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Dramatis Personae 

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>

unknot

trefoil

figure-eight

cinquefoil

three-twist
01

<latexit sha1_base64="htB6cdcor2Y9qedw/JdarcU8BZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg9v3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOh0Y1k</latexit>

31

<latexit sha1_base64="uzixW9f0zjo7hdPMEL+E9uE3ZFQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9+d9r1+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2+mY41n</latexit>

41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

51

<latexit sha1_base64="yZHKNNn9/Y3KY2uD5F4b3GcWTc8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4aLn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6vX9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx+pb41p</latexit>

52

<latexit sha1_base64="Z2Z+TmpbotTYPTwLUUxvGjRoscY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiHoLevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr6+r5ZqN1kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBqvONag==</latexit>



Dramatis Personae 

• Organized by crossing number, a proxy for complexity

Knot: S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

Knot: S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

Knot: S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

untwist

untwist

minimal 
crossing 
number

<latexit sha1_base64="fBkDmAmHr0zbDMKPcknSHNsB2XM=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXdOOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9zv3tPpKKxuNOzhAQcjQWNKEY6lwaK8mG54tiXDd+78KBjO07dq/o58eo1rwpdo+SogBVaw/L7YBTjlBOhMUNK9V0n0UGGpKaYkXlpkCqSIDxFY9I3VCBOVJAtbp3DM6OMYBRLU0LDhfp9IkNcqRkPTSdHeqJ+e7n4l9dPddQIMiqSVBOBl4uilEEdw/xxOKKSYM1mhiAsqbkV4gmSCGsTT8mE8PUp/J90PNv1bf+2VmlereIoghNwCs6BC+qgCW5AC7QBBhPwAJ7As8WtR+vFel22FqzVzDH4AevtE4YqjpY=</latexit>⇠

Knot: S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

Reidemeister moves

Type I Type II Type III

twist

untwist

unpoke

poke

slide

Knot: S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

Thistlethwaite unknot Ochiai unknot

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

<latexit sha1_base64="XiCGtRHJEkuBb3QpebB87xHKUgA=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU0mKrO2t6MVjBVsL7VKyabYNzX6YZIWy9E948aCIV/+ON/+N2baCij4YeLw3w8w8P5FCG4w/nMLK6tr6RnGztLW9s7tX3j/o6DhVjLdZLGPV9anmUkS8bYSRvJsoTkNf8lt/cpn7t/dcaRFHN2aacC+ko0gEglFjpS7Bg4y4ZDYoV3AVW7guygmpY2JJo1Gv1RqIzC2MK7BEa1B+7w9jloY8MkxSrXsEJ8bLqDKCST4r9VPNE8omdMR7lkY05NrL5vfO0IlVhiiIla3IoLn6fSKjodbT0LedITVj/dvLxb+8XmqCupeJKEkNj9hiUZBKZGKUP4+GQnFm5NQSypSwtyI2pooyYyMq2RC+PkX/k06tStyqe31WaV4s4yjCERzDKRA4hyZcQQvawEDCAzzBs3PnPDovzuuiteAsZw7hB5y3TxaPj2I=</latexit>

10161
<latexit sha1_base64="tXw4AldHGolVeu3iBHFguChafp4=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKcwssia3oBePEUwMJEuYncwmQ2YfzswKYclPePGgiFd/x5t/4+QhqGhBQ1HVTXdXkEqhDcYfTmFldW19o7hZ2tre2d0r7x+0dZIpxlsskYnqBFRzKWLeMsJI3kkVp1Eg+W0wvpz5t/dcaZHEN2aScj+iw1iEglFjpQ7B/Zx47rRfruAqtvA8NCOkhokl9XrNdeuIzC2MK7BEs19+7w0SlkU8NkxSrbsEp8bPqTKCST4t9TLNU8rGdMi7lsY04trP5/dO0YlVBihMlK3YoLn6fSKnkdaTKLCdETUj/dubiX953cyENT8XcZoZHrPFojCTyCRo9jwaCMWZkRNLKFPC3orYiCrKjI2oZEP4+hT9T9pulXhV7/qs0rhYxlGEIziGUyBwDg24gia0gIGEB3iCZ+fOeXRenNdFa8FZzhzCDzhvnxgUj2M=</latexit>

10162

Rolfsen table

Perko pair (1973)

Knot: S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

Jones polynomial:
h i h i=h i A +B

w(K) = overhand� underhand
<latexit sha1_base64="7ab1ewMSb7gY5h1v+flqSkJrP4U="></latexit>

= q
1
4

<latexit sha1_base64="4dDsfeSfy4xCeR7Se4E/cyuE+Bw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHUhFN24rGAfkMYymU7aoZNMnJkIJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7Bx3JU4FJG3PGRS9AkjAak7aiipFeIgiKAka6weQy97v3REjK4xs1TYgfoVFMQ4qR0pJ3Du9u+6FA2HYH5YplnjVqjluDlmlZdduxc+LU3aoLba3kqIAlWoPye3/IcRqRWGGGpPRsK1F+hoSimJFZqZ9KkiA8QSPiaRqjiEg/m588gydaGcKQC12xgnP1+0SGIimnUaA7I6TG8reXi395XqrChp/ROEkVifFiUZgyqDjM/4dDKghWbKoJwoLqWyEeI52A0imVdAhfn8L/Sccx7arpXLuV5sUyjiI4AsfgFNigDprgCrRAG2DAwQN4As+GMh6NF+N10VowljOH4AeMt09wqZC3</latexit>

+
1

q
1
4

<latexit sha1_base64="o12IsjyUv5t5ulbi5vgXigq530I=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEQQhJGtq6K7pxWcE+oI1lMp20QycPZyZCCQF/xY0LRdz6He78GydtBRU9cOFwzr3ce48XMyqkaX5ohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje5yP3OHeGCRuG1nMbEDdAopD7FSCppoB+cwr7PEU6tLL29mVHLyQZ62TTO6lXbqULTMM2aZVs5sWtOxYGWUnKUwQLNgf7eH0Y4CUgoMUNC9Cwzlm6KuKSYkazUTwSJEZ6gEekpGqKACDednZ/BY6UMoR9xVaGEM/X7RIoCIaaBpzoDJMfit5eLf3m9RPp1N6VhnEgS4vkiP2FQRjDPAg4pJ1iyqSIIc6puhXiMVARSJVZSIXx9Cv8nbduwKoZ95ZQb54s4iuAQHIETYIEaaIBL0AQtgEEKHsATeNbutUftRXudtxa0xcw++AHt7ROty5VT</latexit>

Jones (1985) 

topological invariant: independent of  how knot is drawn

<latexit sha1_base64="lF/17Cy7ak98BKt4r2Dpt6ZAeD8="></latexit>

J(K; q) = (�q
3
4 )w(K) hKi

h i
<latexit sha1_base64="4ofSM8AcijWzXuN+syqUVoY/ESI=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Wom5DU0FZEKLoRVxXsA9pQJpNJO3Ty6MykUEL/xI0LRdz6J+78GydtBRU9cOFwzr3ce48bMyqkaX5ouZXVtfWN/GZha3tnd0/fP2iJKOGYNHHEIt5xkSCMhqQpqWSkE3OCApeRtju6zvz2hHBBo/BeTmPiBGgQUp9iJJXU1/XbUm+cIA9ewPEpvIRWXy+axnmtUrYr0DRMs2qVrYyUq/aZDS2lZCiCJRp9/b3nRTgJSCgxQ0J0LTOWToq4pJiRWaGXCBIjPEID0lU0RAERTjq/fAZPlOJBP+KqQgnn6veJFAVCTANXdQZIDsVvLxP/8rqJ9GtOSsM4kSTEi0V+wqCMYBYD9CgnWLKpIghzqm6FeIg4wlKFVVAhfH0K/yetsmFVDPPOLtavlnHkwRE4BiVggSqogxvQAE2AwQQ8gCfwrKXao/aivS5ac9py5hD8gPb2CcOKkc4=</latexit>

J( ; q) = 1

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Topological Invariants 
• On a manifold        with metric        , a topological invariant enjoys:M

<latexit sha1_base64="FpXuFOkuGnaPdv8p0w28Td5yuvc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBordbIeo4LcTfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfze6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrPnyYArZEZMLKFMcXsrYSOqKDM2opINwVt+eZW0LqperVq7r1Xq13kcRTiBUzgHDy6hDrfQgCYwEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtV2Pwg==</latexit>

gµ⌫

<latexit sha1_base64="z9w9OPpAVagG9NvQ4na4KmGoRpc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME88DsEmYns8mQmdllHkJY8hdePCji1b/x5t84SfagiQUNRVU33V1xxpk2vv/tra1vbG5tl3bKu3v7B4eVo+O2Tq0itEVSnqpujDXlTNKWYYbTbqYoFjGnnXh8O/M7T1RplsoHM8loJPBQsoQRbJz0OOznobChtNN+perX/DnQKgkKUoUCzX7lKxykxAoqDeFY617gZybKsTKMcDoth1bTDJMxHtKeoxILqqN8fvEUnTtlgJJUuZIGzdXfEzkWWk9E7DoFNiO97M3E/7yeNcl1lDOZWUMlWSxKLEcmRbP30YApSgyfOIKJYu5WREZYYWJcSGUXQrD88ippX9aCeq1+X682boo4SnAKZ3ABAVxBA+6gCS0gIOEZXuHN096L9+59LFrXvGLmBP7A+/wB+zaRIA==</latexit>

�

�gµ⌫
hO1 . . .Oni = 0

<latexit sha1_base64="N4+PF+R9p+/rzg/LLdvFhiuf6fU="></latexit>

• In Chern–Simons theory, the operators are Wilson loops

• The colored Jones polynomial is a knot invariant in 3d:

<latexit sha1_base64="t8hCDeky+pfUa5xVsVvjl8biz0k="></latexit>
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U
[DA] eiSCS(A)

<latexit sha1_base64="NWoda3m/RRoU4tzUYgSC8fdrWFs="></latexit>

Jn(K; q = e2⇡i/(k+2)) =

R
U [DA] Un(K)eiSCS(A)

R
U [DA] Un(01)eiSCS(A)

Witten (1989)

<latexit sha1_base64="u3LU8smS5TKTrWdNeyFsnYOW83A=">AAACInicbVBNS8MwGE79nPOr6tFLcAjzMlpR1IMw9CJ4mWC3wVpKmqVbWJqWJBVG2W/x4l/x4kFRT4I/xqwr6DYfCDx5nvd9k/cJEkalsqwvY2FxaXlltbRWXt/Y3No2d3abMk4FJg6OWSzaAZKEUU4cRRUj7UQQFAWMtILB9dhvPRAhaczv1TAhXoR6nIYUI6Ul37y4hG4oEM5chniPEej4vHp7BF2RX0dTuuXbv45vVqyalQPOE7sgFVCg4ZsfbjfGaUS4wgxJ2bGtRHkZEopiPa/sppIkCA9Qj3Q05Sgi0svyFUfwUCtdGMZCH65grv7tyFAk5TAKdGWEVF/OemPxP6+TqvDcyyhPUkU4njwUpgyqGI7zgl0qCFZsqAnCguq/QtxHOjGlUy3rEOzZledJ87hmn9asu5NK/aqIowT2wQGoAhucgTq4AQ3gAAwewTN4BW/Gk/FivBufk9IFo+jZA1Mwvn8ASumi5w==</latexit>

=
hUn(K)i
hUn(01)i

<latexit sha1_base64="KU+iitC79OM2rBNIyJevBQGfilw="></latexit>
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�

<latexit sha1_base64="DQzWNwPrTMPKq/RPkno9eMi/JuY=">AAAB9XicbVBNS8NAFHypX7V+VT16WSyCp5KIVI9FLx4rmLbYxLLZbtqlm03Y3Sgl9H948aCIV/+LN/+NmzYHbR1YGGbe481OkHCmtG1/W6WV1bX1jfJmZWt7Z3evun/QVnEqCXVJzGPZDbCinAnqaqY57SaS4ijgtBOMr3O/80ilYrG405OE+hEeChYygrWRHsYeE16E9SgIsvtpv1qz6/YMaJk4BalBgVa/+uUNYpJGVGjCsVI9x060n2GpGeF0WvFSRRNMxnhIe4YKHFHlZ7PUU3RilAEKY2me0Gim/t7IcKTUJArMZJ5QLXq5+J/XS3V46WdMJKmmgswPhSlHOkZ5BWjAJCWaTwzBRDKTFZERlphoU1TFlOAsfnmZtM/qTqPeuD2vNa+KOspwBMdwCg5cQBNuoAUuEJDwDK/wZj1ZL9a79TEfLVnFziH8gfX5A+cwkss=</latexit>

k 2 Z



Dramatis Personae 

Jones polynomial:
h i h i=h i A +B

w(K) = overhand� underhand
<latexit sha1_base64="7ab1ewMSb7gY5h1v+flqSkJrP4U="></latexit>

= q
1
4

<latexit sha1_base64="4dDsfeSfy4xCeR7Se4E/cyuE+Bw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHUhFN24rGAfkMYymU7aoZNMnJkIJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7Bx3JU4FJG3PGRS9AkjAak7aiipFeIgiKAka6weQy97v3REjK4xs1TYgfoVFMQ4qR0pJ3Du9u+6FA2HYH5YplnjVqjluDlmlZdduxc+LU3aoLba3kqIAlWoPye3/IcRqRWGGGpPRsK1F+hoSimJFZqZ9KkiA8QSPiaRqjiEg/m588gydaGcKQC12xgnP1+0SGIimnUaA7I6TG8reXi395XqrChp/ROEkVifFiUZgyqDjM/4dDKghWbKoJwoLqWyEeI52A0imVdAhfn8L/Sccx7arpXLuV5sUyjiI4AsfgFNigDprgCrRAG2DAwQN4As+GMh6NF+N10VowljOH4AeMt09wqZC3</latexit>

+
1

q
1
4

<latexit sha1_base64="o12IsjyUv5t5ulbi5vgXigq530I=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEQQhJGtq6K7pxWcE+oI1lMp20QycPZyZCCQF/xY0LRdz6He78GydtBRU9cOFwzr3ce48XMyqkaX5ohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje5yP3OHeGCRuG1nMbEDdAopD7FSCppoB+cwr7PEU6tLL29mVHLyQZ62TTO6lXbqULTMM2aZVs5sWtOxYGWUnKUwQLNgf7eH0Y4CUgoMUNC9Cwzlm6KuKSYkazUTwSJEZ6gEekpGqKACDednZ/BY6UMoR9xVaGEM/X7RIoCIaaBpzoDJMfit5eLf3m9RPp1N6VhnEgS4vkiP2FQRjDPAg4pJ1iyqSIIc6puhXiMVARSJVZSIXx9Cv8nbduwKoZ95ZQb54s4iuAQHIETYIEaaIBL0AQtgEEKHsATeNbutUftRXudtxa0xcw++AHt7ROty5VT</latexit>

Jones (1985) 
Witten (1989)

vev of Wilson loop operator along K in
<latexit sha1_base64="1dyDlbT0HG5AAc88KkDYj5bYfe4="></latexit>

⇤ for SU(2) Chern–Simons on S3
<latexit sha1_base64="KOFo06Vr+8UE3ppC/Oj/DDZ6AlE="></latexit>

<latexit sha1_base64="lF/17Cy7ak98BKt4r2Dpt6ZAeD8="></latexit>

J(K; q) = (�q
3
4 )w(K) hKi

h i

<latexit sha1_base64="v3ulpe8GKE2FgRcKZS4dhMd9p9s="></latexit>

J2(41; q) = q�2 � q�1 + 1� q + q2 , q = e
2⇡i
k+2

Open question: Is unknot unique knot for which                    ?
<latexit sha1_base64="p8wl4AlGIRE0ocbwWfD4jSg1yZM=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkpSpHoRil7EUwX7AW0om+2mXbrZpLsboYT+CS8eFPHq3/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Nr6xuZWfruws7u3f2AfHjVVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y9uZ37riUrFIvGoJzH1QjwQLGAEayO173uV0vj82u3ZRafszIFWiZuRImSo9+yvbj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0fu8UnRmlj4JImhIazdXfEykOlZqEvukMsR6qZW8m/ud1Eh1ceSkTcaKpIItFQcKRjtDsedRnkhLNJ4ZgIpm5FZEhlphoE1HBhOAuv7xKmpWyWy1XHy6KtZssjjycwCmUwIVLqMEd1KEBBDg8wyu8WWPrxXq3PhatOSubOYY/sD5/AFb1juA=</latexit>

J2(q) = 1
Dehn (1910) 

Turing (1954) 
Haken (1961) 

Lackenby (2021)
Open question: Unknot recognition problem — is this NP?

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

Jones polynomial:
h i h i=h i A +B

Hyperbolic volume: volume of              is another knot invariant in 3d

w(K) = overhand� underhand
<latexit sha1_base64="7ab1ewMSb7gY5h1v+flqSkJrP4U="></latexit>
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q
1
4
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computed from tetrahedral decomposition of  knot complement

Jones (1985) 
Witten (1989)

Thurston (1978) 
Mostow (1968)

vev of Wilson loop operator along K in
<latexit sha1_base64="1dyDlbT0HG5AAc88KkDYj5bYfe4="></latexit>

⇤ for SU(2) Chern–Simons on S3
<latexit sha1_base64="KOFo06Vr+8UE3ppC/Oj/DDZ6AlE="></latexit>
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S3\K
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J(K; q) = (�q
3
4 )w(K) hKi
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Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

A p p e n d i x  h S u m m a r y  D a t a  

# C r o s s i n g s  # K n o t s  # T o r u s  # S a t .  c + - i a 
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3a 1 1 

4a 1 

5a 2 1 

6a 3 

7a 7 1 

8a 18 

8n 3 1 

9a 41 1 

9n 8 

lOa 123 

1On 42 1 

11a 367 1 

11n 185 

12a 1,288 
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44' THE MATHEMATICAL INTELLIGENCER 

1701936 knots up to 16 crossings

All but 32 are hyperbolic
Hoste, Thistlewaite, Weeks (1998)

Conjecture [Adams]: proportion of  
hyperbolic knots approaches 1 as  
crossing number goes to <latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>1

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>



Dramatis Personae 

A p p e n d i x  h S u m m a r y  D a t a  

# C r o s s i n g s  # K n o t s  # T o r u s  # S a t .  c + - i a 

o 1 

3a 1 1 

4a 1 

5a 2 1 

6a 3 

7a 7 1 

8a 18 

8n 3 1 

9a 41 1 

9n 8 

lOa 123 

1On 42 1 

11a 367 1 

11n 185 

12a 1,288 

12n 888 

13a 4,878 1 

13n 5,110 

14a 19,536 

14n 27,436 1 

15a 85,263 1 

15n 168,030 1 

16a 379,799 

16n 1,008,906 1 

;3 

9 

1 2 

2 

2 2  

iO 

5 1 

1 6  

1,0 4 

3 8  

2,2 5 

8 0  

4,7 4 

1,9 1 

1 

1 

1 

2 

2 1 

7 

1 13 4 

3 

2 39 

8 

21 6 89 7 

6 36 

123 244 

64 121 

637 1 37 597 .16 

466 3 418 1 

3,261 1,617 

3,658 1,452 

15,229 5 183 4,084 35 

22,656 1 44 4,729 6 

74,223 11,o40 

152,357 1 15,672 

350,260 40 927 28,490 82 

958,189 25 434 50,227 31 

n i~ .~ rl . l . . l ,_ll  , i ~  111..-i1 t,i,ll,l li.~l,t,,i. [:t~ . , l i  ~,l.i ,=.-i[.i i ,i,t,lq i t ~  ~ ~ ~ i 

Z 1  Z 2  Z 3  Z 4  D1 D 2  D3 
# C r o s s i n g s  c c + c + - i i a i 

4a 

5a 

6a 

7a 

8a 

8n 

9a 

9n 

lOa 

1On 

11a 

11n 

12a 

12n 

13a 

13n 

14a 

14n 

15a 

15n 

16a 

16n 

2 

2 

6 

10 

19 

5 

116 

57 

6O2 

445 

3,154 

3,555 

14,851 

22,326 

73,185 

151,126 

347,111 

954,381 

1 

1 

1 3 

21 2 

107 

10 

37 4 1 17 

33 1 42 

1,037 1 

1,231 1 

3,149 33 7 891 

3,808 21 4 423 

2 

1 

91 
4 

35 

25 

120 

97 

350 

344 

38O 

311 

998 

356 

395 

821 

725 

224 

1 

10 

1 

4 

21 

1 

2 

4 

11 

1 

!2 1 

1 2 

1 

2 

1 2 

4 

1 

11 

4 4 

16 

33 

25 2 

24 13 

D4 D 5  D e  D~ D e  D 9  DI~ D14 D i e  

13 

6 

51 

2 

3 

27 

a i 

2 

2 

5 1 

1 

23 

2 2 

1 

2 

54 

5 

a i i a i a a a 

1 

2 

2 

1 1 

1 
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1701936 knots up to 16 crossings

All but 32 are hyperbolic
Hoste, Thistlewaite, Weeks (1998)

Conjecture [Adams]: proportion of  
hyperbolic knots approaches 1 as  
crossing number goes to <latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>1

This conjecture is false!

Malyutin (2018) 
Belousov, Malyutin (2019)

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>
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lim
n!1

sup
Sn

Pn
>

1

2 · 1017
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Remark 1.3 In [GL, Section 3.2] using properties of R-matrices, Le and the
first author gave a canonical multisum formula for the colored Jones function of
a knot which is presented as the closure of a braid. Specifically, if the braid has
c crossings, then the multisum formula involves summation over c variables. In
the case of the knot K0 , it involves summation over 18 variables, which makes
it intractable, symbolically or numerically.

Remark 1.4 The well-known 3-term skein relation for the Jones polynomial

q
( )

− q−1
( )

= (q1/2 − q−1/2)
( )

allows one to compute naively the Jones polynomial of a knot with c crossings
in 2c steps. By taking parallels, it allows one to compute the n-th colored Jones
polynomial of a knot in 2cn

2

steps. For n = 500, and c = 18, this requires

218×5002 ≈ 101354634

terms.

2 Numerical confirmation of the HVC for K0

Let

VC(n) =
2π

n
log JK0

(n)|
q=e

2πi
n
. (2)

Using a fortran program by the second author (presented in the Appendix),
we have computed VC(n) for n up to 502.

Here is a table of Re(VC(n)) versus n:

50 100 150 200 250

3.5

4

4.5

5

5.5
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Simplest hyperbolic 
non-two bridge knot, 
has 18 crossings

Garoufalidis, Lan (2004)

382 Stavros Garoufalidis and Yueheng Lan

non-2-bridge knot k31 is the Pretzel knot (−2, 3, 7) requiring 3 ideal tetrahedra,
with same volume as the 52 knot; see [CDW]. However, the colored Jones
function of k31 is rather complicated.

K0 has braid presentation b2(ab)8 , where a = σ1, b = σ2 are the standard
generators of the braid group with 3 strands.

Figure 1: The knot K0 , and an involution which negates its meridian and longitude.

K0 is a positive hyperbolic knot with 18 crossings. SnapPea identifies K0 with
the knot k43 of the new census, also known as m082 in the old census.

The notation k43 reveals that K0 is a hyperbolic knot whose complement can
be triangulated with 4 hyperbolic ideal tetrahedra. It is the simplest hyperbolic
non-2-bridge knot, as was discovered by [CDW].

K0 belongs to a family of twisted torus knots, and this family populates the
census of simplest hyperbolic manifolds other than the family of 2-bridge knots.

The Dowker code of K0 is:

18 1 14 −16 18 −20 22 −24 −26 28 −30 32 −34 36 −12 −2 4 −6 8 −10

K0 has symmetry group Z/2. An involution that negates the meridian and
longitude is shown in Figure 1.

1.3 The quantum topology of K0

Let us define the quantum integer, the quantum factorial and the quantum
binomial coefficients by:

[n] =
qn/2 − q−n/2

q1/2 − q−1/2
[n]! = [1][2] . . . [n]

[

n
k

]

=
[n]!

[k]![n − k]!
,

Algebraic & Geometric Topology, Volume 5 (2005)
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8
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Behavior is not monotonic! 

In fact, we take
<latexit sha1_base64="qN6nt48EcAaMrUMRv4I587A0+LY="></latexit>

n, k ! 1

Dramatis Personae 

Volume conjecture: Kashaev (1997) 
Murakami x 2 (2001) 

Gukov (2005)

<latexit sha1_base64="V/8YYgh/wSTVaU2x8aG71OC++EU="></latexit>

lim
n!1
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n

= Vol(S3 \K)
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Vol(S3 \K0) = 3.474247 . . .



Khovanov homology: a homology theory         whose graded Euler characteristic 
is             ; explains why coefficients are integers

HK
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Dunfield (2000) 
Khovanov (2002)

Khovanov (2000) 
Bar-Natan (2002)
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log |J2(K;�1)| , log(rank(HK)� 1) / Vol(S3
\K)

Dramatis Personae 

Volume conjecture: Kashaev (1997) 
Murakami x 2 (2001) 

Gukov (2005)

<latexit sha1_base64="V/8YYgh/wSTVaU2x8aG71OC++EU="></latexit>

lim
n!1

2⇡ log |Jn(K;!n)|
n

= Vol(S3 \K)
<latexit sha1_base64="9lXhLH4QpH9QE88ZgIR0rNRw38g=">AAACBnicdVBNS8NAEN34WetX1aMIi0XwVJJYrR6EohePFawKTSyb7aQu3WzC7kYoIScv/hUvHhTx6m/w5r9xUyuo6IOBx3szzMwLEs6Utu13a2JyanpmtjRXnl9YXFqurKyeqziVFNo05rG8DIgCzgS0NdMcLhMJJAo4XASD48K/uAGpWCzO9DABPyJ9wUJGiTZSt7LhxRH0SVfgQwxXXigJzVwvYZjlmci7lapdO9jfc+t72K7ZdsNxnYK4jfpOHTtGKVBFY7S6lTevF9M0AqEpJ0p1HDvRfkakZpRDXvZSBQmhA9KHjqGCRKD8bPRGjreM0sNhLE0JjUfq94mMREoNo8B0RkRfq99eIf7ldVId7vsZE0mqQdDPRWHKsY5xkQnuMQlU86EhhEpmbsX0mpgotEmubEL4+hT/T87dmrNbs0/r1ebROI4SWkebaBs5qIGa6AS1UBtRdIvu0SN6su6sB+vZevlsnbDGM2voB6zXD+jjmMs=</latexit>

!n = e
2⇡i
n



Dramatis Personae 

(1921)



Feedforward Neural Networks
Input vector

Neuron

Rosenblatt (1957)
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non-linearity

logistic sigmoid ReLU tanh
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v0
i = W i · vi�1 + bi

<latexit sha1_base64="GXSvbfUskIHQeB9AkuLbInfEv30="></latexit>

v` = f`(f`�1(· · · (f1(v0) · · · ))) , aout :=
nX̀

m=1

vm
`

Hopfield (1982, 1984) 
Hinton (1986)



Feedforward Neural Networks
<latexit sha1_base64="fgNKJAdKpbpmtickLs3wsDc05Po="></latexit>

fi : Rni�1 ! Rni

vi�1 7! vi = �(v0
i)

<latexit sha1_base64="LH6yVDJW0IQfyXmtxQQzvbKQ1Q0=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0UUxJKIVEGEohuXFewDmhgm00k7dPJgZlIoIR/jxl9x48IHLtz4LU7aILX1wMDhnHOZe48bMSqkYXxphYXFpeWV4mppbX1jc0vf3mmKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRlju4yfzWkHBBw+BejiJi+6gXUI9iJJXk6JeWj2Tf9ZJh6tBDeAVbDwlNoYW7oYRTXkJPzBQe/0quijt62agYY8B5YuakDHLUHf3d6oY49kkgMUNCdEwjknaCuKSYkbRkxYJECA9Qj3QUDZBPhJ2Mj0zhgVK60Au5eoGEY3V6IkG+ECPfVclsRzHrZeJ/XieW3oWd0CCKJQnw5CMvZlCGMGsMdiknWLKRIghzqnaFuI84wlL1WlIlmLMnz5PmacWsVqp3Z+XadV5HEeyBfXAETHAOauAW1EEDYPAInsEreNOetBftQ/ucRAtaPrML/kD7/gF8kKS9</latexit>

v0
i = W i · vi�1 + bi

<latexit sha1_base64="GXSvbfUskIHQeB9AkuLbInfEv30="></latexit>

v` = f`(f`�1(· · · (f1(v0) · · · ))) , aout :=
nX̀

m=1

vm
`

number of  layers

number of  neurons in i-th layer

weight matrix bias vector

compare prediction 
to ground truth



Feedforward Neural Networks
<latexit sha1_base64="fgNKJAdKpbpmtickLs3wsDc05Po="></latexit>

fi : Rni�1 ! Rni

vi�1 7! vi = �(v0
i)

<latexit sha1_base64="GXSvbfUskIHQeB9AkuLbInfEv30="></latexit>

v` = f`(f`�1(· · · (f1(v0) · · · ))) , aout :=
nX̀

m=1

vm
`

tune weights and biases 
to minimize loss function 
during training

number of  layers

number of  neurons in i-th layer

weight matrix bias vector

compare prediction 
to ground truth

<latexit sha1_base64="YziyPHB/x6ZDuNJrFNwe5wBS08A="></latexit>

L =
X

batch

|predicted� actual|2

<latexit sha1_base64="LH6yVDJW0IQfyXmtxQQzvbKQ1Q0=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0UUxJKIVEGEohuXFewDmhgm00k7dPJgZlIoIR/jxl9x48IHLtz4LU7aILX1wMDhnHOZe48bMSqkYXxphYXFpeWV4mppbX1jc0vf3mmKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRlju4yfzWkHBBw+BejiJi+6gXUI9iJJXk6JeWj2Tf9ZJh6tBDeAVbDwlNoYW7oYRTXkJPzBQe/0quijt62agYY8B5YuakDHLUHf3d6oY49kkgMUNCdEwjknaCuKSYkbRkxYJECA9Qj3QUDZBPhJ2Mj0zhgVK60Au5eoGEY3V6IkG+ECPfVclsRzHrZeJ/XieW3oWd0CCKJQnw5CMvZlCGMGsMdiknWLKRIghzqnaFuI84wlL1WlIlmLMnz5PmacWsVqp3Z+XadV5HEeyBfXAETHAOauAW1EEDYPAInsEreNOetBftQ/ucRAtaPrML/kD7/gF8kKS9</latexit>

v0
i = W i · vi�1 + bi



Neural Network 

{J1, . . . , Jn} �! {v1, . . . , vn}
<latexit sha1_base64="/RYxXDxjhWnIfHxf31O0abVyCow="></latexit>

Ji 2 T
<latexit sha1_base64="VpMjJgq3zB1wgx1aZENPYRMFImw=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KkkV2+6KbsRVhb6kHUomzbShSWZIMkIp/Qo3LhRx6+e482/MtBVU9MCFwzn3cu89QSy4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGiKWvSSES6ExDDBFesabkVrBNrRmQgWDsYX6V++55pwyPVsJOY+ZIMFQ85JdZJdzd9DntcwUY/X0BFhBDGGKYEly+QI9VqpYQrEKeWQwEsUe/n33uDiCaSKUsFMaaLUWz9KdGWU8FmuV5iWEzomAxZ11FFJDP+dH7wDJ44ZQDDSLtSFs7V7xNTIo2ZyMB1SmJH5reXin953cSGFX/KVZxYpuhiUZgIaCOYfg8HXDNqxcQRQjV3t0I6IppQ6zLKuRC+PoX/k1apiM+KpdvzQu1yGUcWHIFjcAowKIMauAZ10AQUSPAAnsCzp71H78V7XbRmvOXMIfgB7+0TAtmP5w==</latexit>

{J 0
1, . . . , J

0
m} �! ???

<latexit sha1_base64="pq6ak2ymzHQgz6zu/dwcue3QVhQ="></latexit>

J 0
i 2 T c

<latexit sha1_base64="t7DgiwDIb0G9prW0+Q3F0xqLtgg=">AAAB83icdVDLSsNAFJ34rPVVdelmsIiuQpKGtu6KbsRVhb6giWUynbRDJ5MwMxFK6G+4caGIW3/GnX/jpK2gogcuHM65l3vvCRJGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbTK5yv3tPhKQxb6lpQvwIjTgNKUZKS97NgJ5Bj3LYusODUtkyL+pVx61Cy7Ssmu3YOXFqbsWFtlZylMESzUHp3RvGOI0IV5ghKfu2lSg/Q0JRzMis6KWSJAhP0Ij0NeUoItLP5jfP4KlWhjCMhS6u4Fz9PpGhSMppFOjOCKmx/O3l4l9eP1Vh3c8oT1JFOF4sClMGVQzzAOCQCoIVm2qCsKD6VojHSCCsdExFHcLXp/B/0nFMu2I6t265cbmMowCOwQk4BzaogQa4Bk3QBhgk4AE8gWcjNR6NF+N10bpiLGeOwA8Yb5/s3ZD5</latexit>

Jones polynomials are represented as 18-vectors

Two layer neural network in Mathematica

100⇥ 100
<latexit sha1_base64="cqStbaHY26ciuRMJe546hcNPRHQ=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkpSBT0WvXisYD+gDWWz3bRLN5u4OymU0N/hxYMiXv0x3vw3btsctPWFhYd3ZpjZN0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRnezemvMtRGxesRJwv2IDpQIBaNoLd9z3S6KiBtiqVcquxV3LrIKXg5lyFXvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGNRUbvIz+ZHT8m5dfokjLV9Csnc/T2R0ciYSRTYzoji0CzXZuZ/tU6K4Y2fCZWkyBVbLApTSTAmswRIX2jOUE4sUKaFvZWwIdWUoc2paEPwlr+8Cs1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDAxg8wTO8wpszdl6cd+dj0brm5DMn8EfO5w+zgJDA</latexit>

~J
<latexit sha1_base64="3jBp2G+tZz5MOF2vDzgFKFDZuPk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0Ip4q2A9oQ9lsJ+3SzSbsbgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLFSqztGlj1Me6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/Nzp+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8MbPuExSg5ItFoWpICYms99JnytkRkwsoUxxeythQ6ooMzahog3BW355lTSrFe+yUn28Ktdu8zgKcApncAEeXEMN7qEODWAwgmd4hTcncV6cd+dj0brm5DMn8AfO5w9tS4+g</latexit>

100⇥ 18
<latexit sha1_base64="ZM9akGqEHInfUHXb6UZRGleIpvw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI9FLx4r2A9oQtlsN+3SzSbsToRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O4WNza3tneJuaW//4PCofHzSNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO7+Z+54lrIxL1iJOUBzEdKhEJRtFKvue6PoqYG+LV++WKW3UXIOvEy0kFcjT75S9/kLAs5gqZpMb0PDfFYEo1Cib5rORnhqeUjemQ9yxV1O4JpoubZ+TCKgMSJdqWQrJQf09MaWzMJA5tZ0xxZFa9ufif18swqgdTodIMuWLLRVEmCSZkHgAZCM0ZyokllGlhbyVsRDVlaGMq2RC81ZfXSbtW9a6qtYfrSuM2j6MIZ3AOl+DBDTTgHprQAgYpPMMrvDmZ8+K8Ox/L1oKTz5zCHzifP05WkI4=</latexit>

100X

a=1
<latexit sha1_base64="OcfSlIoh9zaI/BpEJ7fp0KNJiF8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mqoBeh6MVjBfsBbQyb7aZdutmE3U2hhPwTLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjO9mfmdCpWKxeNTThHoRHgoWMoK1kXzb7qs08jN84+ZPmes4uW9XnZozB1olbkGqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOc5pV+qmiCyRgPac9QgSOqvGx+eY7OjDJAYSxNCY3m6u+JDEdKTaPAdEZYj9SyNxP/83qpDq+9jIkk1VSQxaIw5UjHaBYDGjBJieZTQzCRzNyKyAhLTLQJq2JCcJdfXiXtes29qNUfLquN2yKOMpzAKZyDC1fQgHtoQgsITOAZXuHNyqwX6936WLSWrGLmGP7A+vwBtl+TDQ==</latexit>

f✓( ~JK) =
X

a

�
⇣
W 2

✓ · �(W 1
✓ · ~JK +~b1✓) +~b2✓

⌘a

<latexit sha1_base64="uxNdnfxLCMnhnFdsrCopsEsI4jA="></latexit>

Ji
<latexit sha1_base64="MmvoA4FO3L6wAPlXxxL4sjAhO2k=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0Ip4q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12P90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w8byo2u</latexit>

vi
<latexit sha1_base64="vWSC4V0BJ9QsOnJdAOZS13qk5YI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBe0o3a</latexit>

Logistic sigmoids for the hidden layers

~JK = (min,max, coe↵s, 0, . . . , 0)

<latexit sha1_base64="qJaufHXKW2hh6bx5ZuepauuKqCM="></latexit>

12000 hyperparameters VJ, Kar, Parrikar (2019)
Mean squared loss function



Mathematica Code 



Mathematica Code 



Volume from Jones 

trained on 10% of the 313, 209 knots up to 15 crossings
<latexit sha1_base64="VF5NvZKqHR+PlTTmBoNidtJLG8s="></latexit>

2.45± 0.10% error
<latexit sha1_base64="7UeH6HNRddYVG3GuriwPpfCnFtE=">AAACBnicdVDLSsNAFJ34tr6qLkUYLAVXIUljW3eiG5cK1gpNKZPprQ5OHszciCV05cZfceNCEbd+gzv/xolWUNEDA4dzzuXOPWEqhUbHebMmJqemZ2bn5ksLi0vLK+XVtVOdZIpDiycyUWch0yBFDC0UKOEsVcCiUEI7vDwo/PYVKC2S+ASHKXQjdh6LgeAMjdQrb3q2vxOkEXVs16FBNaABwjXmoFSiRr1yxbF3m3XPr5uA4zRczy2I1/BrPnWNUqBCxjjqlV+DfsKzCGLkkmndcZ0UuzlTKLiEUSnINKSMX7Jz6Bgaswh0N/84Y0SrRunTQaLMi5F+qN8nchZpPYxCk4wYXujfXiH+5XUyHDS7uYjTDCHmn4sGmaSY0KIT2hcKOMqhIYwrYf5K+QVTjKNprmRK+LqU/k9OPdut2d6xX9nbH9cxRzbIFtkmLmmQPXJIjkiLcHJD7sgDebRurXvryXr+jE5Y45l18gPWyzuLt5dU</latexit>

VJ, Kar, Parrikar (2019)



Ji does not uniquely identify a knot
<latexit sha1_base64="D0qqkdb2BRLC0RFeWgKTOxkG2OE="></latexit>

e.g., 41 and K11n19 have same Jones polynomial, di↵erent volumes
<latexit sha1_base64="m2gBkkUij74bC5R3UOnA0Cpr3TA="></latexit>

Result 

174, 619 unique Jones polynomials
<latexit sha1_base64="o1ateePctxwcGDNKcAEgOguYQDo=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEIKCXcajHZBG7FSMCaQhLC3mcTFvd1zd04MR/6CjX/FxkIRWzs7/42bmEITHww83pthZl4YS2HR97+8qemZ2bn5hcXM0vLK6lp2fePK6sRwqHAttamFzIIUCiooUEItNsCiUEI1vDkZ+NU7MFZodYm9GJoR6yrREZyhk1rZfFAq7h4ERw3aQLjHNFHiNgF6phVYGmvZUzoSTNp+K5vzC/4QdJIEI5IjI5y3sp+NtuZJBAq5ZNbWAz/GZsoMCi6hn2kkFmLGb1gX6o4qFoFtpsOP+nTHKW3a0caVQjpUf0+kLLK2F4WuM2J4bce9gfifV0+wc9hMhYoTBMV/FnUSSVHTQTy0LQxwlD1HGDfC3Ur5NTOMowsx40IIxl+eJFd7hWC/sHdRzJWPR3EskC2yTfIkICVSJqfknFQIJw/kibyQV+/Re/bevPef1ilvNLNJ/sD7+AZa25zJ</latexit>

2.83% average spread in volumes for a Jones polynomial
<latexit sha1_base64="u0K3frG+44C2Y6RFoCDFap8NTio=">AAACKHicbVC7SgNBFJ31GeNr1dJmMAhWYTcKpjNoI1YRjArZEO5OZnVwdmaZuRsMSz7Hxl+xEVEkrV/iJKbwdarDuee+TpxJYTEIRt7M7Nz8wmJpqby8srq27m9sXlqdG8ZbTEttrmOwXArFWyhQ8uvMcEhjya/iu5Nx/arPjRVaXeAg450UbpRIBAN0Utc/qlXr+9FuRCPk91iA88INp3Y8pEeFon0t85RbmmhDgZ5p5Xim5UDpVIAcdv1KUA0moH9JOCUVMkWz679EPc3cSIVMgrXtMMiwU4BBwSQflqPc8gzYnbui7agCt7xTTB4d0l2n9CanJFohnajfOwpIrR2ksXOmgLf2d20s/ldr55jUO4VQWY5csa9FSS4pajpOjfaE4QzlwBFgRrhbKbsFAwxdtmUXQvj75b/kslYN96u184NK43gaR4lskx2yR0JySBrklDRJizDyQJ7IK3nzHr1n790bfVlnvGnPFvkB7+MTDLOmDQ==</latexit>

•  

• Same applies to                   hyperbolic knots up to      crossings

•  

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

(database compiled from Knot Atlas and SnapPy)

intrinsic mitigation against overfitting

VJ, Kar, Parrikar (2019)

<latexit sha1_base64="PDZiJ70jDv3LJiEPA1LlrZ5GdqA="></latexit>

16
<latexit sha1_base64="ajhfs0ZUyFrQ30cOewGSw4WbfZ8=">AAAB9HicdVDLSgMxFM3UV62vqks30SK4kJKpMu3sim5cVrAPaIeSSTNtaCYzJplCGfodblwo4taPceffmGkrqOiBezmccy+5OX7MmdIIfVi5ldW19Y38ZmFre2d3r7h/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PaESsUicaenMfVCPBQsYARrI3n2ee+4irLuoot+sYTKyMBxYEbsGrINcd1apeJCe24hVAJLNPrF994gIklIhSYcK9W1Uay9FEvNCKezQi9RNMZkjIe0a6jAIVVeOj96Bk+NMoBBJE0JDefq940Uh0pNQ99MhliP1G8vE//yuokOal7KRJxoKsjioSDhUEcwSwAOmKRE86khmEhmboVkhCUm2uRUMCF8/RT+T1qVsu2UndvLUv1qGUceHIETcAZsUAV1cAMaoAkIuAcP4Ak8WxPr0XqxXhejOWu5cwh+wHr7BHSKj/s=</latexit>

1,701,903
<latexit sha1_base64="qay/pm6iku3eVnm9rGrXJ07yL6s=">AAAB8HicdVDLSsNAFJ34rPVVdelmtAgupExqicmu6MZlBfuQNpTJdNIOnUnCzEQooV/hxoUibv0cd/6Nk7aCih64cDjnXu69J0g4UxqhD2tpeWV1bb2wUdzc2t7ZLe3tt1ScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK9yv31PpWJxdKsnCfUFHkYsZARrI925Nfusd2Sfe/1SGVWQgePAnNgusg3xPLda9aA9sxAqgwUa/dJ7bxCTVNBIE46V6too0X6GpWaE02mxlyqaYDLGQ9o1NMKCKj+bHTyFJ0YZwDCWpiINZ+r3iQwLpSYiMJ0C65H67eXiX1431aHrZyxKUk0jMl8UphzqGObfwwGTlGg+MQQTycytkIywxESbjIomhK9P4f+kVa3YTsW5qZXrl4s4CuAQHINTYIMLUAfXoAGagAABHsATeLak9Wi9WK/z1iVrMXMAfsB6+wSWZo7/</latexit>

841,139 unique polynomials



• Universal Approximation Theorem: feedforward neural network, 
sigmoid activation function, single hidden layer with finite number of  
neurons can approximate continuous functions on compact subsets of   

Result 

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

Cybenko (1989) 
Hornik (1991) 

• Surprise here is simplicity of  architecture that does the job

• We want a not machine learning knot result

<latexit sha1_base64="0PgJNtxt0LHi7JKQ5OwLixuIp+0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+yn615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buou3fntcZ1UUcZjuAYTsGDS2jALTShBQQSeIZXeHNS58V5dz7moyWn2DmEP3A+fwBGx5HX</latexit>

Rn



We seek to reverse engineer the neural network 
to obtain an analytic expression for 

the volume as a function of the Jones polynomial

Entr’acte 

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

To interpret the formula, we use machinery of 
analytically continued Chern–Simons theory



No Degrees Needed 

• Suppose we drop the degrees and provide only the coefficients; Jones 
polynomial is no longer recoverable from the input vector

• Results are unchanged!

N.B.: we have switched to Python 3 using GPU-Tensorflow with Keras wrapper
two hidden layers, 100 neurons/layer, ReLu activation, mean squared loss, Adam optimizer

Craven, VJ, Kar (2020)



Layer-wise Relevance Propagation 
• To determine which inputs carry the most weight, propagate backward 

starting from output layer employing a conservation property

• Compute relevance score for a neuron using activations, weights, and biases

196 G. Montavon et al.

Fig. 10.2. Illustration of the LRP procedure. Each neuron redistributes to the lower
layer as much as it has received from the higher layer.

in brain-computer interfaces [50]. In the biomedical domain, LRP was used to
identify subject-specific characteristics in gait patterns [24], to highlight relevant
cell structure in microscopy [12], as well as to explain therapy predictions [56].
Finally, an extension called CLRP was applied to highlight relevant molecular
sections in the context of protein-ligand scoring [23].

10.2.1 LRP Rules for Deep Rectifier Networks

We consider the application of LRP to deep neural networks with rectifier
(ReLU) nonlinearities, arguably the most common choice in today’s applications.
It includes well-known architectures for image recognition such as VGG-16 [48]
and Inception v3 [54], or neural networks used in reinforcement learning [35].
Deep rectifier networks are composed of neurons of the type:

ak = max
(
0,

∑
0,j ajwjk

)
. (10.1)

The sum
∑

0,j runs over all lower-layer activations (aj)j , plus an extra neuron
representing the bias. More precisely, we set a0 = 1 and define w0k to be the
neuron bias. We present three propagation rules for these networks and describe
their properties.

Basic Rule (LRP-0) [7]. This rule redistributes in proportion to the contribu-
tions of each input to the neuron activation as they occur in Eq. (10.1):

Rj =
∑

k

ajwjk∑
0,j ajwjk

Rk

This rule satisfies basic properties, such as (aj = 0) ∨ (wj: = 0) ⇒ Rj = 0,
which makes coincide concepts such as zero weight, deactivation, and absence of
connection. Although this rule looks intuitive, it can be shown that a uniform
application of this rule to the whole neural network produces an explanation
that is equivalent to Gradient× Input (cf. [47]). As we have mentioned in the
introduction, gradient of a deep neural network is typically noisy, therefore one
needs to design more robust propagation rules.

Epsilon Rule (LRP-ϵ) [7].A first enhancement of the basic LRP-0 rule consists
of adding a small positive term ϵ in the denominator:

Rj =
∑

k

ajwjk

ϵ +
∑

0,j ajwjk
Rk

Montavon et al. (2019)

,
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Layer-wise Relevance Propagation 

Figure 3: Each grid shows the LRP results for 10 neural network inputs. The grid labels r 2 [3, 7]

determine the form of the input vector. Each column represents a single input, corresponding to the

real and imaginary parts of the knot’s Jones polynomial evaluated at the phases e2⇡ip/(r+2) with p 2 Z

and 0  2p  r+2. Dark blue squares correspond to the lowest relevance score, and red to the highest.

So, in a given column, the red squares represent evaluations which were highly relevant for the neural

network to predict that knot’s volume. We also see that the same evaluations are often relevant across

all 10 knots in the displayed set; these correspond to mostly red rows.

can immediately see which columns are relevant in making a prediction of the volume. The

final column in Table 1 shows the results when training the neural network on just those

evaluations which LRP determines are relevant. Comparing the values in the final column to

the original error in the second column, we see that there is no real reduction in performance.

LRP successfully selects the relevant input features, and in some cases performance is actually

improved by pruning irrelevant inputs.

The results in Table 1 were each obtained over one run, so fluctuations in the error

are expected. To test the stability of the results, we trained the neural network 20 times,

using J2(K; e4⇡i/5) (the relevant root for r = 3) as input. Averaged over 20 runs, the error

was 3.71 ± 0.06%. With this relatively small standard deviation, we conclude that network

performance is stable over multiple runs.

In the first line of Table 1, the neural network is learning to predict the volume from

two numbers: the real and imaginary parts of J2(K; e4⇡i/5). If we represent the input as a

magnitude and a phase rather than as a real and imaginary part, the performance of the

neural network is unchanged. In fact, it turns out that if we drop the phase and work

only with the magnitude, the performance remains unchanged; the phase does not matter.

This means that the network is predicting the volume (to 96.29± 0.06% accuracy) with just

one number: |J2(K; e4⇡i/5)|. Another promising candidate is |J2(K; e3⇡i/4)|, which was also

determined by relevance propagation to be important in several rows of Table 1. Plotting

either |J2(K; e4⇡i/5)| or |J2(K; e3⇡i/4)| against the volume (Figure 4), we find a graph which

looks like a log(x+ b) + c for some constant O(1) parameters a, b > 0, and c. Thus, we may

be able to obtain a reasonably compact analytic expression by performing simple regression

on such an ansatz.

– 16 –

• Each column is a single input corresponding to evaluations of  the Jones 
polynomial at phases          ,                      ,  
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• Ten different knots

• We show the relevances (red is most relevant) and notice that the same input 
features light up
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Phenomenological Function 
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• Approximation formula works almost as well as neural network

• Use layerwise relevance propagation to determine best phase
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The Shape of  Things 

Figure 7: Mean absolute errors as a function of x when optimizing the ansatz V (K) =

a log(|J2(K; eix)| + b) + c. We re-optimize the constants a, b, and c for each individual value of

x. The minimum error of 2.83% occurs at x = 2.3. This is evidence that we can approximate the

hyperbolic volume from the Jones polynomial evaluated at a wider variety of fractional levels than

just k = 1
2 or k = 2

3 .

Table 1. Notice also that there is a plateau in error rate at around 12% for x . ⇡
2 . The error

of 12% is significant; if we take V (K) = V0, where V0 is the average volume of all knots up

to 16 crossings, the error for this constant approximation function is 11.97%. This represents

a latent correlation in the dataset, and if we have an error rate greater than or equal to this

then our approximation formula is learning essentially nothing. This error plateau, and other

interesting features of Figure 7 like the error spike around k = 1, will be analyzed in the

context of Chern–Simons theory in Section 4.2. Before moving on, we note that upon closer

inspection of the region around k = 1, the single error spike shown in Figure 7 is actually

resolved into two separate spikes at k = 1 and k = 1.014 with a shallow dip of roughly 0.7%.

We do not have a good understanding of this feature, and we have not ruled out numerical

errors as its source, because our Mathematica fitting procedures give convergence warnings

at these levels. The robust conclusion that we claim here is only that there is a large error

spike around k = 1 which reaches up to the height of the plateau.

– 20 –
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Witten (2010)

Analytic Continuation 
• We can analytically continue the level

• Appeal to Morse theory; the integration cycle     used to compute path 
integral is decomposed in terms of  Lefschetz thimbles
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C

• Path integral evaluated on flat connections depends on one parameter,

• As      is varied, analytically continued integration cycle can pick up 
contributions from new critical points or lose current ones; these are Stokes 
phenomena that occur along Stokes lines in complex      plane 
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The Shape of  Things 

Figure 7: Mean absolute errors as a function of x when optimizing the ansatz V (K) =

a log(|J2(K; eix)| + b) + c. We re-optimize the constants a, b, and c for each individual value of

x. The minimum error of 2.83% occurs at x = 2.3. This is evidence that we can approximate the

hyperbolic volume from the Jones polynomial evaluated at a wider variety of fractional levels than

just k = 1
2 or k = 2

3 .

Table 1. Notice also that there is a plateau in error rate at around 12% for x . ⇡
2 . The error

of 12% is significant; if we take V (K) = V0, where V0 is the average volume of all knots up

to 16 crossings, the error for this constant approximation function is 11.97%. This represents

a latent correlation in the dataset, and if we have an error rate greater than or equal to this

then our approximation formula is learning essentially nothing. This error plateau, and other

interesting features of Figure 7 like the error spike around k = 1, will be analyzed in the

context of Chern–Simons theory in Section 4.2. Before moving on, we note that upon closer

inspection of the region around k = 1, the single error spike shown in Figure 7 is actually

resolved into two separate spikes at k = 1 and k = 1.014 with a shallow dip of roughly 0.7%.

We do not have a good understanding of this feature, and we have not ruled out numerical

errors as its source, because our Mathematica fitting procedures give convergence warnings

at these levels. The robust conclusion that we claim here is only that there is a large error

spike around k = 1 which reaches up to the height of the plateau.
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<latexit sha1_base64="W8SR8K6baKmAtZx6P1VLlY0wP0o=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha7e4Qw5Ce8eFDEq7/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8+VFlF4a2YxdwM6DoUvGDVW6k3RQEpECsNiCZcxxoQQlBFSq2JLGo16hdQRySyLEqzQGhbfB6OIJQEPDZNU6z7BsXFTqoxgks8Lg0TzmLIpHfO+pSENuHbTxb1zdGaVEfIjZSs0aKF+n0hpoPUs8GxnQM1E//Yy8S+vnxi/7qYijBPDQ7Zc5CcSmQhlz6ORUJwZObOEMiXsrYhNqKLM2IiyEL4+Rf+TTqVMqmV8c1FqXq7iyMMJnMI5EKhBE66hBW1gIOEBnuDZuXMenRfnddmac1Yzx/ADztsnud2PHw==</latexit>

k ⌧ 1

this is explanation for observation that
<latexit sha1_base64="gzmZSDJJjnVo5ErecrZ9ns+0ynE="></latexit>

log |J2(K;�1)| / Vol(S3 \K)
Dunfield (2000)



The Shape of  Things 

Spike: near
<latexit sha1_base64="oH2kPZ5Eejl+JUn0iFvSAJtU6iE="></latexit>

k = 1

at integer values of  level with                    , the path integral receives 
<latexit sha1_base64="8OAoH/fMKHi3fayQK218sSVZikU="></latexit>

k + 1 � n

contributions only from               valued critical points
<latexit sha1_base64="PtWjZRdXVLtqBJJ8JpWsoxgnWvY="></latexit>

SU(2)

i.e., no analytic continuation is necessary

because we lose knowledge of  the geometric conjugate connection, 
the error becomes high

Conclusion: geometric conjugate connection is crucial to success of  
approximation formula

Ramp:

knots lose access to geometric conjugate connection

at              or             , the geometric conjugate connection of        enters
Witten (2010)

<latexit sha1_base64="ET94/a0XjsO9f2XOenZZK3lTqUw=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ckoa3goujGZQX7gDaUyXTSDp1MwsxEqKFf4saFIm79FHf+jZO2gooeuHA4517uvSdIGJXKtj+Mwtr6xuZWcbu0s7u3XzYPDjsyTgUmbRyzWPQCJAmjnLQVVYz0EkFQFDDSDaZXud+9I0LSmN+qWUL8CI05DSlGSktDszwIBcJuFV7AqS53aFZs67xRc70atC3brjuukxO37lU96GglRwWs0Bqa74NRjNOIcIUZkrLv2InyMyQUxYzMS4NUkgThKRqTvqYcRUT62eLwOTzVygiGsdDFFVyo3ycyFEk5iwLdGSE1kb+9XPzL66cqbPgZ5UmqCMfLRWHKoIphngIcUUGwYjNNEBZU3wrxBOkklM6qpEP4+hT+Tzqu5dQs+8arNC9XcRTBMTgBZ8ABddAE16AF2gCDFDyAJ/Bs3BuPxovxumwtGKuZI/ADxtsnKr2Reg==</latexit>

2

3
< k < 2 interpolating regime

<latexit sha1_base64="m7iC5zNcJ6jSQtwnve+44vW9R2s=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CkkNbb0VvXisaD+gDWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bN20FFX0w8Hhvhpl5QcKZ0o7zYa2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyVXud+6pVCwWd3qaUD/CI8FCRrA20q03cAelsmNf1KsVr4oc23FqbsXNSaXmnXvINUqOMizRHJTe+8OYpBEVmnCsVM91Eu1nWGpGOJ0V+6miCSYTPKI9QwWOqPKz+akzdGqUIQpjaUpoNFe/T2Q4UmoaBaYzwnqsfnu5+JfXS3VY9zMmklRTQRaLwpQjHaP8bzRkkhLNp4ZgIpm5FZExlphok07RhPD1KfqftCu2W7WdG6/cuFzGUYBjOIEzcKEGDbiGJrSAwAge4AmeLW49Wi/W66J1xVrOHMEPWG+fBc2Now==</latexit>

41

<latexit sha1_base64="5g/sUs/T9rYlFXuvA/QpTijsz4Q=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU9ikoa0HoejFYwXbim0om+2mXbrZhN2NUEL/hRcPinj133jz37hpK6jog4HHezPMzAsSzpRG6MMqrKyurW8UN0tb2zu7e+X9g46KU0lom8Q8lrcBVpQzQduaaU5vE0lxFHDaDSaXud+9p1KxWNzoaUL9CI8ECxnB2kh3k/N+KDGpuqVBuYLss0bN9WoQ2QjVHdfJiVv3qh50jJKjApZoDcrv/WFM0ogKTThWquegRPsZlpoRTmelfqpogskEj2jPUIEjqvxsfvEMnhhlCMNYmhIaztXvExmOlJpGgemMsB6r314u/uX1Uh02/IyJJNVUkMWiMOVQxzB/Hw6ZpETzqSGYSGZuhWSMTQTahJSH8PUp/J90XNup2ejaqzQvlnEUwRE4BqfAAXXQBFegBdqAAAEewBN4tpT1aL1Yr4vWgrWcOQQ/YL19ApGCkDQ=</latexit>

k =
3

2

<latexit sha1_base64="hNAkBj1M7bkIjw7U+1FH3yZCJ+Y=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ckoa0LoejGZQX7gCaUyXTSDp1JwsxEqKVf4saFIm79FHf+jZO2gooeuHA4517uvSdMGZXKtj+Mwtr6xuZWcbu0s7u3XzYPDjsyyQQmbZywRPRCJAmjMWkrqhjppYIgHjLSDSdXud+9I0LSJL5V05QEHI1iGlGMlJYGZtkfIc7RhR8JhN1qaWBWbOu8UXO9GrQt2647rpMTt+5VPehoJUcFrNAamO/+MMEZJ7HCDEnZd+xUBTMkFMWMzEt+JkmK8ASNSF/TGHEig9ni8Dk81coQRonQFSu4UL9PzBCXcspD3cmRGsvfXi7+5fUzFTWCGY3TTJEYLxdFGYMqgXkKcEgFwYpNNUFYUH0rxGOkI1A6qzyEr0/h/6TjWk7Nsm+8SvNyFUcRHIMTcAYcUAdNcA1aoA0wyMADeALPxr3xaLwYr8vWgrGaOQI/YLx9As+Kkos=</latexit>

� =
2

3
Figure 7: Mean absolute errors as a function of x when optimizing the ansatz V (K) =

a log(|J2(K; eix)| + b) + c. We re-optimize the constants a, b, and c for each individual value of

x. The minimum error of 2.83% occurs at x = 2.3. This is evidence that we can approximate the

hyperbolic volume from the Jones polynomial evaluated at a wider variety of fractional levels than

just k = 1
2 or k = 2

3 .

Table 1. Notice also that there is a plateau in error rate at around 12% for x . ⇡
2 . The error

of 12% is significant; if we take V (K) = V0, where V0 is the average volume of all knots up

to 16 crossings, the error for this constant approximation function is 11.97%. This represents

a latent correlation in the dataset, and if we have an error rate greater than or equal to this

then our approximation formula is learning essentially nothing. This error plateau, and other

interesting features of Figure 7 like the error spike around k = 1, will be analyzed in the

context of Chern–Simons theory in Section 4.2. Before moving on, we note that upon closer

inspection of the region around k = 1, the single error spike shown in Figure 7 is actually

resolved into two separate spikes at k = 1 and k = 1.014 with a shallow dip of roughly 0.7%.

We do not have a good understanding of this feature, and we have not ruled out numerical

errors as its source, because our Mathematica fitting procedures give convergence warnings

at these levels. The robust conclusion that we claim here is only that there is a large error

spike around k = 1 which reaches up to the height of the plateau.
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Explanation 

<latexit sha1_base64="yLlfvuHVdwiY7tv7/POAb4LkyYs=">AAAB9HicdVDNSgMxGMzWv1r/qh69BIsgCEu2rm29Vb14rGBroV1KNs22odnsmmQLZelzePGgiFcfxptvY7atoKIDgWHm+/gm48ecKY3Qh5VbWl5ZXcuvFzY2t7Z3irt7LRUlktAmiXgk2z5WlDNBm5ppTtuxpDj0Ob3zR1eZfzemUrFI3OpJTL0QDwQLGMHaSF43xHpIME8vpr2TXrGE7PNapexWILIRqjplJyPlqnvqQscoGUpggUav+N7tRyQJqdCEY6U6Doq1l2KpGeF0WugmisaYjPCAdgwVOKTKS2ehp/DIKH0YRNI8oeFM/b6R4lCpSeibySyk+u1l4l9eJ9FBzUuZiBNNBZkfChIOdQSzBmCfSUo0nxiCiWQmKyRDLDHRpqeCKeHrp/B/0irbzpmNbtxS/XJRRx4cgENwDBxQBXVwDRqgCQi4Bw/gCTxbY+vRerFe56M5a7GzD37AevsE9hWSOw==</latexit>

A+

<latexit sha1_base64="OvUjZ8ObwHLRkEwY7hFDsY1U/uc=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jE2NZb0YvHFmwrtKFstpt27WYTdjdCCf0FXjwo4tWf5M1/46atoKIPBh7vzTAzL0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPOipOJaFtEvNY3gZYUc4EbWumOb1NJMVRwGk3mFzlfveeSsVicaOnCfUjPBIsZARrI7Umg3IF2Rf1qutVIbIRqjmukxO35p150DFKjgpYojkov/eHMUkjKjThWKmegxLtZ1hqRjidlfqpogkmEzyiPUMFjqjys/mhM3hilCEMY2lKaDhXv09kOFJqGgWmM8J6rH57ufiX10t1WPczJpJUU0EWi8KUQx3D/Gs4ZJISzaeGYCKZuRWSMZaYaJNNyYTw9Sn8n3Rc2zm3UcurNC6XcRTBETgGp8ABNdAA16AJ2oAACh7AE3i27qxH68V6XbQWrOXMIfgB6+0TM/WNNQ==</latexit>

kThe approximation formula works well for levels 
for which       makes a contribution to the 

Chern–Simons path integral, and its accuracy 
increases with fraction of knots in dataset 

that receive such a contribution

Craven, VJ, Kar (2020)

<latexit sha1_base64="Ffrs8sJ39GTPyWIu7WEoN9ZUuKA="></latexit>

Z ⇠ eiS(A+)
�
1� e2⇡ik

�



Polynomials from Braids 
• Braid group has generators that satisfy algebra

<latexit sha1_base64="xbs6119ExZZHQwE4FeSzziCrr14="></latexit>

bibi+1bi = bi+1bibi+1 , 1  i < n� 1 ;

[bi, bj ] = 0 if |i� j| > 1

• Two closed braids equivalent iff  related by Markov moves
<latexit sha1_base64="0Ens25q3rQ9HHNk/vKs7+gtbpcI="></latexit>

AB ! BA for A,B 2 Bn ;

A ! Ab±1
n for A 2 Bn , bn 2 Bn+1

• Obtain invariant polynomials by constructing representation of  braid group 
and then defining Markov move independent polynomials

• Yang–Baxter equation as braid relation
<latexit sha1_base64="UGJ/X6sZImTTzKRA/456BjagH70=">AAACAnicdVDLSgMxFM3UV62vUVfiJlgEVyVTZGxdFQVxWcE+oB1KJs20oZnMkGSEMhQ3/oobF4q49Svc+Tdm2ooP9ELIyTn3cnOOH3OmNELvVm5hcWl5Jb9aWFvf2Nyyt3eaKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vJH55neuqFSsUhc63FMvRAPBAsYwdpQPXvv4hS2u5qFVGV39PXo2UVUQqZcF2bAqSDHgGq1Ui5XoTOVECqCedV79lu3H5EkpEITjpXqOCjWXoqlZoTTSaGbKBpjMsID2jFQYLPGS6cWJvDQMH0YRNIcoeGU/T6R4lCpceibzhDrofqtZeRfWifRQcVLmYgTTQWZLQoSDo3VLA/YZ5ISzccGYCKZ+SskQywx0Sa1ggnh0yn8HzTLJcctuVfHxdrZPI482AcH4Ag44ATUwCWogwYg4Bbcg0fwZN1ZD9az9TJrzVnzmV3wo6zXD+uwlog=</latexit>

F : X ⇥X ! X ⇥X
<latexit sha1_base64="A4KcJ8f1Qa8ctNmQIGve2peNzpg=">AAACLHicdVDLSgMxFM34rPU16tJNsAiuSmaUsV0IxYK4rGAf0A5DJk3b0MyDJCOUoR/kxl8RxIVF3PodZvqAKvVC4Nxz7uHmHj/mTCqEJsba+sbm1nZuJ7+7t39waB4dN2SUCELrJOKRaPlYUs5CWldMcdqKBcWBz2nTH1YzvflEhWRR+KhGMXUD3A9ZjxGsNOWZ1Tsvtewx7BAmCMyay6XG1s3NAqwe0WbPLKAi0uU4MANWCVkalMsl2y5DayohVADzqnnmW6cbkSSgoSIcS9m2UKzcFAvFCKfjfCeRNMZkiPu0rWGIAyrddHrsGJ5rpgt7kdAvVHDKLjtSHEg5Cnw9GWA1kH+1jFyltRPVK7kpC+NE0ZDMFvUSDlUEs+RglwlKFB9pgIlg+q+QDLDAROl88zqExaXwf9Cwi5ZTdB6uCpXbeRw5cArOwAWwwDWogHtQA3VAwDN4BR9gYrwY78an8TUbXTPmnhPwq4zvH+rQpQg=</latexit>

F12 � F13 � F23 = F23 � F13 � F12
<latexit sha1_base64="mNj+ZJmZangl7ZG6VZ69JoQMomM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmamdVp3RUFcVrAPaIeSSdM2NpMMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FIikZg0sWBCdkKkCKOcNDXVjHRiSVAUMtIOJ5eZ374nUlHBb/U0JkGERpwOKUbaSK2rfup6s36x5NjnNd8786BjO07VK/sZ8aoVrwxdo2QogSUa/eJ7byBwEhGuMUNKdV0n1kGKpKaYkVmhlygSIzxBI9I1lKOIqCCdXzuDJ0YZwKGQpriGc/X7RIoipaZRaDojpMfqt5eJf3ndRA9rQUp5nGjC8WLRMGFQC5i9DgdUEqzZ1BCEJTW3QjxGEmFtAiqYEL4+hf+Tlme7vu3fVEr1i2UceXAEjsEpcEEV1ME1aIAmwOAOPIAn8GwJ69F6sV4XrTlrOXMIfsB6+wRcd48F</latexit>

F12

<latexit sha1_base64="mNj+ZJmZangl7ZG6VZ69JoQMomM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmamdVp3RUFcVrAPaIeSSdM2NpMMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FIikZg0sWBCdkKkCKOcNDXVjHRiSVAUMtIOJ5eZ374nUlHBb/U0JkGERpwOKUbaSK2rfup6s36x5NjnNd8786BjO07VK/sZ8aoVrwxdo2QogSUa/eJ7byBwEhGuMUNKdV0n1kGKpKaYkVmhlygSIzxBI9I1lKOIqCCdXzuDJ0YZwKGQpriGc/X7RIoipaZRaDojpMfqt5eJf3ndRA9rQUp5nGjC8WLRMGFQC5i9DgdUEqzZ1BCEJTW3QjxGEmFtAiqYEL4+hf+Tlme7vu3fVEr1i2UceXAEjsEpcEEV1ME1aIAmwOAOPIAn8GwJ69F6sV4XrTlrOXMIfsB6+wRcd48F</latexit>

F12

<latexit sha1_base64="mz5iKsSEY2L5aIgFvdEn1AOt+3c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmamdVp3RUFcVrAPaIeSSdM2NpMMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FIikZg0sWBCdkKkCKOcNDXVjHRiSVAUMtIOJ5eZ374nUlHBb/U0JkGERpwOKUbaSK2rfuqWZ/1iybHPa7535kHHdpyqV/Yz4lUrXhm6RslQAks0+sX33kDgJCJcY4aU6rpOrIMUSU0xI7NCL1EkRniCRqRrKEcRUUE6v3YGT4wygEMhTXEN5+r3iRRFSk2j0HRGSI/Vby8T//K6iR7WgpTyONGE48WiYcKgFjB7HQ6oJFizqSEIS2puhXiMJMLaBFQwIXx9Cv8nLc92fdu/qZTqF8s48uAIHINT4IIqqINr0ABNgMEdeABP4NkS1qP1Yr0uWnPWcuYQ/ID19gld/I8G</latexit>

F13
<latexit sha1_base64="mz5iKsSEY2L5aIgFvdEn1AOt+3c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmamdVp3RUFcVrAPaIeSSdM2NpMMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FIikZg0sWBCdkKkCKOcNDXVjHRiSVAUMtIOJ5eZ374nUlHBb/U0JkGERpwOKUbaSK2rfuqWZ/1iybHPa7535kHHdpyqV/Yz4lUrXhm6RslQAks0+sX33kDgJCJcY4aU6rpOrIMUSU0xI7NCL1EkRniCRqRrKEcRUUE6v3YGT4wygEMhTXEN5+r3iRRFSk2j0HRGSI/Vby8T//K6iR7WgpTyONGE48WiYcKgFjB7HQ6oJFizqSEIS2puhXiMJMLaBFQwIXx9Cv8nLc92fdu/qZTqF8s48uAIHINT4IIqqINr0ABNgMEdeABP4NkS1qP1Yr0uWnPWcuYQ/ID19gld/I8G</latexit>

F13

<latexit sha1_base64="8bsDb5WcPTmrsln8HoD9/rlop8I=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GqbTOq27oiAuK9gHtEPJpJk2NpMMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxAzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FYikZi0sGBCdgOkCKOctDTVjHRjSVAUMNIJJpeZ37knUlHBb/U0Jn6ERpyGFCNtpPbVIHUrs0Gx5Njndc89c6FjO07NrXgZcWtVtwLLRslQAks0B8X3/lDgJCJcY4aU6pWdWPspkppiRmaFfqJIjPAEjUjPUI4iovx0fu0MnhhlCEMhTXEN5+r3iRRFSk2jwHRGSI/Vby8T//J6iQ7rfkp5nGjC8WJRmDCoBcxeh0MqCdZsagjCkppbIR4jibA2ARVMCF+fwv9J27XLnu3dVEuNi2UceXAEjsEpKIMaaIBr0AQtgMEdeABP4NkS1qP1Yr0uWnPWcuYQ/ID19glfgo8H</latexit>

F23

<latexit sha1_base64="8bsDb5WcPTmrsln8HoD9/rlop8I=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GqbTOq27oiAuK9gHtEPJpJk2NpMMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxAzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FYikZi0sGBCdgOkCKOctDTVjHRjSVAUMNIJJpeZ37knUlHBb/U0Jn6ERpyGFCNtpPbVIHUrs0Gx5Njndc89c6FjO07NrXgZcWtVtwLLRslQAks0B8X3/lDgJCJcY4aU6pWdWPspkppiRmaFfqJIjPAEjUjPUI4iovx0fu0MnhhlCEMhTXEN5+r3iRRFSk2jwHRGSI/Vby8T//J6iQ7rfkp5nGjC8WJRmDCoBcxeh0MqCdZsagjCkppbIR4jibA2ARVMCF+fwv9J27XLnu3dVEuNi2UceXAEjsEpKIMaaIBr0AQtgMEdeABP4NkS1qP1Yr0uWnPWcuYQ/ID19glfgo8H</latexit>

F23

=

and inverse move



Exactly Solvable Models 
• Let        be representation of  

• Suppose we have

• Invariant polynomial is

<latexit sha1_base64="F3+fUyGBsuQpYZeNK75I1ajGDZY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiBz1WMG2hDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlo5kmNBB4JFnECDa5dDdgaFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4VjrnucmJsiwMoxwOqv0U00TTCZ4RHuWSiyoDrL5rTN0ZpUhimJlSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URNdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjqdgQvOWXV0n7ou416o2Hy1rzpoijDCdwCufgwRU04R5a4AOBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx9v843c</latexit>

Gi
<latexit sha1_base64="3KXlwvBn+rGdIa5HXMqQAN1Yyvw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2FpsQ9hsJ+3SzSbsboRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoSjm5n/8IRK80Tem3GKfkwHkkecUWOlxzDgPS5JI5BBueJW3TnIKvFyUoEczaD81esnLItRGiao1l3PTY0/ocpwJnBa6mUaU8pGdIBdSyWNUfuT+cVTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJm75M+V8iMGFtCmeL2VsKGVFFmbEglG4K3/PIqaV9UvVq1dndZqTfyOIpwAqdwDh5cQR1uoQktYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+APE6kHU=</latexit>

bi 2 Bn

<latexit sha1_base64="MWnBaDLoftY8JDHLu1x98d/KB0Y="></latexit>

�(AB) = �(BA) for A,B 2 Bn ;
<latexit sha1_base64="vp/hy/WfdxfTVlZ1IwpvyDhsgiU="></latexit>

�(AGn) = ⌧�(A) , �(AG�1
n ) = ⌧�(A) for A 2 Bn , Gn 2 Bn+1

<latexit sha1_base64="6HQ8NlOGxO95+XUtT+YHW0GDt6w="></latexit>

⌧ = �(Gi) , ⌧ = �(G�1
i ) 8 i

<latexit sha1_base64="lQRigWYTieLaAtdpzNAORmdy0C0="></latexit>

↵(A) = (⌧⌧)�(n�1)/2

✓
⌧

⌧

◆e(A)/2

�(A)
<latexit sha1_base64="+dxd8WWMIbWe6p62KFO+V55oQpg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICURqR7bevFYwX5AG8pmu22XbjZhdyOW0P4ULx4U8eof8ea/cdvmoK0PBh7vzTAzz484U9pxvq219Y3Nre3MTnZ3b//g0D7KNVQYS0LrJOShbPlYUc4ErWumOW1FkuLA57Tpj25nfvORSsVC8aDHEfUCPBCszwjWRurauUqHCVTtCjS9mE4RLVTOu3beKTpzoFXipiQPKWpd+6vTC0kcUKEJx0q1XSfSXoKlZoTTSbYTKxphMsID2jZU4IAqL5nfPkFnRumhfihNCY3m6u+JBAdKjQPfdAZYD9WyNxP/89qx7t94CRNRrKkgi0X9mCMdolkQqMckJZqPDcFEMnMrIkMsMdEmrqwJwV1+eZU0LotuqVi6v8qXq2kcGTiBUyiAC9dQhjuoQR0IPMEzvMKbNbFerHfrY9G6ZqUzx/AH1ucPqBmS6g==</latexit>

A 2 Bn , e(A) is sum of  exponents of  
<latexit sha1_base64="3+c0ouJfxdFlUKgpienbFV8YM/8=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcTEE2mNQY+oF4+YyEcCTbNdFtiw3Ta7U5VU+CdePGiMV3+JN/+NC/Sg4EsmeXlvJjPzglhwDY7zbeVWVtfWN/Kbha3tnd09u7jf0FGiKKvTSESqFRDNBJesDhwEa8WKkTAQrBkMr6d+854pzSN5B6OYeSHpS97jlICRfLsY+BxPOsAeIeVyPMGXvl1yys4MeJm4GSmhDDXf/up0I5qETAIVROu268TgpUQBp4KNC51Es5jQIemztqGShEx76ez0MT42Shf3ImVKAp6pvydSEmo9CgPTGRIY6EVvKv7ntRPoXXjmpTgBJul8US8RGCI8zQF3uWIUxMgQQhU3t2I6IIpQMGkVTAju4svLpHFadivlyu1ZqXqVxZFHh+gInSAXnaMqukE1VEcUPaBn9IrerCfrxXq3PuatOSubOUB/YH3+AC3Tk/c=</latexit>

bi in A

• Can compute these in      -state vertex model
<latexit sha1_base64="1V3oGbp5KWUUfWKVL106MDUVIk8=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevEkLdgPaJeSTdM2NptdkqxQlv4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZF8SCa4Pxh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdQKimeCSNQ03gnVixUgYCNYOJleZ375nSvNI3pppzPyQjCQfckqMlRo3/UIRl7CF56GMuBXsWlKtVsrlKnLnFsZFWKLeL7z3BhFNQiYNFUTrrotj46dEGU4Fm+V7iWYxoRMyYl1LJQmZ9tP5oTN0apUBGkbKljRorn6fSEmo9TQMbGdIzFj/9jLxL6+bmGHFT7mME8MkXSwaJgKZCGVfowFXjBoxtYRQxe2tiI6JItTYbPI2hK9P0f+kVS65XslrnBdrl8s4cnAMJ3AGLlxADa6hDk2gwOABnuDZuXMenRfnddG64ixnjuAHnLdPAXeNGg==</latexit>

N
<latexit sha1_base64="w2nDrvIY4DSAPXrX5zkpxEGyrZs="></latexit>

�(A) = Tr(H ·A)
<latexit sha1_base64="Bk8QiZpeMkazWVPjnUfp03Cdnpg="></latexit>

⌧(q) =
�N�1X

m=0

qm
��1

, ⌧ = ⌧(q�1)

<latexit sha1_base64="zAbrGw/9XoEHgnUX+Zba1blC1kU="></latexit>

h = ⌧ diag(1, q, . . . , qN�1)
<latexit sha1_base64="NZS8hiKbI/bHkIHGrVH8GH15N/s="></latexit>

H = h⌦ · · ·⌦ h| {z }
n

<latexit sha1_base64="CqHx9VryW+Oi8dIh5LXLa4jIF+Y="></latexit>

Gi = 11 ⌦ · · ·⌦ 1i�1 ⌦Ri,i+1 ⌦ 1i+1 ⌦ · · ·⌦ 1n
Akutsu, Wadati (1987)



R-matrix 
•             , six-vertex model computes Jones polynomials

•             , nineteen-vertex model computes adjoint Jones polynomials

<latexit sha1_base64="BAXkJa0Z7wOLlS9zKBXnnTmmZ7g=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0YsQ9OJJIpoHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4c3Ubz6h0jyWj2aUoB/RvuQhZ9RY6eHuqtwtFN2SOwNZJl5GipCh1i18dXoxSyOUhgmqddtzE+OPqTKcCZzkO6nGhLIh7WPbUkkj1P54duqEnFqlR8JY2ZKGzNTfE2MaaT2KAtsZUTPQi95U/M9rpya89MdcJqlByeaLwlQQE5Pp36THFTIjRpZQpri9lbABVZQZm07ehuAtvrxMGuWSVylV7s+L1essjhwcwwmcgQcXUIVbqEEdGPThGV7hzRHOi/PufMxbV5xs5gj+wPn8AZ0RjWA=</latexit>

N = 2

<latexit sha1_base64="07HUcJZJ+QfSR/eRf394mOQxN/w=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcxGWZODEPTiSSKaByRLmJ3MJkNmH8zMCmHJJ3jxoIhXv8ibf+NsEkFFCxqKqm66u7xYcKUx/rByS8srq2v59cLG5tb2TnF3r6WiRFLWpJGIZMcjigkesqbmWrBOLBkJPMHa3vgy89v3TCoehXd6EjM3IMOQ+5wSbaTb6/OTfrGEy9jAcVBG7Cq2DanVqpVKDdkzC+MSLNDoF997g4gmAQs1FUSpro1j7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazU6foyCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430X7VTXkYJ5qFdL7ITwTSEcr+RgMuGdViYgihkptbER0RSag26RRMCF+fov9Jq1K2nbJzc1qqXyziyMMBHMIx2HAGdbiCBjSBwhAe4AmeLWE9Wi/W67w1Zy1m9uEHrLdP9dqNng==</latexit>

N = 3

•     strand braid corresponds to a                      R-matrix satisfying Yang–
Baxter equation

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

• We have computed:

18,353

147,022

<latexit sha1_base64="GzkdxZRmZt87rZjFwGSdDsyT58g=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTclUGdtd0Y24qmAf0A4lk6ZtbCYZk4xQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3niDiTBuEPpzM0vLK6lp2PbexubW9k9/da2oZK0IbRHKp2gHWlDNBG4YZTtuRojgMOG0F44vUb91TpZkUN2YSUT/EQ8EGjGBjpeZV76R4d9zLF1AJWXgeTIlbQa4l1WqlXK5Cd2YhVAAL1Hv5925fkjikwhCOte64KDJ+gpVhhNNprhtrGmEyxkPasVTgkGo/mV07hUdW6cOBVLaEgTP1+0SCQ60nYWA7Q2xG+reXin95ndgMKn7CRBQbKsh80SDm0EiYvg77TFFi+MQSTBSzt0IywgoTYwPK2RC+PoX/k2a55Hol7/q0UDtfxJEFB+AQFIELzkANXII6aAACbsEDeALPjnQenRfndd6acRYz++AHnLdPu6WOnA==</latexit>

J3(q)
<latexit sha1_base64="GzkdxZRmZt87rZjFwGSdDsyT58g=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTclUGdtd0Y24qmAf0A4lk6ZtbCYZk4xQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3niDiTBuEPpzM0vLK6lp2PbexubW9k9/da2oZK0IbRHKp2gHWlDNBG4YZTtuRojgMOG0F44vUb91TpZkUN2YSUT/EQ8EGjGBjpeZV76R4d9zLF1AJWXgeTIlbQa4l1WqlXK5Cd2YhVAAL1Hv5925fkjikwhCOte64KDJ+gpVhhNNprhtrGmEyxkPasVTgkGo/mV07hUdW6cOBVLaEgTP1+0SCQ60nYWA7Q2xG+reXin95ndgMKn7CRBQbKsh80SDm0EiYvg77TFFi+MQSTBSzt0IywgoTYwPK2RC+PoX/k2a55Hol7/q0UDtfxJEFB+AQFIELzkANXII6aAACbsEDeALPjnQenRfndd6acRYz++AHnLdPu6WOnA==</latexit>

J3(q)
<latexit sha1_base64="GzkdxZRmZt87rZjFwGSdDsyT58g=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTclUGdtd0Y24qmAf0A4lk6ZtbCYZk4xQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3niDiTBuEPpzM0vLK6lp2PbexubW9k9/da2oZK0IbRHKp2gHWlDNBG4YZTtuRojgMOG0F44vUb91TpZkUN2YSUT/EQ8EGjGBjpeZV76R4d9zLF1AJWXgeTIlbQa4l1WqlXK5Cd2YhVAAL1Hv5925fkjikwhCOte64KDJ+gpVhhNNprhtrGmEyxkPasVTgkGo/mV07hUdW6cOBVLaEgTP1+0SCQ60nYWA7Q2xG+reXin95ndgMKn7CRBQbKsh80SDm0EiYvg77TFFi+MQSTBSzt0IywgoTYwPK2RC+PoX/k2a55Hol7/q0UDtfxJEFB+AQFIELzkANXII6aAACbsEDeALPjnQenRfndd6acRYz++AHnLdPu6WOnA==</latexit>

J3(q)

11,941 up to 13 crossings (92%)

at 14 crossings (39%)

at 15 crossings (58%)

• calculations up to 7 strands

<latexit sha1_base64="X27lmkJ2SSa1Ltln8jKNLCKh45U=">AAAB9HicbZBNSwMxEIZn/az1q+rRS7AInsquSPVY9OJJKtgPaNeSTbNtaDa7JrOFUvo7vHhQxKs/xpv/xrTdg7a+EHh4Z4aZvEEihUHX/XZWVtfWNzZzW/ntnd29/cLBYd3EqWa8xmIZ62ZADZdC8RoKlLyZaE6jQPJGMLiZ1htDro2I1QOOEu5HtKdEKBhFa/l3j6qNIuKGWOoUim7JnYksg5dBETJVO4WvdjdmacQVMkmNaXlugv6YahRM8km+nRqeUDagPd6yqKhd5I9nR0/IqXW6JIy1fQrJzP09MaaRMaMosJ0Rxb5ZrE3N/2qtFMMrfyxUkiJXbL4oTCXBmEwTIF2hOUM5skCZFvZWwvpUU4Y2p7wNwVv88jLUz0teuVS+vyhWrrM4cnAMJ3AGHlxCBW6hCjVg8ATP8ApvztB5cd6dj3nripPNHMEfOZ8/W1SR2Q==</latexit>

Nn ⇥Nn



Zeroes 

<latexit sha1_base64="VirUpbW7q7cMzmGN6UGnOwCZ6Xs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTApzrTdFd2Iqwr2Ae1QMmmmjc08TDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee7yYM6ks68PIrayurW/kNwtb2zu7e8X9g7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteJOLzO/cUyFZFN6oaUzdAI9C5jOClZbaV4NK+e50UCxZpm2hulOFlmlZyLYdTer1mo0QRFrJUAJLNAfF9/4wIklAQ0U4lrKHrFi5KRaKEU5nhX4iaYzJBI9oT9MQB1S66fzaGTzRyhD6kdAVKjhXv0+kOJByGni6M8BqLH97mfiX10uUX3NTFsaJoiFZLPITDlUEs9fhkAlKFJ9qgolg+lZIxlhgonRABR3C16fwf9KumMgxneuzUuN8GUceHIFjUAYIVEEDXIImaAECbsEDeALPRmQ8Gi/G66I1ZyxnDsEPGG+f04aOrA==</latexit>

J2(q)



Zeroes 

<latexit sha1_base64="S+ieL7ud3q+s5DT2vetBuh9PQzs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTBRZ9ruim7EVQX7gHYomTTTxmYeJhmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPV7MmVSW9WHklpZXVtfy64WNza3tneLuXktGiSC0SSIeiY6HJeUspE3FFKedWFAceJy2vfFF5rfvqZAsCm/UJKZugIch8xnBSkutq/5p+e64XyxZpm2hmlOBlmlZyLYdTWq1qo0QRFrJUAILNPrF994gIklAQ0U4lrKLrFi5KRaKEU6nhV4iaYzJGA9pV9MQB1S66ezaKTzSygD6kdAVKjhTv0+kOJByEni6M8BqJH97mfiX102UX3VTFsaJoiGZL/ITDlUEs9fhgAlKFJ9ogolg+lZIRlhgonRABR3C16fwf9I6MZFjOtdnpfr5Io48OACHoAwQqIA6uAQN0AQE3IIH8ASejch4NF6M13lrzljM7IMfMN4+AdUNjq0=</latexit>

J3(q)



Minimum Degree 



Maximum Degree 



Degrees 

-20 -10 10 20

50000

100000

150000

-100 -50 50 100

1000

2000

3000

4000

5000

<latexit sha1_base64="VirUpbW7q7cMzmGN6UGnOwCZ6Xs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTApzrTdFd2Iqwr2Ae1QMmmmjc08TDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee7yYM6ks68PIrayurW/kNwtb2zu7e8X9g7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteJOLzO/cUyFZFN6oaUzdAI9C5jOClZbaV4NK+e50UCxZpm2hulOFlmlZyLYdTer1mo0QRFrJUAJLNAfF9/4wIklAQ0U4lrKHrFi5KRaKEU5nhX4iaYzJBI9oT9MQB1S66fzaGTzRyhD6kdAVKjhXv0+kOJByGni6M8BqLH97mfiX10uUX3NTFsaJoiFZLPITDlUEs9fhkAlKFJ9qgolg+lZIxlhgonRABR3C16fwf9KumMgxneuzUuN8GUceHIFjUAYIVEEDXIImaAECbsEDeALPRmQ8Gi/G66I1ZyxnDsEPGG+f04aOrA==</latexit>

J2(q)
<latexit sha1_base64="S+ieL7ud3q+s5DT2vetBuh9PQzs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTBRZ9ruim7EVQX7gHYomTTTxmYeJhmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPV7MmVSW9WHklpZXVtfy64WNza3tneLuXktGiSC0SSIeiY6HJeUspE3FFKedWFAceJy2vfFF5rfvqZAsCm/UJKZugIch8xnBSkutq/5p+e64XyxZpm2hmlOBlmlZyLYdTWq1qo0QRFrJUAILNPrF994gIklAQ0U4lrKLrFi5KRaKEU6nhV4iaYzJGA9pV9MQB1S66ezaKTzSygD6kdAVKjhTv0+kOJByEni6M8BqJH97mfiX102UX3VTFsaJoiGZL/ITDlUEs9fhgAlKFJ9ogolg+lZIRlhgonRABR3C16fwf9I6MZFjOtdnpfr5Io48OACHoAwQqIA6uAQN0AQE3IIH8ASejch4NF6M13lrzljM7IMfMN4+AdUNjq0=</latexit>

J3(q)



Length 

<latexit sha1_base64="cyZALcrmZo4nejbvanuM2Rn3yUY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Bb2Ip4jmAckSZiezyZDZBzOzQgj5BC8eFPHqF3nzb5xNIqhoQUNR1U13l59wJpVlfRi5ldW19Y38ZmFre2d3r7h/0JJxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3yZ+e17KiSLozs1SagX4mHEAkaw0tLtdd/pF0uWeV5znTMHWaZlVZ2ymxGnWnHKyNZKhhIs0egX33uDmKQhjRThWMqubSXKm2KhGOF0VuilkiaYjPGQdjWNcEilN52fOkMnWhmgIBa6IoXm6veJKQ6lnIS+7gyxGsnfXib+5XVTFdS8KYuSVNGILBYFKUcqRtnfaMAEJYpPNMFEMH0rIiMsMFE6nYIO4etT9D9pOabtmu5NpVS/WMaRhyM4hlOwoQp1uIIGNIHAEB7gCZ4NbjwaL8brojVnLGcO4QeMt08tm43C</latexit>

J2

<latexit sha1_base64="UtFWBEtlAAgYyEd3oaSlaNtKCaE=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0w2M7egF/EU0SyQDKGn05M06Vno7hHCkE/w4kERr36RN//GniSCij4oeLxXRVU9L+ZMKsv6MFZW19Y3NnNb+e2d3b39wsFhW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8yWXmd+6pkCwK79Q0pm6ARyHzGcFKS7fXg/KgULRMp16tVkrIMi3LqVTLmjiOY9dtZGslQxGWaA4K7/1hRJKAhopwLGXPtmLlplgoRjid5fuJpDEmEzyiPU1DHFDppvNTZ+hUK0PkR0JXqNBc/T6R4kDKaeDpzgCrsfztZeJfXi9Rft1NWRgnioZkschPOFIRyv5GQyYoUXyqCSaC6VsRGWOBidLp5HUIX5+i/0m7ZNo1s3ZTKTYulnHk4BhO4AxsOIcGXEETWkBgBA/wBM8GNx6NF+N10bpiLGeO4AeMt09P6o3a</latexit>

J3

<latexit sha1_base64="v4G8/DsjCAl7bPWiSZOJ7kZQ/tA=">AAACAnicdZDLSsNAFIYn9VbrLepK3AwWQRBCmtakXQhFNy4r2Au0JUymk3bo5MLMRCihuPFV3LhQxK1P4c63cdJWUNEfBn6+cw5nzu/FjAppmh9abml5ZXUtv17Y2Nza3tF391oiSjgmTRyxiHc8JAijIWlKKhnpxJygwGOk7Y0vs3r7lnBBo/BGTmLSD9AwpD7FSCrk6gc9wphrwXNoGdVyDZ5C03BspwexqxdNo1a1rTNLMdN0rLKdGcupWGVYUiRTESzUcPX33iDCSUBCiRkSolsyY9lPEZcUMzIt9BJBYoTHaEi6yoYoIKKfzk6YwmNFBtCPuHqhhDP6fSJFgRCTwFOdAZIj8buWwb9q3UT61X5KwziRJMTzRX7CoIxglgccUE6wZBNlEOZU/RXiEeIIS5VaQYXwdSn837Qso2Qb9nWlWL9YxJEHh+AInIAScEAdXIEGaAIM7sADeALP2r32qL1or/PWnLaY2Qc/pL19AuBck+s=</latexit>

`2 = 2.839 + 0.767 c

<latexit sha1_base64="+Oyzpn2wvXIBcnhSLmh+9hkaDzY="></latexit>

`3 = 6.176 + 2.354 c

10 11 12 13 14 15 16
Crossing number0
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Polynomial length



<latexit sha1_base64="SziOiYGt56xycP9NJjT+mVv72rE=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiu4iSU2CyEohuXFewD2lgm00k7dPJwZlIsod/hxoUibv0Yd/6Nk7aCih64cDjnXu69x084kwqhD2NpeWV1bb2wUdzc2t7ZLe3tN2WcCkIbJOaxaPtYUs4i2lBMcdpOBMWhz2nLH13mfmtMhWRxdKMmCfVCPIhYwAhWWvIm8Bze39qnVsW03V6pjEyk4TgwJ1YVWZq4btW2XWjNLITKYIF6r/Te7cckDWmkCMdSdiyUKC/DQjHC6bTYTSVNMBnhAe1oGuGQSi+bHT2Fx1rpwyAWuiIFZ+r3iQyHUk5CX3eGWA3lby8X//I6qQqqXsaiJFU0IvNFQcqhimGeAOwzQYniE00wEUzfCskQC0yUzqmoQ/j6FP5PmrZpOaZzXSnXLhZxFMAhOAInwAJnoAauQB00AAF34AE8gWdjbDwaL8brvHXJWMwcgB8w3j4BKN6Qbw==</latexit>

y = x2/14.29

<latexit sha1_base64="4tPGF/EEpvg8q1AD2AsN3cFJELk="></latexit>

|J3(e2⇡i/3)| vs. J2(�1)



Jones to Volume 
<latexit sha1_base64="pOhFLGtH0qAPW/P6GH/w0q7atIU=">AAAB/XicdVDLSgNBEJyN7/haHzcvg0HwFHaDrslN9OIxgolCdgmzk44OmX0w0yvGJfgrXjwo4tX/8ObfOBsjqGhBQ1HVTXdXmEqh0XHerdLU9Mzs3PxCeXFpeWXVXltv6yRTHFo8kYm6CJkGKWJooUAJF6kCFoUSzsPBceGfX4PSIonPcJhCELHLWPQFZ2ikrr3pVr19f8enPsIN5qBUokZdu+JUHQPPowVx645rSKNRr9Ua1B1bjlMhEzS79pvfS3gWQYxcMq07rpNikDOFgksYlf1MQ8r4gF1Cx9CYRaCDfHz9iO4YpUf7iTIVIx2r3ydyFmk9jELTGTG80r+9QvzL62TYrwe5iNMMIeafi/qZpJjQIgraEwo4yqEhjCthbqX8iinG0QRWNiF8fUr/J+1a1fWq3ule5fBoEsc82SLbZJe45IAckhPSJC3CyS25J4/kybqzHqxn6+WztWRNZjbID1ivH6VVlMU=</latexit>

1.65% error



Adjoint Jones to Volume 
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Phase Evaluations 
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Best Phase 
• The best phase for evaluating the adjoint Jones polynomial is
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• This corresponds to Chern–Simons level
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Best Phase Conjecture 
• The best phase for evaluating the adjoint Jones polynomial is
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• Since we have two data points, we can guess a formula for higher colors
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Best Phase Conjecture 



Best Phase Conjecture 



Summary 

• Calculated a large (though incomplete) dataset of  adjoint Jones polynomials

• Consistent with the naïve expectation of  the volume conjecture, adjoint 
polynomials predict the volume better than fundamental polynomials

• Non-trivial because convergence at large color not necessarily monotonic

• Increasing crossing number improves prediction

• Conjectured color dependent best phase for prediction



Prospectus 

• Complete calculation of  adjoint polynomials

• Calculate datasets of  polynomials for higher colors

• Check volume conjecture: do predictions hold?

• A better organizing principle for (hyperbolic) knots

is convergence monotonic? 

e.g., minimum number of  ideal tetrahedra needed to compute volume



Organizing Principle 
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Other Experiments 
• Obtain a theorem in knot theory from saliency 

analysis of  ML experiments

Theorem: There exists a constant c such that for 
every hyperbolic knot,
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We introduce the ‘natural slope’, defined to be slope(K) = Re(λ/µ), where 
Re denotes the real part. It has the following geometric interpretation. 
One can realize the meridian curve as a geodesic γ on the Euclidean 
torus. If one fires off a geodesic γ" from this orthogonally, it will even-
tually return and hit γ at some point. In doing so, it will have travelled 
along a longitude minus some multiple of the meridian. This multiple 
is the natural slope. It need not be an integer, because the endpoint of 
γ" might not be the same as its starting point. Our initial conjecture 
relating natural slope and signature was as follows.
Conjecture: There exist constants c1 and c2 such that, for every hyper-
bolic knot K,

σ K K c K c|2 ( ) − slope( )| < vol( ) + (1)1 2

While this conjecture was supported by an analysis of several large 
datasets sampled from different distributions, we were able to con-
struct counterexamples using braids of a specific form. Subsequently, 
we were able to establish a relationship between slope(K), signature 
σ(K), volume vol(K) and one of the next most salient geometric invari-
ants, the injectivity radius inj(K) (ref. 27).
Theorem: There exists a constant c such that, for any hyperbolic knot K,

σ K K c K K|2 ( ) − slope( )| ≤ vol( )inj( ) (2)−3

It turns out that the injectivity radius tends not to get very small, 
even for knots of large volume. Hence, the term inj(K)−3 tends not to get 
very large in practice. However, it would clearly be desirable to have a 
theorem that avoided the dependence on inj(K)−3, and we give such a 

result that instead relies on short geodesics, another of the most salient 
features, in the Supplementary Information. Further details and a full 
proof of the above theorem are available in ref. 27. Across the datasets 
we generated, we can place a lower bound of c ≥ 0.23392, and it would 
be reasonable to conjecture that c is at most 0.3, which gives a tight 
relationship in the regions in which we have calculated.

The above theorem is one of the first results that connect the alge-
braic and geometric invariants of knots and has various interesting 
applications. It directly implies that the signature controls the 
non-hyperbolic Dehn surgeries on the knot and that the natural slope 
controls the genus of surfaces in R+

4 whose boundary is the knot. We 
expect that this newly discovered relationship between natural slope 
and signature will have many other applications in low-dimensional 
topology. It is surprising that a simple yet profound connection such 
as this has been overlooked in an area that has been extensively studied.

Representation theory
Representation theory is the theory of linear symmetry. The building 
blocks of all representations are the irreducible ones, and understand-
ing them is one of the most important goals of representation theory. 
Irreducible representations generalize the fundamental frequencies of 
Fourier analysis28. In several important examples, the structure of irreduc-
ible representations is governed by Kazhdan–Lusztig (KL) polynomials, 
which have deep connections to combinatorics, algebraic geometry and 
singularity theory. KL polynomials are polynomials attached to pairs of 
elements in symmetric groups (or more generally, pairs of elements in 

z: Knot X(z): Geometric invariants Y(z): Algebraic invariants
Volume Signature Jones polynomial ......Chern–Simons Meridional translation

2.0299 i ... 0 t−2 − t−1 + 1 − t + t2 ...

2.8281 0.7381 + 0.8831i ... –2 t − t2 + 2t3 − t4 + t5 − t6 ...

3.1640

0

–0.1532

0.1560 –0.7237 + 1.0160i ... 0 t−2 − t−1 + 2 − 2t + t2 − t3 + t4 ...

Fig. 2 | Examples of invariants for three hyperbolic knots. We hypothesized that there was a previously undiscovered relationship between the geometric and 
algebraic invariants.
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Fig. 3 | Knot theory attribution. a, Attribution values for each of the input 
X(z). The features with high values are those that the learned function is most 
sensitive to and are probably relevant for further exploration. The 95% 

confidence interval error bars are across 10 retrainings of the model.  
b, Example visualization of relevant features—the real part of the meridional 
translation against signature, coloured by the longitudinal translation.• See also:

Craven, Hughes, VJ, Kar (2021, 2022)

Hughes (2016)

Gukov, Halverson, Ruehle, Sulkowski (2020)

Levit, Hajij, Sazdanovic (2019)

Gukov, Halverson, Manolescu, Ruehle (2023)

Davies, et al. (2021)
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Poincaré Conjecture 

• Conjecture: Any homotopy n-sphere is homeomorphic, PL-isomorphic, 
diffeomorphic to      

• A homotopy n-sphere has the same homotopy and homology groups as
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Sn

— homeomorphic is always true

— piecewise linear isomorphic is true for
<latexit sha1_base64="EFlFtDU2QMkM0Pv4QucyrnLMrzo=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQpLWtO6KblxWsA9oQ5lMJ+3YyUyYmQgl9B/cuFDErf/jzr9x0lZQ0QMXDufcy733hAmjSjvOh7Wyura+sVnYKm7v7O7tlw4O20qkEpMWFkzIbogUYZSTlqaakW4iCYpDRjrh5Cr3O/dEKir4rZ4mJIjRiNOIYqSN1OZ9TmB1UCo79kXd98496NiOU/Mqfk68WtWrQNcoOcpgieag9N4fCpzGhGvMkFI910l0kCGpKWZkVuyniiQIT9CI9AzlKCYqyObXzuCpUYYwEtIU13Cufp/IUKzUNA5NZ4z0WP32cvEvr5fqqB5klCepJhwvFkUpg1rA/HU4pJJgzaaGICypuRXiMZIIaxNQ0YTw9Sn8n7Q92/Vt/6Zablwu4yiAY3ACzoALaqABrkETtAAGd+ABPIFnS1iP1ov1umhdsZYzR+AHrLdPRqaO9g==</latexit>

n 6= 4

—             wins Fields Medal for Smale (1966); cf. Newman (1966)
<latexit sha1_base64="kBoxOYIvug/jqKeE/hVojVTF5Kk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmam7bTuim5cVrAPaIeSSTNtbCYZkoxQSv/BjQtF3Po/7vwbM20FFT1w4XDOvdx7T5gwqrTjfFi5tfWNza38dmFnd2//oHh41FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJJ1eZ37knUlHBb/U0IUGMRpxGFCNtpDbvjwisDoolx76o+17Vg47tODWv7GfEq1W8MnSNkqEEVmgOiu/9ocBpTLjGDCnVc51EBzMkNcWMzAv9VJEE4QkakZ6hHMVEBbPFtXN4ZpQhjIQ0xTVcqN8nZihWahqHpjNGeqx+e5n4l9dLdVQPZpQnqSYcLxdFKYNawOx1OKSSYM2mhiAsqbkV4jGSCGsTUMGE8PUp/J+0Pdv1bf+mUmpcruLIgxNwCs6BC2qgAa5BE7QABnfgATyBZ0tYj9aL9bpszVmrmWPwA9bbJz15jvA=</latexit>

n � 5
<latexit sha1_base64="JW3QnjkC/+5eJ6ki0GRbZEKOxVA=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jTmtaDUPTisYKthTaUzXbTLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5gUJZ0o7zoeVW1ldW9/Ibxa2tnd294r7B20Vp5LQFol5LDsBVpQzQVuaaU47iaQ4Cji9C8ZXmX93T6VisbjVk4T6ER4KFjKCtZFaAl2gar9YcuzzuueeucixHafmVryMuLWqW0Flo2QowRLNfvG9N4hJGlGhCcdKdctOov0plpoRTmeFXqpogskYD2nXUIEjqvzp/NgZOjHKAIWxNCU0mqvfJ6Y4UmoSBaYzwnqkfnuZ+JfXTXVY96dMJKmmgiwWhSlHOkbZ52jAJCWaTwzBRDJzKyIjLDHRJp+CCeHrU/Q/abt22bO9m2qpcbmMIw9HcAynUIYaNOAamtACAgwe4AmeLWE9Wi/W66I1Zy1nDuEHrLdP4DyOGg==</latexit>

n = 4—             wins Fields Medal for Freedman (1986)
<latexit sha1_base64="JR86jSVh8hu8maumItBaq+PE1xo=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jTmtaDUPTisYKphTaUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0o7zoeVW1ldW9/Ibxa2tnd294r7By0Vp5JQn8Q8lu0QK8qZoL5mmtN2IimOQk7vwvFV5t/dU6lYLG71JKFBhIeCDRjB2ki+QBeo0iuWHPu87rlnLnJsx6m5FS8jbq3qVlDZKBlKsESzV3zv9mOSRlRowrFSnbKT6GCKpWaE01mhmyqaYDLGQ9oxVOCIqmA6P3aGTozSR4NYmhIazdXvE1McKTWJQtMZYT1Sv71M/MvrpHpQD6ZMJKmmgiwWDVKOdIyyz1GfSUo0nxiCiWTmVkRGWGKiTT4FE8LXp+h/0nLtsmd7N9VS43IZRx6O4BhOoQw1aMA1NMEHAgwe4AmeLWE9Wi/W66I1Zy1nDuEHrLdP3riOGQ==</latexit>

n = 3—             wins Fields Medal for Perelman (2006, declined)

—              is trivial
<latexit sha1_base64="V3Jl5dfYSVfrI4I2hnlghNUfzew=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0nSmtaDUPTisYKthbaUzXbTLt1swu5GKKG/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5vkxZ0rb9oeVW1ldW9/Ibxa2tnd294r7B20VJZLQFol4JDs+VpQzQVuaaU47saQ49Dm98ydXmX93T6VikbjV05j2QzwSLGAEayO1BLpAzqBYssvndc89c5Fdtu2aW/Ey4taqbgU5RslQgiWag+J7bxiRJKRCE46V6jp2rPsplpoRTmeFXqJojMkEj2jXUIFDqvrp/NgZOjHKEAWRNCU0mqvfJ1IcKjUNfdMZYj1Wv71M/MvrJjqo91Mm4kRTQRaLgoQjHaHsczRkkhLNp4ZgIpm5FZExlphok0/BhPD1KfqftN2y45W9m2qpcbmMIw9HcAyn4EANGnANTWgBAQYP8ATPlrAerRfrddGas5Yzh/AD1tsn27COFw==</latexit>

n = 1

—              proved by Poincaré (1907) and Koebe (1907)
<latexit sha1_base64="oxnhZ+M9x9kf0gi8AoUweTcuVkU=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jS2taDUPTisYKthbaUzXbTLt1swu5GKKG/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5vkxZ0o7zoeVW1ldW9/Ibxa2tnd294r7B20VJZLQFol4JDs+VpQzQVuaaU47saQ49Dm98ydXmX93T6VikbjV05j2QzwSLGAEayO1BLpA3qBYcuzzetU785BjO07NK1cz4tUqXhm5RslQgiWag+J7bxiRJKRCE46V6rpOrPsplpoRTmeFXqJojMkEj2jXUIFDqvrp/NgZOjHKEAWRNCU0mqvfJ1IcKjUNfdMZYj1Wv71M/MvrJjqo91Mm4kRTQRaLgoQjHaHsczRkkhLNp4ZgIpm5FZExlphok0/BhPD1KfqftD3brdrVm0qpcbmMIw9HcAyn4EINGnANTWgBAQYP8ATPlrAerRfrddGas5Yzh/AD1tsn3TSOGA==</latexit>

n = 2



<latexit sha1_base64="35NV/Lj3CEzXn9wKbfvTq/2AJ2g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xyCOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9fqj6hVLbtmdg6wSLyMlyFDrFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6R5UfYq5cr9Zal6k8WRhxM4hXPw4AqqcAc1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx8x043C</latexit>

Sn

• False generally, but true if  
<latexit sha1_base64="+rMsDdGr+VyPQTMXyPUTxcvG2Ys=">AAACBnicdVDLSgMxFM34rPVVdSnCxSK4GMpk1LFdCEU3LhWsCu1QMmmmhmYyQ5IRSnHlxl9x40IRt36DO//GtFZQ0QMhJ+fcy809USa4Np737kxMTk3PzBbmivMLi0vLpZXVc53mirIGTUWqLiOimeCSNQw3gl1mipEkEuwi6h0N/YtrpjRP5ZnpZyxMSFfymFNirNQubUg4AOyC78KOC3suBC5g+9izd4DbpbJX8SyCAIYEVz1sSa1W9f0a4JHleWU0xkm79NbqpDRPmDRUEK2b2MtMOCDKcCrYTbGVa5YR2iNd1rRUkoTpcDBa4wa2rNKBOFX2SAMj9XvHgCRa95PIVibEXOnf3lD8y2vmJq6GAy6z3DBJPwfFuQCTwjAT6HDFqBF9SwhV3P4V6BVRhBqbXNGG8LUp/E/O/QoOKsHpbrl+OI6jgNbRJtpGGO2jOjpGJ6iBKLpF9+gRPTl3zoPz7Lx8lk4445419APO6wdA65NK</latexit>

n = 1, 2, 3, 5, 6, 12, 56, 61

•            :  28 different smooth structures on the sphere
<latexit sha1_base64="kcvIFiE088UMlMaCszE2bG+N2uk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWi9C0YvHCsYW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48etRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up35rSdUmifywYxTDGI6kDzijBor+ZJck3qvXHGr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqebyoerVq7f6y0rjJ4yjCCZzCOXhQhwbcQRN8YMDhGV7hzZHOi/PufCxaC04+cwx/4Hz+AIHfjdk=</latexit>

n = 7
Remark: These are interpreted as gravitational instantons Witten (1985)

Milnor (1956)

SPC4 
• Conjecture: Any manifold homotopy equivalent to        is also 

diffeomorphic to     
<latexit sha1_base64="35NV/Lj3CEzXn9wKbfvTq/2AJ2g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xyCOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9fqj6hVLbtmdg6wSLyMlyFDrFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6R5UfYq5cr9Zal6k8WRhxM4hXPw4AqqcAc1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx8x043C</latexit>

Sn

isomorphism of  smooth manifolds, i.e.,              continuously differentiable
<latexit sha1_base64="rxApF/lWcYxQD3JLdlBaR5dMrV8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBg5Zdkeqx6MVjBfuB7VqyabYNzSZLkhXKUn+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uaXlldS2/XtjY3NreKe7uNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5SpZkUd2YUUz/CfcFCRrCx0n148oTCh/TUG3eLJbfsToEWiZeREmSodYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10evEYHVmlh0KpbAmDpurviRRHWo+iwHZG2Az0vDcR//PaiQkv/ZSJODFUkNmiMOHISDR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxlnZq5Qrt+el6lUWRx4O4BCOwYMLqMIN1KAOBAQ8wyu8Odp5cd6dj1lrzslm9uEPnM8fi1OQMw==</latexit>

f, f�1

overlap between two maps. 
Because of the curvature of the sphere, a map will 
be slightly incorrect towards the edges, in fact 
parallell lines will diverge. Corresponding lines 
on the next map will diverge in the opposite di-
rection, and we must define a transition function 
between the two maps. The mathematical diffi-
culty is not to draw the maps, but to make sure 
that they fit together, i.e. that the transition func-
tions are consistent on the overlaps of the over-
laps. In particular, one can imagine that fitting in 
the last map is not an easy task. Intuitively this 
doesn´t seem to be a very hard exercise, and on 
the two-dimensional sphere it is not. But try to 
to the same on a seven-dimensional sphere with 
overlapping seven-dimensional maps. Then it is 
more complicated.

Exotic spheres
To be able to fulfil this abstract task you have to 
make some choices. Milnor and Kervaire proved 
that it is 28 ways of doing this. One is more or 
less similar to how this is done in the two-dimen-
sioanl case, but the other 27 are more compli-
cated and neither of them have any analogy in 
two dimensions. Milnor called these complicated 
structures exotic spheres.

.

dimension 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
# structures 1 1 1 ? 1 1 28 2 8 6 992 1 3 2 16256 2 16 16

Status for dimension 4 is that it remains open. One does not know wether one has one, more than one or 
infinitely many smooth structures on the 4-sphere. The claim that there exist precisely one is known as “the 
smooth Poincaré conjecture in dimension 4”. The background for this is that when Michael Freedman in 
1982 proved the Poincaré conjecture in dimension 4, i.e. that if a 4-manifold is homotopy-equivalent to a 
4-sphere, then it is also homeomorphic to a 4-sphere, he left an open question for future investigations. If 
a 4-manifold is homotopy-equivalent to a 4-sphere, is it necessarily diffeomorphic to a 4-sphere? Milnor´s 
exotic spheres show that the smooth Poincaré conjecture is actually wrong in dimension 7.
 

The number of different differentiable structures on spheres in low dimensions

Observation: spikes at

Kervaire, Milnor (1963)

<latexit sha1_base64="qlQf5MGsUvTbrLo2QYyAqUzhQ14=">AAAB+nicdVDLSgMxFM34rPXV6tJNtAiuhum0tnUhFN24rGAf0A4lk2ba0CQzJBmljP0UNy4UceuXuPNvzLQVVPRcLhzOuZfcHD9iVGnH+bCWlldW19YzG9nNre2d3Vx+r6XCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P75M/fYtkYqG4kZPIuJxNBQ0oBhpI/VzeXFe6h0uiocDWO7nCo59Vqu4py50bMepuqVKStxq2S3BolFSFMACjX7uvTcIccyJ0JghpbpFJ9JegqSmmJFpthcrEiE8RkPSNVQgTpSXzE6fwmOjDGAQStNCw5n6fSNBXKkJ980kR3qkfnup+JfXjXVQ8xIqolgTgecPBTGDOoRpDnBAJcGaTQxBWFJzK8QjJBHWJq2sCeHrp/B/0nLtYsWuXJcL9YtFHBlwAI7ACSiCKqiDK9AATYDBHXgAT+DZurcerRfrdT66ZC129sEPWG+fuouSZg==</latexit>

n = 3 mod 4



<latexit sha1_base64="35NV/Lj3CEzXn9wKbfvTq/2AJ2g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xyCOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9fqj6hVLbtmdg6wSLyMlyFDrFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6R5UfYq5cr9Zal6k8WRhxM4hXPw4AqqcAc1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx8x043C</latexit>

Sn

• False generally, but true if  
<latexit sha1_base64="+rMsDdGr+VyPQTMXyPUTxcvG2Ys=">AAACBnicdVDLSgMxFM34rPVVdSnCxSK4GMpk1LFdCEU3LhWsCu1QMmmmhmYyQ5IRSnHlxl9x40IRt36DO//GtFZQ0QMhJ+fcy809USa4Np737kxMTk3PzBbmivMLi0vLpZXVc53mirIGTUWqLiOimeCSNQw3gl1mipEkEuwi6h0N/YtrpjRP5ZnpZyxMSFfymFNirNQubUg4AOyC78KOC3suBC5g+9izd4DbpbJX8SyCAIYEVz1sSa1W9f0a4JHleWU0xkm79NbqpDRPmDRUEK2b2MtMOCDKcCrYTbGVa5YR2iNd1rRUkoTpcDBa4wa2rNKBOFX2SAMj9XvHgCRa95PIVibEXOnf3lD8y2vmJq6GAy6z3DBJPwfFuQCTwjAT6HDFqBF9SwhV3P4V6BVRhBqbXNGG8LUp/E/O/QoOKsHpbrl+OI6jgNbRJtpGGO2jOjpGJ6iBKLpF9+gRPTl3zoPz7Lx8lk4445419APO6wdA65NK</latexit>

n = 1, 2, 3, 5, 6, 12, 56, 61

•            :  28 different smooth structures on the sphere
<latexit sha1_base64="kcvIFiE088UMlMaCszE2bG+N2uk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWi9C0YvHCsYW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48etRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up35rSdUmifywYxTDGI6kDzijBor+ZJck3qvXHGr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqebyoerVq7f6y0rjJ4yjCCZzCOXhQhwbcQRN8YMDhGV7hzZHOi/PufCxaC04+cwx/4Hz+AIHfjdk=</latexit>

n = 7

•            :  answer unknown; equivalent to PL-isomorphic statement 
[also unknown for               , conjectured to be false for even dimensions             ]

<latexit sha1_base64="vWxVzvDwkPpwVir6djwpASm5fGk=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lKie1BKHrxWMG0hTaUzXbTLt1swu5GKKG/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5gUJZ0rb9odVWFvf2Nwqbpd2dvf2D8qHRx0Vp5JQj8Q8lr0AK8qZoJ5mmtNeIimOAk67wfQ697v3VCoWizs9S6gf4bFgISNYG8kT6BLVh+WKXbUNXBflxGnYjiHNZqNWayJnYdl2BVZoD8vvg1FM0ogKTThWqu/YifYzLDUjnM5Lg1TRBJMpHtO+oQJHVPnZ4tg5OjPKCIWxNCU0WqjfJzIcKTWLAtMZYT1Rv71c/Mvrpzps+BkTSaqpIMtFYcqRjlH+ORoxSYnmM0MwkczcisgES0y0yadkQvj6FP1POrWq41bd23qldbWKowgncArn4MAFtOAG2uABAQYP8ATPlrAerRfrddlasFYzx/AD1tsn1JiOEw==</latexit>

n = 4

• If  certain knots have certain topological invariants, this supplies 
counterexamples to SPC4

<latexit sha1_base64="kt7VvBiKiyTrNweMnIZ0JTvvZeQ=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0mCxPYgFL14rGBsoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdK2/WGVVlbX1jfKm5Wt7Z3dver+wZ1KMkmoTxKeyG6IFeVMUF8zzWk3lRTHIaedcHJV+J17KhVLxK2epjSI8UiwiBGsjeSLC8f1BtWaXbcNPA8VxGnYjiHNZsN1m8iZW7ZdgyXag+p7f5iQLKZCE46V6jl2qoMcS80Ip7NKP1M0xWSCR7RnqMAxVUE+P3aGTowyRFEiTQmN5ur3iRzHSk3j0HTGWI/Vb68Q//J6mY4aQc5EmmkqyGJRlHGkE1R8joZMUqL51BBMJDO3IjLGEhNt8qmYEL4+Rf+TO7fueHXv5qzWulzGUYYjOIZTcOAcWnANbfCBAIMHeIJnS1iP1ov1umgtWcuZQ/gB6+0TDQyOOA==</latexit>

n = 126

<latexit sha1_base64="PwzC4f2ObEpWgk9W3QJvbTErTfY=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwITXRUt0IpW4EN5XaBzQxTKbTduhkEmYmQgntX7jxV9y4UMRtd/6NSZtFbT1w4XDOvTP3HjdgVCrD+NEyK6tr6xvZzdzW9s7unr5/0JB+KDCpY5/5ouUiSRjlpK6oYqQVCII8l5GmO7hN/OYzEZL6/FENA2J7qMdpl2KkYsnRz2tPl/AGWgESiiIGK04Rjs/GY3g/r1o12vMQtKyco+eNgjEFXCZmSvIgRdXRJ1bHx6FHuMIMSdk2jUDZUfIwZmSUs0JJAoQHqEfaMeXII9KOpoeN4EmsdGDXF3FxBafq/ESEPCmHnht3ekj15aKXiP957VB1r+2I8iBUhOPZR92QQeXDJCXYoYJgxYYxQVjQeFeI+0ggrOIskxDMxZOXSeOiYJYKpYdivlxJ48iCI3AMToEJrkAZ3IEqqAMMXsAb+ACf2qv2rn1p37PWjJbOHII/0Ca/QGWdcQ==</latexit>

S3 = @B4 , K = @⌃
<latexit sha1_base64="ot1pZ9aKKAYaf9BQdn0TWtliO4E=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEm0VJelbgQ3ldoHNDFMppN26GQSZiZCKe0PuPFX3LhQxK1rd/6N0zaIth64cDjnXu69x48Zlcqyvoyl5ZXVtfXMRnZza3tn19zbb8goEZjUccQi0fKRJIxyUldUMdKKBUGhz0jT719O/OY9EZJG/FYNYuKGqMtpQDFSWvLM/DV0ZOJLomDt7gyOT8Zj6NRoN0Q/esUrembOKlhTwEVipyQHUlQ989PpRDgJCVeYISnbthUrd4iEopiRUdZJJIkR7qMuaWvKUUikO5y+M4J5rXRgEAldXMGp+ntiiEIpB6GvO0OkenLem4j/ee1EBRfukPI4UYTj2aIgYVBFcJIN7FBBsGIDTRAWVN8KcQ8JhJVOMKtDsOdfXiSN04JdKpRuirlyJY0jAw7BETgGNjgHZXAFqqAOMHgAT+AFvBqPxrPxZrzPWpeMdOYA/IHx8Q3igJrD</latexit>

K ⇢ S3 , ⌃ ⇢ B4

SPC4: Any smooth manifold      with
<latexit sha1_base64="OabFgXioGrCWETAhl2Y8+R6c+as=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbubuIm3EC8eEzAPSJYwO+lNxsw+mJkVQsgXePGgiFc/yZt/42wSQUULGoqqbrq7/IQzqSzrw1hb39jc2s7t5Hf39g8OC0fHbRmngkKLxjwWXZ9I4CyClmKKQzcRQEKfQ8efXGd+5x6EZHF0q6YJeCEZRSxglCgtNeuDQtEyr6quc+lgy7SsilNyM+JUyk4J21rJUEQrNAaF9/4wpmkIkaKcSNmzrUR5MyIUoxzm+X4qISF0QkbQ0zQiIUhvtjh0js+1MsRBLHRFCi/U7xMzEko5DX3dGRI1lr+9TPzL66UqqHozFiWpgoguFwUpxyrG2dd4yARQxaeaECqYvhXTMRGEKp1NXofw9Sn+n7Qd03ZNt1ku1uqrOHLoFJ2hC2SjCqqhG9RALUQRoAf0hJ6NO+PReDFel61rxmrmBP2A8fYJ+tyNFQ==</latexit>

B
<latexit sha1_base64="dEbwZjTodAABTywSEcp/8gPlep8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK0pnUhlLpxWdHWQhvLZDpth04mYWZSKKF/4saFIm79E3f+jZO2gooeuHA4596Ze08QMyqVbX8YuZXVtfWN/GZha3tnd8/cP2jJKBGYNHHEItEOkCSMctJUVDHSjgVBYcDIXTC+zPy7CRGSRvxWTWPih2jI6YBipLTUM81ujISiiME6vIA396WeWbSt86rnnrnQtmy74pa8jLiVsluCjlYyFMESjZ753u1HOAkJV5ghKTuOHSs/zV7FjMwK3USSGOExGpKOphyFRPrpfPMZPNFKHw4ioYsrOFe/T6QolHIaBrozRGokf3uZ+JfXSdSg6qeUx4kiHC8+GiQMqghmMcA+FQQrNtUEYUH1rhCPkEBY6bAKOoSvS+H/pOVajmd51+Virb6MIw+OwDE4BQ6ogBq4Ag3QBBhMwAN4As9GajwaL8brojVnLGcOwQ8Yb58Kt5Km</latexit>

@B = S3

homotopy equivalent to        is also 
<latexit sha1_base64="mZliY7a4TvoHWWq8CkRFFVg9u3A=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28hXjxGNE8IFnC7GQ2GTL7YGZWCCGf4MWDIl79Im/+jbNJBBUtaCiquunu8hPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64yv3NPhWRxdKemCfVCPIpYwAhWWrptDCqDYskyL2uuc+Egy7SsqlN2M+JUK04Z2VrJUIIVmoPie38YkzSkkSIcS9mzrUR5MywUI5zOC/1U0gSTCR7RnqYRDqn0ZotT5+hMK0MUxEJXpNBC/T4xw6GU09DXnSFWY/nby8S/vF6qgpo3Y1GSKhqR5aIg5UjFKPsbDZmgRPGpJpgIpm9FZIwFJkqnU9AhfH2K/idtx7Rd072plOqNVRx5OIFTOAcbqlCHa2hCCwiM4AGe4NngxqPxYrwuW3PGauYYfsB4+wQkc428</latexit>

B4

diffeomorphic to
<latexit sha1_base64="mZliY7a4TvoHWWq8CkRFFVg9u3A=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28hXjxGNE8IFnC7GQ2GTL7YGZWCCGf4MWDIl79Im/+jbNJBBUtaCiquunu8hPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64yv3NPhWRxdKemCfVCPIpYwAhWWrptDCqDYskyL2uuc+Egy7SsqlN2M+JUK04Z2VrJUIIVmoPie38YkzSkkSIcS9mzrUR5MywUI5zOC/1U0gSTCR7RnqYRDqn0ZotT5+hMK0MUxEJXpNBC/T4xw6GU09DXnSFWY/nby8S/vF6qgpo3Y1GSKhqR5aIg5UjFKPsbDZmgRPGpJpgIpm9FZIwFJkqnU9AhfH2K/idtx7Rd072plOqNVRx5OIFTOAcbqlCHa2hCCwiM4AGe4NngxqPxYrwuW3PGauYYfsB4+wQkc428</latexit>

B4

Remark: These are interpreted as gravitational instantons Witten (1985)

Milnor (1956)

SPC4 
• Conjecture: Any manifold homotopy equivalent to        is also 

diffeomorphic to     
<latexit sha1_base64="35NV/Lj3CEzXn9wKbfvTq/2AJ2g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xyCOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9fqj6hVLbtmdg6wSLyMlyFDrFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6R5UfYq5cr9Zal6k8WRhxM4hXPw4AqqcAc1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx8x043C</latexit>

Sn

isomorphism of  smooth manifolds, i.e.,              continuously differentiable
<latexit sha1_base64="rxApF/lWcYxQD3JLdlBaR5dMrV8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBg5Zdkeqx6MVjBfuB7VqyabYNzSZLkhXKUn+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uaXlldS2/XtjY3NreKe7uNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5SpZkUd2YUUz/CfcFCRrCx0n148oTCh/TUG3eLJbfsToEWiZeREmSodYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10evEYHVmlh0KpbAmDpurviRRHWo+iwHZG2Az0vDcR//PaiQkv/ZSJODFUkNmiMOHISDR5H/WYosTwkSWYKGZvRWSAFSbGhlSwIXjzLy+SxlnZq5Qrt+el6lUWRx4O4BCOwYMLqMIN1KAOBAQ8wyu8Odp5cd6dj1lrzslm9uEPnM8fi1OQMw==</latexit>

f, f�1

<latexit sha1_base64="8C5nhRICuMCiTRgX99gi//A8zUY=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU8mWsra3ohePFewHtEvJpmkbms2uSVYoS/+EFw+KePXvePPfmG0rqOiDgcd7M8zMC2LBtcH4w8mtrW9sbuW3Czu7e/sHxcOjto4SRVmLRiJS3YBoJrhkLcONYN1YMRIGgnWC6VXmd+6Z0jySt2YWMz8kY8lHnBJjpa5E/TFDXnVQLOEytvA8lBG3hl1L6vVapVJH7sLCuAQrNAfF9/4woknIpKGCaN1zcWz8lCjDqWDzQj/RLCZ0SsasZ6kkIdN+urh3js6sMkSjSNmSBi3U7xMpCbWehYHtDImZ6N9eJv7l9RIzqvkpl3FimKTLRaNEIBOh7Hk05IpRI2aWEKq4vRXRCVGEGhtRwYbw9Sn6n7QrZdcrezfVUuNyFUceTuAUzsGFC2jANTShBRQEPMATPDt3zqPz4rwuW3POauYYfsB5+wT/oY9S</latexit>

n � 64



Thank You!


