, ..., sn)⟩)

∣∣∣
s′=s
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Nielsen Complexity

The overlap ⟨ϕr |U†(s ′)U(s)|ϕr ⟩ is thus a key quantity

The states U(s)|ϕr ⟩ are generalized coherent states

Stability subgroup H ⊂ G such that Uh|ϕr ⟩ = e iϕh |ϕr ⟩

Bigger stability subgroup leads to simpler expressions
(especially for FS metric)

Manifold of states ⇔ group elements of G/H
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BCH formulas

Baker-Campbell-Hausdorff formulas can be used as powerful
computational tools for the coherent state overlaps

SO(d , 2), (Euclidean) conformal group, P†
µ = Kµ, L

†
µν = Lνµ,

[D,Pµ] = Pµ, [D,Kµ] = −Kµ

[Lµν ,Pρ] = δνρPµ − δµρPν , [Lµν ,Kρ] = δνρKµ − δµρKν

[Kµ,Pν ] = 2δµνD − 2Lµν

Spinless conformal primary, |∆⟩,
D|∆⟩ = ∆|∆⟩ , Lµν |∆⟩ = 0 , Kµ|∆⟩ = 0
[Chagnet, Chapman, De Boer, Zukowski, 2103.06920]
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BCH formulas

Consider the overlap ⟨∆|eα∗·Keα·P |∆⟩

With BCH identities we can exchange

eα
∗·Keα·P = eβ(α

∗,α)·Ped(α
∗,α)De(λ(α

∗,α))νµLµνeβ
∗(α∗,α)·K

Thus ⟨∆|eα∗·Keα·P |∆⟩ = ed(α
∗,α)∆⟨∆|∆⟩ = ed(α

∗,α)∆
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BCH formulas

Conjecture: C1 = [A,B] , Cn+1 ≡ [[A,Cn] ,B]

An+1 ≡ [A,Cn] , Bn+1 ≡ [Cn,B]

If [Ai ,Aj ] = [Bi ,Bj ] = [Ci ,Cj ] = 0 then

eAeB =
∏∞

j=1 e
1

2j−1 Bj
∏∞

j=1 e
1

2j−1j
Cj ∏∞

j=1 e
1

2j−1Aj

Spoiler: We (roughly) have in mind reference kets annihilated
by the Aj operators and that transform trivially under the Cj

operators
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Spinor notation

The conformal algebra consists of the generators of dilatation
D, d(d−1)

2 rotations Lµν , d translations Pµ and d special
conformal transformations Kµ

4d bi-spinor notation: (σµ)αα̇ = (iI , σ⃗), (σ̄µ)αα̇ = (iI , σ⃗)

Repackages the generators Pαα̇,K
α̇α, L β

α , L̄α̇
β̇

The rotations repackage as SO(4) → SU(2)× SU(2)
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Supercharges

Additionally, we have supercharges and conformal
supercharges{
Q i

α, Q̄jα̇

}
= 1

2δ
i
jPαα̇ ,

{
S̄ iα̇,Sα

j

}
= 1

2δ
i
jK

α̇α

The Latin index runs over i = 1, 2, · · · N

The R-charge generators transform the Latin indices R i
j as

U(N )

Taken together, the superconformal group is su(2, 2|N )

[D,Q i
α] =

1
2Q

i
α , [D, Q̄jα̇] =

1
2Q̄jα̇

(Q i
α)

† = Sα
i , Q̄iα̇ = S̄ iα̇ , (R j

i )
† = R i

j
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Circuits

We have [D, L β
α ] = 0 , [D, Lα̇

β̇
] = 0 , [D,R i

j ] = 0

We can specify the scaling dimension, spin and R-charges of
the reference state independently

D|ϕr ⟩ = ∆|ϕr ⟩ , K α̇α|ϕr ⟩ = Sα
j |ϕr ⟩ = S̄ iα̇|ϕr ⟩ = 0

The rotations are SU(2)’s,

L 2
2 |ϕr ⟩ = h|ϕr ⟩ L̄1̇

1̇
|ϕr ⟩ = h̄|ϕr ⟩

L 1
2 |ϕr ⟩ = 0 L̄2̇

1̇
|ϕr ⟩ = 0
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Circuit

For this choice of reference state we obtain the following from
a general group action of SU(2, 2|N )

|ϕt(σ)⟩ = N ep
αα̇Pα̇αeq

α
i Q

i
αe q̄

iα̇Q̄iα̇e l
1
2L

2
1 e l̄

2̇
1̇
L̄1̇

2̇er
j
i R

i
j |ϕr ⟩

The overlap we are interested in computing is

⟨ϕr |e
r̄
j
i
Ri
j e

l̄ 1̇
2̇
L̄2̇

1̇ e l
2
1 L

1
2 e s̄iα̇ S̄ iα̇ es

i
αSαi ekα̇αKαα̇

ep
αα̇Pα̇α eq

α
i Qi

α e q̄
iα̇Q̄iα̇ e l

2
1 L

2
1 e

l̄ 2̇
1̇
L̄1̇

2̇ e
r
j
i
Ri
j |ϕr ⟩

We have several pairs of exponentials that satisfy

eAeB =
∏∞

j=1 e
1

2j−1 Bj
∏∞

j=1 e
1

2j−1j
Cj ∏∞

j=1 e
1

2j−1Aj
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N = 0

⟨∆; h, h; h̄, h̄|e l̄
1̇
2̇
L̄2̇

1̇ e l
2
1 L

1
2 ekαα̇Kα̇α

ep
α̇αPαα̇ e l

1
2 L

2
1 e

l̄ 2̇
1̇
L̄1̇

2̇ |∆; h, h; h̄, h̄⟩

=

(
(1 − 4k

1β̇
pβ̇1)(1 − 4k

2β̇
pβ̇2) − 16k

1β̇
pβ̇2k2γ̇pγ̇1

)−(∆+h+h̄)
×(

(1 − 4k
1β̇

pβ̇1) + 4l21 k2β̇pβ̇1 + 4l12 k1β̇pβ̇2 + l21 l
1
2 (1 − 4k

2β̇
pβ̇2)

)2h
×

(
(1 − 4p2̇βkβ2̇) + 4l̄ 1̇

2̇
p2̇βkβ1̇ + 4l̄ 2̇

1̇
p1̇βkβ2̇ + l̄ 1̇

2̇
l̄ 2̇
1̇
(1 − 4p1̇βkβ1̇)

)2h̄

Note the product structure of terms - this leads to a sum of
terms when taking the logarithm

K = log (⟨ϕt |ϕt⟩)
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N = 1

There is a single R-charge generator, R1
1

We choose R1
1 |ϕr ⟩ = R|ϕr

r ⟩

⟨ψ0|e
l̄ 1̇
2̇
L̄2̇

1̇ e l
2
1 L

1
2 e s̄iα̇ S̄ iα̇ es

i
αSαi ekαα̇Kα̇α

ep
α̇αPαα̇ eq

α
i Qi

α e q̄
iα̇Q̄iα̇ e l

1
2 L

2
1 e

l̄ 2̇
1̇
L̄1̇

2̇ |ψ0⟩

=

(
(1 − 4k

1β̇
pβ̇1 − s1q

1)(1 − 4k
2β̇

pβ̇2 − s2q
2) − (4k

1β̇
pβ̇2 + s1q

2)(4k
2β̇

pβ̇1 + s2q
1)

)−∆
× (1 − 4k

1β̇
pβ̇1 − s1q

1) + l21 (4k2β̇pβ̇1 + s2q
1) + l12 (4k1β̇pβ̇2 + s1q

2) + l21 l
1
2 (1 − 4k

2β̇
pβ̇2 − s2q

2)√
(1 − 4k

1β̇
pβ̇1 − s1q1)(1 − 4k

2β̇
pβ̇2 − s2q2) − (4k

1β̇
pβ̇2 + s1q2)(4k2β̇pβ̇1 + s2q1)


2h

×

 (1 − 4p̃2̇β k̃β2̇ − s̄2̇ q̄
2̇) + l̄ 1̇

2̇
(4p̃2̇β k̃β1̇ + s̄1̇ q̄

2̇) + l̄ 2̇
1̇
(4p̃1̇β k̃β2̇ + s̄2̇ q̄

1̇) + l̄ 1̇
2̇
l̄ 2̇
1̇
(1 − 4p̃1̇β k̃β1̇ − s̄1̇ q̄

1̇)√
(1 − 4p̃1̇β k̃β1̇ − s̄1̇ q̄

1̇)(1 − 4p̃2̇β k̃β2̇ − s̄2̇ q̄
2̇) − (4p̃2̇β k̃β1̇ + s̄1̇ q̄

2̇)(4p̃1̇β k̃β2̇ + s̄2̇ q̄
1̇)


2h̄

×


(
(1 − 4k

1β̇
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N = 1
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N = 1

An instructive limit is q̄iα̇ → 0, s̄iα̇ → 0
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N = 2

The R-charge generators form a u(2)

The reference state can be chosen such that
R1
1 |ϕr ⟩ = r − R , R2

2 |ϕr ⟩ = r + R , R2
1 |ϕr ⟩ = 0

An explicity (though bulky) expression can be found for the
relevant overlap
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Outlook

BCH techniques provide powerful tools. These may be applied
in other circuits (or Krylov complexity computations)

N = 4 is an important symmetry group for the AdS/CFT
correspondence

Do the manifolds give rise to conjugate points? What is the
role played by spin and supersymmetry? How do the small
and large scaling dimensions compare?

...note that the relevant manifolds have a constant scalar
curvature...
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