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Plan of the talk 

Motivation and background : What are anyons?  Why is there so 
much interest in anyons these days? 

Kitaev model : Explicit model for Majorana modes, realization in 
semiconductor wires, eurrent experimental scenario, extensions to other 
non-abelian anyons like parafermions 

Towards topological quantum computation : General model of 
anyons, fusion, braiding rules, unitary gates through combination 
of braiding matrices



Motivation and background



What are anyons?

First point - All elementary particles are either fermions or bosons.  

But for emergent quasiparticles in condensed matter systems, this is 
not necessary. Simplest generalisation of bosons and fermions are 
abelian anyons that can have complex phases under exchange 

   

ψ(r1, r2) = ± ψ(r2, r1)

ψ(r1, r2) = e±iθψ(r2, r1) Leinaas, Myrrheim, Wilczek

1977



Why is this possible?

If you think of exchange as an adiabatic 
process of taking particles to the other 
position, then double exchange means 
return to the original position or  does it? 

In three dimensions, the loop  formed by 
the relative coordinate  for two exchanges  
can be shrunk to a point  by taking it off 
the plane and it is as if nothing has 
happened 

But in two dimensions, this is not possible 
without the two particles crossing one 
another  (relative coordinate going to zero)
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FIG. 2: Direct and exchange paths

few things. In quantum mechanics, the probability amplitude to go from one space-time point to another is given by

A =
X

paths

eiS , (1)

where S =
R

Ldt is the action for the particular motion. In other words, quantum mechanically, we need to include all
possible paths between the initial and final points of the trajectory. (See Fig.1) But most of these paths will interfere
destructively with each other and hence will not contribute to the probability amplitude. The only exception is the
classical path and the paths around it, which interfere constructively with the classical path - i.e., the most important
contribution will be from the classical path. That is all the information that we need here.

With this introduction, we come to the details of what we will study here. In Sec.(II), we will explain the basic
notions of anyon physics and why they can exist only in two spatial dimensions. We will analyse a simple physical
model of any anyon and use it to understand the quantum mechanics of two anyons and see that even in the absence
of any interactions, it needs to be studied as an interacting theory, with the interactions arising due to the anyonic
exchange statistics. Then, in Sec.(III), we will study the exactly solvable toric code model as an example of a system
with anyonic excitations. Finally, in Sec.(IV), we will discuss non-abelian statistics, where again, we will explain
many features of non-abelian anyons using the one-dimensional Kitaev model as a typical example.

II. ABELIAN ANYONS

A. Basic concepts of anyon physics

The term statistics refers to the phase picked up by a wave-function when two identical particles are exchanged.
But this definition is slightly ambiguous. Does statistics refer to the phase picked up by the wave-function when all
the quantum numbers of the particles are exchanged (i.e., under permutation of the particles) or the actual phase that
is obtained when two particles are adiabatically transported giving rise to the exchange? In three dimensions, these
two definitions are equivalent but not in two dimensions. In quantum mechanics, we deal with interference of paths
of particles and hence, it is the second definition which is more relevant, and we will show how it can be di↵erent
from the first definition.

Let us first consider the statistics under exchange of two particles in three dimensions. By the path integral
prescription, the amplitude for a system of particles that moves from (r1(t1), r2(t1)) to (r1

0(t2), r2
0(t2)) is given by

A =
X

paths

ei
R t2
t1

dtL[r1(t),r2(t)] . (2)

If the two particles are identical, then there are two classes of paths (see Fig.2). How do we see this? If we use the
convention that we always refer to the position of the first particle first and the second particle second, then we see that
the final configuration remains the same whether we have (r1(t2), r2(t2)) or (r2(t2), r1(t2)) because the two particles
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Leads to `anyon’ statistics in two 
dimensions 

Mathematically, distinction is that removal 
of origin (single point) in 2 dimensions 
makes the space multiply connected 

You can count the number of times you go 
around the origin 

So particles are classified in terms of the 
`braid group’ (and not permutation group) 
in two dimensions

7

X =

x

x

x

FIG. 9: Group multiplication.

=

Fig. 4

and group inverse is defined as a reverse crossing, (Fig.(5))

=
-1

Fig. 5

so that the product of a trajectory and its inverse leads to the identity as shown in Fig.(6).

= =

Fig. 6
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FIG. 10: Product of �1 and (�1)
�1 giving rise to identity.

✓ can take any value. ✓ = 0 and ✓ = ⇡ represent bosons and fermions respectively. We will discuss non-abelian
representations in the last section.

C. Spin of an anyon

Let us start with spin in the familiar three dimensional world. We know that spin is an intrinsic angular momentum
quantum number that labels di↵erent particles. The three spatial components of the spin obey the commutation
relations given by

[Si, Sj ] = ✏ijkSk (10)

We shall show that these commutation relations constrain the spin to be either integer or half-integer. Let |s, m >
be the state with S2|s, m >= s(s + 1)|s, m > and Sz|s, m >= m|s, m >. By applying the raising operator, we may
create the state

S+|s, m >= [s(s + 1) � m(m + 1)]1/2|s, m + 1 >= |s, m0 > (11)

Requiring this state to have positive norm for all m, leads to m < s. Thus, it is clear that for some integer
m0 = m+integer, m0 > s unless s = m0 or

s � m = integer (12)

Here, it is pictorially clear (see Fig.(7)),

=

Fig. 7

that the square, or indeed, any power of the trajectory representing the adiabatic exchange

of two particles is not 1. Hence, particles that transform as representations of the braid

group are allowed to pick up ‘any’ phase under adiabatic exchange. For completeness, we

mention that more abstractly, the braid group BN is defined as the group whose elements

(trajectories) satisfy the following two relations depicted pictorially in Fig.(8)

Fig. 8

=

and Fig.(9).
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FIG. 11: (�1)
n 6= �0



What is the braid group?

Braid group is the group G of paths through configuration space 

Easiest way of seeing what the braid group is via pictures. Consider braid group 

with 4 particles - elements of B4
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FIG. 5: Path of A around B being lifted o↵ the surface and shrunk to a point

elements, there exist only two classes of independent paths and thus, only two possible

phases - fermionic or bosonic - in three spatial dimensions.

The distinction between the phase of the wavefunction under exchange of quantum

numbers and the phase obtained after adiabatic transport of particles is also now clear.

Under the former definition, the phase �2 after two exchanges is always unity, so that

� = ±1, whereas the phase under the latter definition has many more possibilities in two

dimensions. Mathematically, the distinction is that the first definition classifies particles

under the permutation group PN , whereas the second definition classifies particles under

the braid group BN . The permutation group (PN ) is the group formed by all possible

permutations of N objects with group multiplication defined as successive permutations

and group inverse defined as undoing the permutation. It is clear that the square of any

permutation is just unity, since permuting two objects twice brings the system back to the

original configuration. Thus, particles that transform as representations of PN can only be

fermions or bosons. The braid group BN , on the other hand, is the group of inequivalent

paths (or trajectories) that occur when adiabatically transporting N objects. For example,

the trajectories shown in Fig.(3)

(a) (b) (c)
Fig. 3

are elements of B4, because all of them are possible paths involving four particles. Fig.(3b)

represents the identity element where none of the trajectories cross each other. Group

multiplication is defined as following one trajectory by another as depicted in Fig.(4)
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FIG. 6: Elements of the braid group B4

where � = 0, ⇡ give the usual bosons and fermions, but since in general, ein� 6= 1 for any n, � can be anything and
as we said earlier, ‘any’ statistics are possible in two dimensions.

Note that if we do want to understand exchange of particles in the Hamiltonian formulation without invoking path
integral ideas, we need to pin down the particles by using a confining potential - i.e., by putting them in a box -

H =
X

i

p2
i

2m
+

X

i

Vbox(xi � Ri) (8)

The particles can now be moved around by changing Ri as a function of time. Since the particles are identical,
exchanges are equivalent to closed paths, and do not depend on the geometry of the paths Ri(t) involved. So the
statistics of the particles under exchange can be found by computing the Berry phase when the particles are exchanged.
However, in this review, we shall basically use the path integral formalism.

B. Anyons obey braid group statistics

The distinction between the phase of the wave-function when the quantum numbers of the particles are exchanged
and the phase obtained under adiabatic transport of particles should now be clear. Under the former definition, the
phase ⌘2 after two exchanges is always unity, whereas the phase under the latter definition has many more possibilities
at least in two dimensions. Mathematically, the first definition classifies particle under the permutation group PN ,
whereas the second one classifies particles under the braid group BN . The permutation group PN is the group formed
by all possible permutations of N objects with group multiplication defined as successive permutations and group
inverse as undoing the permutation. It is clear that permuting two objects twice brings the system back to the
original configuration. Thus particles that transform as representations of the permutation group can only be bosons
or fermions.

On the other hand, when we adiabatically exchange two particles, we can visualise the process as paths in space-
time with time being the vertical axis and space being the horizontal axis as shown in Fig.2. The particles can



3 generators of the braid group 

are  ,  and  

Identity is  

Inverse is 

σ1 σ2 σ3

σ0

(σ1)−1
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FIG. 7: The three generators of the braid group B4

�0 (�1)
�1

FIG. 8: The identity and the inverse of the generator �1.

circle around each other and form closed paths by coming back to their original positions (upto permutations of the
positions). The adiabatic exchange of particles classifies particles under the braid group. As we saw earlier, even
under adiabatic exchange, in three spatial dimension, we only have fermions or bosons, whereas in two dimensions,
there are many other possibilities. Formally, the braid group BN is the group of inequivalent paths that occur when
adiabatically transporting N particles. Since they represent a configuration of N particles, at some particular time
(say t = 0) evolving to a configuration of N particles at some later time t = T , the world lines cannot cross each other
or form knots around each other or loop back. At each time, we want to have only N particles. Each history or set of
trajectories of the N particles becomes a braid. For example, in Fig.6, we show an example of some elements of the
braid group B4, which is the braid group of 4 particles. Exchanges of neighbouring particles (by some counting rule,
since the particles are in two dimensional space) form the generators of the group. For instance, the generators of the
group B4 are given in Fig.7 and are denoted as �j , j = 1, 2, 3. �j describes exchange of jth particle with (j + 1)th

particle in a counter-clockwise direction (by definition), so that the clockwise exchange is denoted by (�j)�1. The
identity element is given by �0 where there is no exchange, and group inverse by the clockwise exchange (�j)�1 as
shown in Fig.8. Group multiplication is defined as following one trajectory by another in time as shown in Fig.9.
Note that we have put crosses on the time-lines which are identified in the figure. It is now easy to check that
(�j)(�j)�1 = �0 as shown in Fig.10 (without the crosses). It is also easy to seen that (�1)n 6= �0 for any n, which is
the reason that ‘any’ statistics are allowed in two dimensions. (See Fig.11).

We will end this subsection by mentioning the two defining relations satisfied by the generators of the braid group.

�i�j = �j�i, |i � j| � 2

�j�j+1�j = �j+1�j�j+1 (9)

The second one is called the Yang-Baxter relation. Both these relations can be easily checked pictorially ( as we show
in Fig.12 for the generators of B4).

It should be clear by now that the braid group leads to a much finer classification than the permutation group.
For instance, the two elements shown in Fig.13 are di↵erent elements of the braid group, but the same element of
the permutation group. So the quantum theory of anyons has the quantum states of the anyons transforming as
unitary representations of the braid group. Abelian anyons form one-dimensional representations of the braid group.
There are an infinite number of such representations, because under exchange, the phase that is picked up is ei✓ and



Group multiplication and 
Yang-Baxter relations
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FIG. 13: Di↵erent elements of the braid group, but same element of the permutation group.

Similarly by insisting that S�|s, m > have a positive norm, we get s(s + 1) � m(m � 1) � 0, which implies that
m � �s for all m. Once again, to avoid m < �s, we need to set

m � (�s) = integer (13)

Adding the equations in Eqs.12 and 13, we get

2s = integer =) s = integer/2 . (14)

Thus, just from the commutation relations, we can prove that the particles in three dimensions have either integer or
half-integer spin.

However, in two dimensions, there exists only one axis of rotation, perpendicular to the plane of the two dimensions.
Hence, here spin only refers to S3 which has no commutation relations to satisfy, and hence it can be anything!

D. Physical model of an anyon

Now let us construct a simple physical model of an anyon6. Imagine a spinless particle of charge q orbiting around
a thin solenoid along the z-axis at a distance r as shown in Fig14. When there is no current through the solenoid,
the orbital angular momentum of the charged particle is quantitized as an integer - lz = integer. When a current is
turned on, the particle feels an electric field that can easily be computed using

Z
(r ⇥ E)d2r =

Z
Bd2r = �@�

@t
(15)

where � is the total flux through the solenoid. This is just the Aharanov-Bohm e↵ect. Hence,

Z
E · dl = 2⇡|r|E✓ = ��̇ leading to E = � �̇

2⇡|r| (ẑ ⇥ r) . (16)

σ1σ2σ1 = σ2σ1σ2σ1σ3 = σ3σ1



The important point for bosons and even fermions, is that once you have 
exchanged the particles twice, then it can be completely forgotten that 
you exchanged at all 

For anyons, entire history is important - cannot be forgotten after any 
number of exchanges -  reason for why even a system of free anyons is 
very hard to solve 

This phase leads to many new phases and phenomena, not surprising 
since even the minus/plus  sign for fermions/bosons  leads to  
phenomena like metals, insulators, for fermions and superfluidity and 
Bose condensation for bosons



Mutual statistics 

Can also drag distinguishable particles around each other in 2D. Will 
not come back to the same configuration ( unlike in 3D) 

Here again, one can get a phase  ( for taking particle `a’ 
around particle `b’) 

For identical anyons, exchange phase often written as  

Sab = eiθab

Tab = δabeiθa



Non-abelian anyons

Anyons which acquire just a phase under exchange are abelian 
anyons - one dimensional representation of the braid  group. To have 
non-abelian anyons, need  higher dimensional representations  of the 
braid group 

Can occur when there is a degenerate set of states with particles fixed at 
their positions 

Exchange of non-abelian anyons leads to rotation in  the degenerate 
manifold ψa(r1, r2) → Uabψb(r2, r1) Frohlich, 1988



Why is there so much interest in anyons? 
Topological quantum computation

Quantum computer uses qubits instead of classical bits. The qubit 
represents the state of a wave function, - e.g, a spin 1/2 which can be 

in a state  or  

Unlike classical bits, qubits can also be in a state of superposition 

written as or more commonly  as  

For non-abelian anyons, ground state degeneracy means that 
multiple distinct states of the particles have same configuration of 
identical particles

| ↑ > | ↓ >

α | ↑ > + β | ↓ > α |0 > + β |1 >



Prepare system in one ground state - exchange 2 quasi-particles - 
transformed by unitary transformation to another state in the 
ground state manifold 

Unitary transformations are the quantum gates which change the 
quantum states - building blocks for quantum circuits



Kitaev Model for Majorana modes - the simplest 
example of non-abelian anyons



Majorana modes - simplest non-abelian Anyon 

Majorana fermions initially introduced in high energy physics, as 
possible new elementary particles which can be their own anti-particles 
such as candidate neutrinos or possible particles such as 
supersymmetric partners of photons, neutral Higgs, etc 

Majorana modes as quasi-particles in condensed matter systems - 
called Majorana because they are self-conjugate 

These are not fermions,  but instead behave as non-abelian anyons



Kitaev model for Majorana modes

The `Ising’ model for the Majorana modes is the Kitaev model which 
can be rewritten in terms of the Majorana modes

Kitaev 2001

H = �µ

NX

x=1

c
†
xcx � 1

2

NX

x=1

(tc†xcx+1 +�cxcx+1 + h.c.)
<latexit sha1_base64="v0x2JxeV7/HAxC4RH1DgPpSUHUk="></latexit><latexit sha1_base64="v0x2JxeV7/HAxC4RH1DgPpSUHUk="></latexit><latexit sha1_base64="v0x2JxeV7/HAxC4RH1DgPpSUHUk="></latexit><latexit sha1_base64="v0x2JxeV7/HAxC4RH1DgPpSUHUk="></latexit>

cx =
1

2
(�x,A + i�x,B), c†x =

1

2
(�x,A � i�x,B)

<latexit sha1_base64="wS1ieCUuEvL1GhxrlXy7O6NUBbo="></latexit><latexit sha1_base64="wS1ieCUuEvL1GhxrlXy7O6NUBbo="></latexit><latexit sha1_base64="wS1ieCUuEvL1GhxrlXy7O6NUBbo="></latexit><latexit sha1_base64="wS1ieCUuEvL1GhxrlXy7O6NUBbo="></latexit>

{γa, γb} = δab, γ2
a = 1, γ2

b = 1 γ† = γ



Idea is to think of fermions on a site being made of 2 `Majorana 
modes’ and changing parameters so that the fermions get 
fractionalized and Majorana modes get separated 

When    and   , only bonds between Majoranas at 
same site

μ < 0 t = Δ = 0

H =
−μ
2

N

∑
x=1

(1 + iγx,Bγx,A)



When  , imagine new fermions made from 
Majoranas on nearest neighbour sites. Unpaired Majoranas at the two 
ends  

Note - highly correlated state in terms of original fermions, but simple 
in terms of new fermions defined on nearest neighbor sites 

Non-local fermion 

μ = 0 and t = Δ

H = −
it
2

N−1

∑
x=1

γx,Bγx+1,A

d =
γA,1 + iγB,N

2



Energy is independent of whether this fermion state is occupied or not 

So non-unique ground state - rather, ground state is doubly 

degenerate -  and |0 > |1 > = d† |0 >



Main point 

Hamiltonian  has no dependence on end 
Majoranas and is independent of 
whether or not the non-local fermion 
formed from them  is occupied or not 
occupied - ground state is not unique, it 
is doubly degenerate 

This was Kitaev’s magic trick. He found 
the model which could `fractionalise’ the 
fermion and put different pieces of them  
at the two ends.  So they behave as 
independent quasiparticles 

4

FIG. 4: The necessary magic trick for getting a majorana

FIG. 5: The kitaev chain. As if one of the majorana interactions are missing in each bond. There are two edge majoranas that

are decoupled if � = 0.

A. Kitaev’s magic trick

What is our goal? We want to be able to take these majoranas - two for a state - and bring them apart. How can
we break such an integral object? The two majoranas belong to a single state! We need something like Fig. 4. . .

We do habe a magician, though. Kitaev said - what about just removing one of the interaction lines in the two site
problem? Let’s make the model into a chain, and let’s not have the two couplings between the majoranas - let’s just
have a linked chain.

This would be the following model:

H =
1

2

⇤

i

⌅
�i⌃�i+�i� � iJ�i+�(i+1)�

⇧
(22)

Why is this magic? Check this out. set ⌃ = 0. The Majoranas are now disconnected. We can find the eigen creation
and annihilation operators in each bond:

di = �i+ + i�(i+1)�, d
†
i = �i+ � i�(i+1)� (23)

But this leaves a set of two zero modes on the two sides. left and right:

[H, �0�] = [H, �L+] = 0 (24)

Two majorana edge modes! Thi is clearly not the case if we have J = 0, and ⌃ > 0. Then each site is left to its
own, and there are no zero modes. . . These two points we discussed are simply speaking the example points of the
topological and trivial pahse of the kitaev model.

B. Kitaev model for electrons

What is the model in terms of the original electrons? We need to key in the majorana definitions int he hamiltonain
26. not hard to do, with:

ci =
1

2
(�i+ + i�i�) , c

†
i =

1

2
(�i+ � i�i�) (25)

And we get:

HK =
⇤

i

�
�⌃c†i ci �

J

2
(ci+1 � c

†
i+1)(ci + c

†
i )

⇥
=

⇤

i

�
�⌃c†i ci �

J

2
(c†i+1ci + c

†
i ci) +

⇤

2
(ci+1ci + c

†
i c

†
i+1)

⇥
(26)



Range of parameters :   for 
which system is  topologically 
trivial  (unique ground state) and  

,  for which system is 
topological with doubly degenerate 
ground state and end Majorana 
modes  

The model needs spinless fermions 
( or p-wave superconductors where 
the superconductor couples same 
spins)

μ > 2t

μ < 2t



Why are these end Majorana zero modes relevant 
for quantum computation?

The non-local fermion can either be occupied -forms the qubit. So the model has 2 zero 
energy bound states at the two ends  which can be thought of as `fractional pieces’ of  
an underlying non-local fermion 

Cannot be easily disturbed by local disorder because different pieces of fermion are at 
different locations - occupation of state can only change when all pieces are changed 
together  - so state whose occupation or non-occupation forms qubit is highly stable   

Introduction Kitaev model Non-abelian statistics Hosting and detecting Majorana particles Conclusion and future directions

Pairs of Majorana fermions can be combined into ordinary
fermions

c =
1

2
(�1 + i�2), c† =

1

2
(�1 � i�2),

form a single 2 level system

If the Majorana fermions are spatially separated, implies
fermion state is delocalised,
Protected from local changes that affect only one of the
Majorana fermions, hence protected from decoherence
Expected to be relevant for topological quantum
computation

ϵ0 = 0d†d = 1
d†d = 0



Fusion of the Majorana zero modes 

Now, let us assume we have isolated Majorana modes 

Can make  `composite’ anyons by `fusing’  two anyons together into   

either the vacuum ( no fermion) or ( 1 fermion) 

Since the fusion outcome is not unique, it is a non-abelian anyon

|0 > |1 >



Braiding of the Majorana zero modes 

Majorana zero modes can be braided  

Top- Majoranas belonging to the same 
fermion have been braided 

Bottom - Majoranas belonging to two 
different fermions have been braided
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FIG. 30: Here, we exchange the Majorana modes belonging to two di↵erent fermions. This leads to a unitary rotation in the
space of degenerate states and hence, to non-abelian statistics.

Now acting this on |n1, n2 > does not lead to a phase. Instead, it leads to a rotation in the space of degenerate states
given by

⌧BC |n1, n2 >=
1p
2
[|n1, n2 > +i(�1)n1 |1 � n1, 1 � n2 >] . (89)

Now, we can consider sequential exchanges. It is clear that di↵erent exchanges will not commute with one another -
the final state will depend on the order of the operation. This is what is meant by saying that the Majorana particles
have non-abelian statistics under exchange.

The derivation of the non-abelian statistics is not dependent on details of how the exchange between the particles
is carried out, and hence it cannot be changed by disorder or local details. It is topologically stable.

To understand multiple non-abelian anyons, as we already mentioned, we need to understand fusion paths, since
the fusion rules do not need to unique results. These fusion paths represent a basis of the degenerate ground state
manifold, and are most conveniently studied in terms of conformal blocks of the appropriate conformal field theory3.

V. CONCLUSION

Let me conclude by repeating the main message of these lectures - understanding the notion of anyons and non-
abelian anyons is an exciting field today. The study of these excitations could lead to an understanding of concepts like
decoherence and entanglement which are relevant in quantum computation. Work on non-abelian states, in general, is
still in its infancy. For young researchers, hence, this should be a useful and relevant topic of study at the crossroads
of condensed matter physics and quantum information.

1 J. M. Leinaas and J. Myrrheim, Il Nuovo Cimento, 37, 1 (1977).
2 See for instance, review by A. Stern, ‘Anyons and the quantum Hall e↵ect - a pedagogical review’, cond-mat/0711.4697.
3 C. Nayak, S. H. Simon, M. Freedman and S. D. Sarma, Rev. Mod. Phys. 80 1083 (2008).
4 See review by S. Rao, ‘An Anyon Primer’, hep-th/9209066 based on Lectures delivered at the VIII SERC School in High

Energy Physics, 30 Dec. ’91 - 18 Jan ’92, held at Physical Research Laboratory, Ahmedabad, and at the I SERC School in
Statistical Mechanics, Feb ’94, held at Puri, published in ’Models and Techniques of Statistical Physics’, edited by S. M.
Bhattacharjee (Narosa Publications).
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FIG. 29: Here, we exchange the Majorana modes belonging to the same fermion. This only gives rise to a phase and hence
abelian statistics.

It is easy to check that ⌧ defined this way is unitary and that it actually carries out the exchange by substituting for
⌧ in Eq.81. It is also easy to check that ⌧ can be rewritten as exp(⇡�A�B/4). If we write it in terms of the fermion
number operator,

⌧ = ei⇡(1�2n)/4 n = c†
McM =) ⌧ = e�i⇡�z/4 (84)

Clearly, since n does not change, the statistics parameter is abelian and it cannot rotate states in the ground state
manifold (|0 >, c†

M |0 >).
Now, let us see what happens when N = 2. Here, we have 4 Majorana modes �i, i = A . . . D which can form 2

normal fermions -

c1 = 1
2 (�A + i�B), c†

1 = 1
2 (�A � i�B)

c2 = 1
2 (�C + i�D), c†

2 = 1
2 (�C � i�D) (85)

The degenerate states of the system are given by |n1, n2 >= c†
1c

†
2|0, 0 >= |0, 0 >, |1, 0 >, |0, 1 >, |1, 1 >. Operator

⌧AB exchanges the Majoranas A and B keeping C, D unchanged and operator ⌧CD exchanges the Majoranas C and
D keeping A, B unchanged. Similarly, we can define, ⌧AC , ⌧BD, etc.

It is now clear that analogous to the N = 1 case, if we exchange the two Majorana zero modes from the same
fermion, as shown in Fig.29, we will only get a phase - i.e.,

⌧AB |n1, n2 > = ei⇡(1�2n1)/4|n1, n2 >

⌧CD|n1, n2 > = ei⇡(1�2n2)/4|n1, n2 > . (86)

In the first equation, n2 comes for a ride and in the second equation, n1 comes for a ride. So both these operators
are abelian operators. But now, let us exchange one Majorana from one of the fermions with another Majorana from
the other fermion (as shown in Fig.30) -

⌧BC =
1p
2
(1 + �B�C) (87)

In terms of the fermions c1 and c2, this can be written as

⌧BC =
1p
2
[1 � i(c1 � c†

1)(c2 + c†
2)] (88)



We can now explicitly find the operators that does the braiding 

Let us see what happens under exchange of 2 Majoranas 

 

 is the exchange operator and the phase can be chosen to be 1 

But then the phase of the other exchange                                                    
is determined.  

It is forced to be -1 because  the product of    is forced to remain 

unchanged because of the ground state parity (value of ) is fixed

γ1 → γ′ 1 = U†
12γ1U12 = eiϕγ2

U12

γ1γ2
d†d

γ2 → γ′ 2 = U†
12γ1U12 = eiϕγ1

γ1 = d + d†

γ2 = (−i)(d − d†) iγ1γ2 = (2d†d − 1)



Only possible if  

So essentially, we have  

This is implemented by the exchange operator 

 

In terms of fermion operators  

So remains in the same state, since fermion parity cannot change

γ1 → γ2, γ2 → − γ1

U12 =
1

2
(1 + γ1γ2) = e

π
4 γ1γ2

iγ1γ2 → iγ′ 1γ′ 2 = iγ2(−γ1) = iγ1γ2

U12 = F(d†d = n) = ei π
4 (1−2n)



To show how one moves in the degenerate ground state manifold, need 

to consider a minimum of four Majorana modes    and 
consider various exchanges 

We make 2 normal fermions as follows 

States of the system given by  

                    

γ1, γ2, γ3, γ4

|n1, n2 > = d†n1
1 d†n2

2 |0,0 >

|0,0 > , |1,0 > , |0,1 > , |1,1 >

d1 =
γ1 + iγ2

2
, d†

1 =
γ1 − iγ2

2
d2 =

γ3 + iγ4

2
, d†

2 =
γ3 − iγ4

2



We can now explicitly find the operators that exchange the Majoranas 

Operator   exchanges Majoranas   and   keeping the others fixed 

and similarly, we have exchange operators   and . Here it is only 

 which allows us to turn one pair of fermions into another 

U12 γ1 γ2
U23 U34

U23

Ivanov,2000

U12 |n1, n2 > = ei π
4 (1−2n1) |n1, n2 >

U23 |n1, n2 > =
1

2
[ |n1, n2 > + i(−1)n1 |1 − n1,1 − n2 > ]

U34 |n1, n2 > = ei π
4 (1−2n2) |n1, n2 >
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FIG. 29: Here, we exchange the Majorana modes belonging to the same fermion. This only gives rise to a phase and hence
abelian statistics.

It is easy to check that ⌧ defined this way is unitary and that it actually carries out the exchange by substituting for
⌧ in Eq.81. It is also easy to check that ⌧ can be rewritten as exp(⇡�A�B/4). If we write it in terms of the fermion
number operator,

⌧ = ei⇡(1�2n)/4 n = c†
McM =) ⌧ = e�i⇡�z/4 (84)

Clearly, since n does not change, the statistics parameter is abelian and it cannot rotate states in the ground state
manifold (|0 >, c†

M |0 >).
Now, let us see what happens when N = 2. Here, we have 4 Majorana modes �i, i = A . . . D which can form 2

normal fermions -

c1 = 1
2 (�A + i�B), c†

1 = 1
2 (�A � i�B)

c2 = 1
2 (�C + i�D), c†

2 = 1
2 (�C � i�D) (85)

The degenerate states of the system are given by |n1, n2 >= c†
1c

†
2|0, 0 >= |0, 0 >, |1, 0 >, |0, 1 >, |1, 1 >. Operator

⌧AB exchanges the Majoranas A and B keeping C, D unchanged and operator ⌧CD exchanges the Majoranas C and
D keeping A, B unchanged. Similarly, we can define, ⌧AC , ⌧BD, etc.

It is now clear that analogous to the N = 1 case, if we exchange the two Majorana zero modes from the same
fermion, as shown in Fig.29, we will only get a phase - i.e.,

⌧AB |n1, n2 > = ei⇡(1�2n1)/4|n1, n2 >

⌧CD|n1, n2 > = ei⇡(1�2n2)/4|n1, n2 > . (86)

In the first equation, n2 comes for a ride and in the second equation, n1 comes for a ride. So both these operators
are abelian operators. But now, let us exchange one Majorana from one of the fermions with another Majorana from
the other fermion (as shown in Fig.30) -

⌧BC =
1p
2
(1 + �B�C) (87)

In terms of the fermions c1 and c2, this can be written as

⌧BC =
1p
2
[1 � i(c1 � c†

1)(c2 + c†
2)] (88)
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FIG. 30: Here, we exchange the Majorana modes belonging to two di↵erent fermions. This leads to a unitary rotation in the
space of degenerate states and hence, to non-abelian statistics.

Now acting this on |n1, n2 > does not lead to a phase. Instead, it leads to a rotation in the space of degenerate states
given by

⌧BC |n1, n2 >=
1p
2
[|n1, n2 > +i(�1)n1 |1 � n1, 1 � n2 >] . (89)

Now, we can consider sequential exchanges. It is clear that di↵erent exchanges will not commute with one another -
the final state will depend on the order of the operation. This is what is meant by saying that the Majorana particles
have non-abelian statistics under exchange.

The derivation of the non-abelian statistics is not dependent on details of how the exchange between the particles
is carried out, and hence it cannot be changed by disorder or local details. It is topologically stable.

To understand multiple non-abelian anyons, as we already mentioned, we need to understand fusion paths, since
the fusion rules do not need to unique results. These fusion paths represent a basis of the degenerate ground state
manifold, and are most conveniently studied in terms of conformal blocks of the appropriate conformal field theory3.

V. CONCLUSION

Let me conclude by repeating the main message of these lectures - understanding the notion of anyons and non-
abelian anyons is an exciting field today. The study of these excitations could lead to an understanding of concepts like
decoherence and entanglement which are relevant in quantum computation. Work on non-abelian states, in general, is
still in its infancy. For young researchers, hence, this should be a useful and relevant topic of study at the crossroads
of condensed matter physics and quantum information.

1 J. M. Leinaas and J. Myrrheim, Il Nuovo Cimento, 37, 1 (1977).
2 See for instance, review by A. Stern, ‘Anyons and the quantum Hall e↵ect - a pedagogical review’, cond-mat/0711.4697.
3 C. Nayak, S. H. Simon, M. Freedman and S. D. Sarma, Rev. Mod. Phys. 80 1083 (2008).
4 See review by S. Rao, ‘An Anyon Primer’, hep-th/9209066 based on Lectures delivered at the VIII SERC School in High

Energy Physics, 30 Dec. ’91 - 18 Jan ’92, held at Physical Research Laboratory, Ahmedabad, and at the I SERC School in
Statistical Mechanics, Feb ’94, held at Puri, published in ’Models and Techniques of Statistical Physics’, edited by S. M.
Bhattacharjee (Narosa Publications).



Hence braiding of the Majoranas  performs unitary operations - useful 
for quantum computation 

• 2 Majorana separated bound states = 1 fermion
- 2 degenerate states (full/empty) = 1 qubit

• 2N separated Majoranas = N qubits
• Quantum Information is stored non locally

- Immune from local decoherence

1 2iJ J<  �

Create

Braid

Measure � �12 34 12 340 0 1 1 / 2�

t

12 340 0

Majorana Fermions and Topological Quantum Computing

The degenerate states associated with Majorana zero modes
define a topologically protected quantum memory

(Kitaev ‟03)

Braiding performs unitary operations
Non-Abelian statistics
Interchange rule (Ivanov 03)

i j

j i

J J

J J

o

o �

These operations, however, are not sufficient
to make a universal quantum computer



So what is TOPOLOGICAL quantum  computation?  

Essentially using non-abelian anyons  - qubits formed from the 
occupation/non-occupation of the non-local fermion  and quantum 
gates are  the unitary braiding matrices  which can change the state of 
the qubit  

Different pieces of fermion are at different locations - occupation of 
state cannot be easily changed by `local disorder’.  So the qubit is 
topologically stable. (Stability proportional to length of wire). 
Braiding also cannot be changed by local deformation  

Hence, TOPOLOGICAL PROTECTION from decoherence, noise, errors - 
FAULT TOLERANT.  Hence, expected to be easier for scalability as well,

Kitaev, Preskill, 2000



Where to find or how to engineer Majorana modes?



Semiconductor nanowires

Most promising platform - semiconductor wires ( with strong spin-orbit 
coupling)  on s-wave superconductors in an external magnetic field  

Engineered to mimic the Kitaev model, so expect to have a Majorana 
bound state at the edge of the topological superconductor

(Lutchyn, Sau, Das Sarma 2010; Oreg, Refael, von Oppen 2010)

1D spin-orbit-coupled 
wire (e.g. InAs)

Realization in 1D wires

s-wave SC

Generates a1D ‘spinless’  SC state 
with Majorana fermions!

B ↓

H = ∫ dxψ†[−
∂2

x

2m
− μ − uiℏ∂xσy −

gμbB
2

σz]ψ + Δ[ψ↑ψ↓ + h . c.]

18 Quantum wires

✏p ✏p ✏p

p p p

µ µ µ

(a) (b) (c)

"

#
 !

&.

% -

Fig. 4.1 Normal-state dispersions of the quantum wire in (a) the Kitaev limit, (b) the

topological insulator limit without Zeeman field, and (c) the topological insulator limit with

Zeeman field.

band bottom of the spin-down band. Then, there is only a single left-moving and
a single right-moving channel (or none at all) and we will see below that this limit
maps to the spinless p-wave superconductor discussed above.

• Topological-insulator limit B ⌧ ✏so: First neglecting the Zeeman field, the normal-
state dispersion

✏p =
p
2

2m
± up =

1

2m
(p±mu)2 �

1

2
mu

2 (4.3)

consists of two parabolas shifted relative to each other along the momentum axis
due to the Rashba spin-orbit coupling. The two parabolas correspond to spin-up
and spin-down electrons with respect to the direction of the spin-orbit field (i.e.,
the x-direction for the Hamiltonian in Eq. (4.1)), and cross at p = 0. The Zeeman
field applied in a direction perpendicular to the spin-orbit field (the z-direction
for the Hamiltonian in Eq. (4.1)) mixes the two states at p = 0 and this opens a
gap of size 2B in the spectrum, which now becomes1

✏p =
p
2

2m
±

p
(up)2 +B2. (4.4)

When we adjust the Fermi energy to lie within this gap, we again have a situation
in which there are only a single right-moving mode and a single left-moving mode
at the Fermi energy. We will see that this limit is closely related to the topological-
insulator model discussed in the previous section.

4.1 Kitaev limit

First consider the limit of strong Zeeman field with the Fermi energy lying far below
the bottom of the spin-down parabola. In that case, we can project out the high-
energy states associated with the spin-down parabola and derive an e↵ective low-
energy Hamiltonian. To do so, first neglect the spin-orbit coupling and measure the

1Note that the “e↵ective Zeeman field” acting on the electron spin now has orthogonal components
up from spin-orbit and B from Zeeman, i.e., the overall strength of the e↵ective Zeeman field isp

(up)2 +B2.



Theoretical proposal

Tunneling from a normal lead into the end of the wire should give 
signature of the Majorana mode which should be a state at zero energy 

Expected zero bias conductance

Quantized conductance 
topological superconductornormal lead topological superconductor

I
V

Mourik et al., Science, Das et al Nature Physics,   Deng et al, Nano lett,    -  2012,  

[
�I

�V
]
V=0

=
2e2

h
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Quest for Majoranas

Many experiments have tried to look for the Majorana modesARTICLES
PUBLISHED ONLINE: 11 NOVEMBER 2012 | DOI: 10.1038/NPHYS2479

Zero-bias peaks and splitting in an Al–InAs
nanowire topological superconductor as a
signature of Majorana fermions
Anindya Das†, Yuval Ronen†, Yonatan Most, Yuval Oreg, Moty Heiblum* and Hadas Shtrikman

Majorana fermions are the only fermionic particles that are expected to be their own antiparticles. Although elementary
particles of theMajorana type have not been identified yet, quasi-particleswithMajorana-like properties, born from interacting
electrons in the solid, have been predicted to exist. Here, we present thorough experimental studies, backed by numerical
simulations, of a system composed of an aluminium superconductor in proximity to an indium arsenide nanowire, with the
latter possessing strong spin–orbit coupling and Zeeman splitting. An induced one-dimensional topological superconductor,
supporting Majorana fermions at both ends, is expected to form. We concentrate on the characteristics of a distinct zero-bias
conductance peak and its splitting in energy—both appearing only with a small magnetic field applied along the wire. The
zero-bias conductance peakwas found to be robustly tied to the Fermi energy over awide range of systemparameters. Although
not providing definite proof of a Majorana state, the presented data and the simulations support its existence.

Quantum mechanics and special relativity were merged into
a single theory when Dirac presented his equation in
19291, with a solution predicting an electron and an anti-

electron partner—the positron. Majorana, however, showed that
Dirac’s equation also has real solutions—the so-called Majorana
fermions2, which are their own anti-particles3. In condensed-
matter physics, the Majorana fermion is an emergent quasi-particle
zero-energy state4,5. The fundamental aspects of Majoranas and
their non-Abelian braiding properties6,7 offer possible applications
in quantum computation8–10. Examples of leading candidates to
host Majoranas are: Moore–Read-type states in the fractional
quantum Hall effect11; vortices in two-dimensional (2D) p+ ip
spinless superconductors12; and domain walls in 1D p-wave
superconductors4,13. As conventional s-wave superconductors are
more easily implemented than p-wave ones, several suggestions
for their implementations have recently been proposed: the
surface of a 3D topological insulator in proximity to an s-wave
superconductor14; a 2D semiconductor with strong spin–orbit
coupling in proximity to an s-wave superconductor under broken
time reversal symmetry (using a local ferromagnet15,16 or an external
magnetic field17); and a 1D semiconductor with the Majorana
quasi-particles appearing at the two ends of the 1D wire4,5,18,19.
Specifically, the authors of refs 18,19 proposed to employ InAs or
InSb nanowires, possessing strong spin–orbit coupling and large
Zeeman splitting at low magnetic fields, in proximity to an s-wave
superconductor. Following the suggestion of ref. 19 to use an
InSb nanowire, recent reports20,21 demonstrated the observation
of a magnetic-field-induced zero-bias conductance peak (ZBP), as
expected for a zero-energyMajorana state.

Here, we report the observation of a ZBP and its splitting
under different conditions of magnetic field, chemical potential
and temperature, in a high-quality suspended InAs nanowire in
proximity to an Al superconductor. We compare the experimental
results with numerical simulations based on scattering theory and

Braun Center for Submicron Research, Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot 76100, Israel. †These authors
contributed equally to this work. *e-mail: moty.heiblum@weizmann.ac.il.

find, using the experimental parameters, a qualitative agreement of
the data with a Majorana state. We also discuss alternative models
thatmay account for the observed ZBP (refs 22–24).

Theoretical aspects ofMajorana states
As our main goal is to find evidence of the formation of Majorana
states, it is important to specify the required conditions for their
formation. The most basic requirement is that the quasi-particle
is spinless. These requirements can be satisfied by p-wave Cooper
pairing of spinless particles5, or in v + (1/2) filling factor (where
v is an integer) in the fractional quantum Hall effect11. Here
we present a realization of a 1D nanowire coupled to an s-wave
superconductor, thus, with an induced superconductivity. Rashba
spin–orbit coupling25, leading to an effective magnetic field Bso ∝
p×E (where p is the momentum along the wire and E is the electric
field perpendicular to the wire), separates electrons with opposite
spins inmomentum space. Applying amagnetic field perpendicular
to Bso will mix the two spin bands, forming two pseudo-spin
bands, Zeeman gapped by 2EZ at p = 0 (Fig. 1a,b). Inducing
superconductivity modifies the Zeeman gap at p= 0 and opens up
a gap at the Fermi momentum pF (Fig. 1c). The overall gap Eg is
the smaller of these two gaps. Three parameters are of significance:
the spin–orbit energy ∆so = p2so/2m, with ±pso =±h̄/λso (Fig. 1a);
the Zeeman gap 2EZ = gµBB, where g is the Landé g -factor, µB
is the Bohr magnetron and B is the external magnetic field; and
the induced superconducting gap in the nanowire 2∆ind (the Al
superconducting gap is 2∆Al). For ∆ind > 0 and EZ = 0 the wire
is a trivial superconductor with a gapped spectrum. When EZ is
increased to EZ =

√
∆2

ind+µ2, where µ is the chemical potential
(Fig. 1a), the gap at p= 0 closes at the Fermi energy, and the wire
enters the topological phase; with a topological gap reopeningwith a
further increase in EZ. Continuously changing the parameters along
the wire from its topological phase into another gapped phase must
close the gap at the phase transition point, forming a Majorana

NATURE PHYSICS | VOL 8 | DECEMBER 2012 | www.nature.com/naturephysics 887

Spin-resolved Andreev levels and parity crossings
in hybrid superconductor–semiconductor
nanostructures
Eduardo J. H. Lee1, Xiaocheng Jiang2, Manuel Houzet1, Ramón Aguado3, Charles M. Lieber2

and Silvano De Franceschi1*

The physics and operating principles of hybrid superconductor–semiconductor devices rest ultimately on the magnetic
properties of their elementary subgap excitations, usually called Andreev levels. Here we report a direct measurement of
the Zeeman effect on the Andreev levels of a semiconductor quantum dot with large electron g-factor, strongly coupled to
a conventional superconductor with a large critical magnetic field. This material combination allows spin degeneracy to be
lifted without destroying superconductivity. We show that a spin-split Andreev level crossing the Fermi energy results in a
quantum phase transition to a spin-polarized state, which implies a change in the fermionic parity of the system. This
crossing manifests itself as a zero-bias conductance anomaly at finite magnetic field with properties that resemble those
expected for Majorana modes in a topological superconductor. Although this resemblance is understood without evoking
topological superconductivity, the observed parity transitions could be regarded as precursors of Majorana modes in the
long-wire limit.

When a normal-type (N) conductor is connected to a
superconductor (S), superconducting order can leak
into it to give rise to pairing correlations and an

induced superconducting gap. This phenomenon, known as the
superconducting proximity effect, is also expected when the N con-
ductor consists of a nanoscale semiconductor whose electronic
states have a reduced dimensionality and can be tuned by means
of electric or magnetic fields. This hybrid combination of supercon-
ductors and low-dimensional semiconductors offers a versatile
ground for novel device concepts1. Some examples include sources
of spin-entangled electrons2–4, nanoscale superconducting magnet-
ometers5 or recently proposed qubits based on topologically pro-
tected Majorana fermions6–8. Such concepts, which form an
emerging domain between superconducting electronics and spin-
tronics, rest on a rich and largely unexplored physics that involves
both superconductivity and spin-related effects5,9–12. Here we
address this subject by considering the lowest dimensional limit
where the N conductor behaves as a small quantum dot (QD)
with a discrete electronic spectrum. In this case, the superconduct-
ing proximity effect competes with the Coulomb blockade phenom-
enon, which follows from the electrostatic repulsion among the
electrons of the QD13. Although superconductivity privileges the
tunnelling of Cooper pairs of electrons with opposite spin, and
thereby favours QD states with even numbers of electrons and
zero total spin (that is, spin singlets), the local Coulomb repulsion
enforces a one-by-one filling of the QD, and thereby stabilizes not
only even but also odd electron numbers.

To analyse this competition, let us consider the elementary case
of a QD with a single, spin-degenerate orbital level. When the dot
occupation is tuned to one electron, two ground states (GSs) are
possible: a spin doublet (spin 1/2), |Dl¼ | ! l,| " l, or a spin
singlet (spin zero), |Sl, whose nature has two limiting cases. In the

large superconducting gap limit (D#1), the singlet is supercon-
ducting like, |Sl¼2v*| ! "lþ u|0l, which corresponds to a
Bogoliubov-type superposition of the empty state, |0l, and the
two-electron state, | ! "l. By contrast, in the strong coupling limit,
where the QD–S tunnel coupling, GS, is much larger than D, the
singlet state is Kondo-like, resulting from the screening of the
local QD magnetic moment by quasiparticles in S. Even though
the precise boundary between the superconducting-like and
Kondo-like singlet states is not well-defined14, one can clearly ident-
ify changes in the GS parity, namely whether the GS is a singlet (fer-
mionic even parity) or a doublet (fermionic odd parity), as we show
here. The competition between the singlet and doublet states is gov-
erned by different energy scales: D, GS, the charging energy, U, and
the energy, 10, of the QD level relative to the Fermi energy of the S
electrode (see Fig. 1a)14–23. Previous works that address this compe-
tition focused either on Josephson supercurrents in S–QD–S
devices11,24 or on the subgap structure in S–QD–S or N–QD–S geo-
metries25–33. Although the QD–S GS could be inferred in some of
the above studies, a true experimental demonstration of the GS
parity requires its magnetic properties to be probed.

Here we report a tunnel spectroscopy experiment that probes the
magnetic properties of a QD–S system.With the aid of suitably large
magnetic fields, we lifted the degeneracy of the spinful states (that is,
|Dl) and measured the corresponding effect on the lowest-energy
subgap excitations of the system (that is, |Dl↔ |Sl transitions).
This experiment was carried out on a N–QD–S system, where the
N contact is used as a weakly coupled tunnel probe. In this geome-
try, a direct spectroscopy of the density of states in the QD–S system
is obtained through a measurement of the differential conductance,
dI/dV, as a function of the voltage difference, V, between N and S. In
such a measurement, an electrical current measured for |V|,D/e is
carried by so-called Andreev reflection processes, each of which
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rather than by microtubule reorganization. Thus,
polarization of the DVaxis is independent of the
formation of the microtubule array that defines
the AP axis, as previously proposed.
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Signatures of Majorana Fermions in
Hybrid Superconductor-Semiconductor
Nanowire Devices
V. Mourik,1* K. Zuo,1* S. M. Frolov,1 S. R. Plissard,2 E. P. A. M. Bakkers,1,2 L. P. Kouwenhoven1†

Majorana fermions are particles identical to their own antiparticles. They have been theoretically
predicted to exist in topological superconductors. Here, we report electrical measurements on
indium antimonide nanowires contacted with one normal (gold) and one superconducting
(niobium titanium nitride) electrode. Gate voltages vary electron density and define a tunnel
barrier between normal and superconducting contacts. In the presence of magnetic fields on the
order of 100 millitesla, we observe bound, midgap states at zero bias voltage. These bound states
remain fixed to zero bias, even when magnetic fields and gate voltages are changed over
considerable ranges. Our observations support the hypothesis of Majorana fermions in nanowires
coupled to superconductors.

All elementary particles have an anti-
particle of opposite charge (for example,
an electron and a positron); the meet-

ing of a particle with its antiparticle results in
the annihilation of both. A special class of par-
ticles, called Majorana fermions, are predicted
to exist that are identical to their own anti-
particle (1). They may appear naturally as ele-

mentary particles or emerge as charge-neutral
and zero-energy quasi-particles in a supercon-
ductor (2, 3). Particularly interesting for the
realization of qubits in quantum computing are
pairs of localized Majoranas separated from each
other by a superconducting region in a topolog-
ical phase (4–11).

On the basis of earlier and later semiconductor-
based proposals (6, 7), Lutchyn et al. (8) and
Oreg et al. (9) have outlined the necessary in-
gredients for engineering a nanowire device that
should accommodate pairs of Majoranas. The
starting point is a one-dimensional (1D) nano-
wire made of semiconducting material with
strong spin-orbit interaction (Fig. 1A). In the
presence of a magnetic field B along the axis

of the nanowire (i.e., a Zeeman field), a gap is
opened at the crossing between the two spin-
orbit bands. If the Fermi energy m is inside this
gap, the degeneracy is twofold, whereas outside
the gap it is fourfold. The next ingredient is to
connect the semiconducting nanowire to an
ordinary s-wave superconductor (Fig. 1A). The
proximity of the superconductor induces pairing
in the nanowire between electron states of oppo-
site momentum and opposite spins and induces
a gap, D. Combining this twofold degeneracy
with an induced gap creates a topological super-
conductor (4–11). The condition for a topolog-
ical phase is EZ > (D2 + m2)1/2, with the Zeeman
energy EZ = gmBB/2 (g is the Landé g factor, mB
is the Bohr magneton). Near the ends of the
wire, the electron density is reduced to zero, and
subsequently, m will drop below the subband
energies such that m2 becomes large. At the points
in space where EZ = (D2 + m2)1/2, Majoranas arise
as zero-energy (i.e., midgap) bound states—one
at each end of the wire (4, 8–11).

Despite their zero charge and energy, Ma-
joranas can be detected in electrical measure-
ments. Tunneling spectroscopy from a normal
conductor into the end of the wire should re-
veal a state at zero energy (12–14). Here, we
report the observation of such zero-energy peaks
and show that they rigidly stick to zero energy
while changing B and gate voltages over large
ranges. Furthermore, we show that this zero-
bias peak (ZBP) is absent if we take out any
of the necessary ingredients of the Majorana
proposals; that is, the rigid ZBP disappears for
zero magnetic field, for a magnetic field par-
allel to the spin-orbit field, or when we take
out the superconductivity.
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Parity lifetime of bound states in a proximitized
semiconductor nanowire
A. P. Higginbotham1,2†, S. M. Albrecht1†, G. Kiršanskas1, W. Chang1,2, F. Kuemmeth1, P. Krogstrup1,
T. S. Jespersen1, J. Nygård1,3, K. Flensberg1 and C. M. Marcus1*
Quasiparticle excitations can compromise the performance of
superconducting devices, causing high-frequency dissipation,
decoherence in Josephson qubits1–6, and braiding errors in
proposed Majorana-based topological quantum computers7–9.
Quasiparticle dynamics have been studied in detail in metal-
lic superconductors10–14 but remain relatively unexplored in
semiconductor–superconductor structures, which are now
being intensely pursued in the context of topological su-
perconductivity. To this end, we use a system comprising
a gate-confined semiconductor nanowire with an epitaxially
grown superconductor layer, yielding an isolated, proximitized
nanowire segment. We identify bound states in the semicon-
ductor by means of bias spectroscopy, determine the char-
acteristic temperatures and magnetic fields for quasiparticle
excitations, andextract aparity lifetime (poisoning time)of the
bound state in the semiconductor exceeding 10ms.

Semiconductor–superconductor hybrids have been investigated
for many years15–19, but have received renewed interest as
platforms for emergent topological superconductors with Majorana
end modes. Such modes are expected to show non-Abelian
statistics, allowing, in principle, topological encoding of quantum
information20–22 among other interesting effects23,24.

Transport experiments on semiconductor nanowires proximi-
tized by a grounded superconductor have recently revealed charac-
teristic signatures of Majorana modes25,26. Semiconductor quantum
dots with superconducting leads have also been explored exper-
imentally27–30, and have been proposed as a basis for Majorana
chains31–33. Here, we expand these geometries by creating an isolated
semiconductor–superconductor hybrid quantum dot (HQD) con-
nected to normal leads. The device forms the basis of an isolated,
mesoscopic Majorana system with protected total parity34,35.

The measured device consists of a hexagonal InAs nanowire
with epitaxial superconducting Al on two facets36,37, and Au ohmic
contacts (Fig. 1a,b), forming a normal metal–superconductor–
normal metal (NSN) device. Four devices showing similar
behaviour have been measured. Differential conductance, g , was
measured in a dilution refrigerator (T ∼ 50 mK) using standard
lock-in techniques. Local side gates and a global back gate were
adjusted to form an Al–InAs HQD in the Coulomb blockade
regime. The lower right gate,VR, was used to tune the occupation of
the dot, with a linear compensation from the lower left gate, VL, to
keep tunnelling to the leads symmetric. We parameterize this with
a single effective gate voltage, VG (see Supplementary Information).

Differential conductance as a function of VG and source–drain
bias, VSD, reveals a series of Coulomb diamonds, corresponding
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Figure 1 | Nanowire-based hybrid quantum dot. a, Scanning electron
micrograph of the reported device, consisting of an InAs nanowire (grey)
with a segment of epitaxial Al on two facets (blue) and Ti/Au contacts and
side gates (yellow) on a doped silicon substrate with 100 nm oxide.
b, Device schematic and measurement set-up, showing the orientation of
the magnetic field, B. c, Differential conductance, g, as a function of
effective gate voltage, VG, and source–drain voltage, VSD, at B=0. Even (e)
and odd (o) occupied Coulomb valleys are labelled.

to incremental single-charge states of the HQD (Fig. 1c). Whereas
conductance features at high bias are essentially identical in each
diamond, at low bias,VSD<0.2mV, a repeating even–odd pattern of
left- and right-facing conductance features is observed. This results
in an even–odd alternation of Coulomb blockade peak spacings
at zero bias, similar to metallic superconductors38,39. However, the
parity-dependent reversing pattern of subgap features at non-zero
bias has not been reported before, to our knowledge. The repeating
even–odd pattern indicates that a parity-sensitive bound state is be-
ing repeatedly filled and emptied as electrons are added to theHQD.

The measured charging energy, EC = 1.1 meV, and
superconducting gap, ∆= 180µeV, satisfy the condition (∆<EC)
for single electron charging40,41. Differential conductance at low
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Anomalous Zero-Bias Conductance Peak in a Nb−InSb Nanowire−Nb
Hybrid Device
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ABSTRACT: Semiconductor InSb nanowires are expected to provide an
excellent material platform for the study of Majorana fermions in solid
state systems. Here, we report on the realization of a Nb−InSb nanowire−
Nb hybrid quantum device and the observation of a zero-bias conductance
peak structure in the device. An InSb nanowire quantum dot is formed in
the device between the two Nb contacts. Due to the proximity effect, the
InSb nanowire segments covered by the superconductor Nb contacts turn
to superconductors with a superconducting energy gap ΔInSb ∼ 0.25 meV.
A tunable critical supercurrent is observed in the device in high back gate
voltage regions in which the Fermi level in the InSb nanowire is located
above the tunneling barriers of the quantum dot and the device is open to
conduction. When a perpendicular magnetic field is applied to the devices,
the critical supercurrent is seen to decrease as the magnetic field increases.
However, at sufficiently low back gate voltages, the device shows the quasi-particle Coulomb blockade characteristics and the
supercurrent is strongly suppressed even at zero magnetic field. This transport characteristic changes when a perpendicular
magnetic field stronger than a critical value, at which the Zeeman energy in the InSb nanowire is Ez ∼ ΔInSb, is applied to the
device. In this case, the transport measurements show a conductance peak at the zero bias voltage and the entire InSb nanowire
in the device behaves as in a topological superconductor phase. We also show that this zero-bias conductance peak structure can
persist over a large range of applied magnetic fields and could be interpreted as a transport signature of Majorana fermions in the
InSb nanowire.
KEYWORDS: Majorana fermion, InSb nanowire, topological superconductor, zero-bias conductance peak

The search for Majorana fermions is one of the most
prominent fundamental research tasks in physics

today.1−5 Majorana fermions are an elusive class of fermions
that act as their own antiparticles.6 Although an extensive effort
has been made worldwide in particle physics, Majorana
fermions have so far not been convincingly discovered in free
space. In recent years, numerous proposals7−21 for probing
Majorana fermions in solid state systems have been suggested.
The most recent ones are to explore a topological super-
conductor phase of a strong spin−orbit coupled semiconductor
nanowire in the proximity of an s-wave superconductor.17−19

These proposals have stimulated a new wave of searches for
Majorana fermions in solid state systems.22−26

Epitaxially grown InSb nanowires are the most promising
material systems for the formation of hybrid devices with an s-
wave superconductor in which zero-energy Majorana fermions
can be created under the application of an external magnetic
field of a moderate strength. InSb nanowires27−29 possess a
large electron g factor (|g*| ∼ 30 − 70), a strong spin−orbit
interaction strength (with a spin−orbit interaction energy in
the order of ΔSOI ∼ 0.3 meV), and a small electron effective

mass (m* ∼ 0.015me). These properties should allow to
generate a helical liquid in the InSb nanowire, by applying a
relatively small magnetic field, and a nontrivial topological
superconductor,17−19 which supports a pair of Majorana
fermions, by coupling the InSb nanowire to an s-wave
superconductor under experimentally feasible conditions. The
s-wave superconductor will introduce superconductivity into
the InSb nanowire by the proximity effect30 and the external
magnetic field will then drive the strongly spin−orbit coupled
nanowire system to a topological superconductor phase
through Zeeman splitting. The giant Lande ́ g-factor of
InSb27,28 guarantees a significantly large Zeeman splitting at a
magnetic field well below the critical magnetic field of the s-
wave superconductor.
A topological superconductor nanowire can be achieved by

covering an entire InSb nanowire with an s-wave super-
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Quantized Majorana conductance
Hao Zhang1*, Chun-Xiao Liu2*, Sasa Gazibegovic3*, Di Xu1, John A. Logan4, Guanzhong Wang1, Nick van Loo1, 
Jouri D. S. Bommer1, Michiel W. A. de Moor1, Diana Car3, Roy L. M. Op het Veld3, Petrus J. van Veldhoven3, Sebastian Koelling3, 
Marcel A. Verheijen3,5, Mihir Pendharkar6, Daniel J. Pennachio4, Borzoyeh Shojaei4,7, Joon Sue Lee7, Chris J. Palmstrøm4,6,7, 
Erik P. A. M. Bakkers3, S. Das Sarma2 & Leo P. Kouwenhoven1,8

Majorana zero-modes—a type of localized quasiparticle—hold 
great promise for topological quantum computing1. Tunnelling 
spectroscopy in electrical transport is the primary tool for 
identifying the presence of Majorana zero-modes, for instance 
as a zero-bias peak in differential conductance2. The height of 
the Majorana zero-bias peak is predicted to be quantized at the 
universal conductance value of 2e2/h at zero temperature3 (where 
e is the charge of an electron and h is the Planck constant), as a 
direct consequence of the famous Majorana symmetry in which a 
particle is its own antiparticle. The Majorana symmetry protects 
the quantization against disorder, interactions and variations 
in the tunnel coupling3–5. Previous experiments6, however, have 
mostly shown zero-bias peaks much smaller than 2e2/h, with a 
recent observation7 of a peak height close to 2e2/h. Here we report a 
quantized conductance plateau at 2e2/h in the zero-bias conductance 
measured in indium antimonide semiconductor nanowires covered 
with an aluminium superconducting shell. The height of our zero-
bias peak remains constant despite changing parameters such as the 
magnetic field and tunnel coupling, indicating that it is a quantized 
conductance plateau. We distinguish this quantized Majorana peak 
from possible non-Majorana origins by investigating its robustness 
to electric and magnetic fields as well as its temperature dependence. 
The observation of a quantized conductance plateau strongly 
supports the existence of Majorana zero-modes in the system, 
consequently paving the way for future braiding experiments that 
could lead to topological quantum computing.

A semiconductor nanowire coupled to a superconductor can be 
tuned into a topological superconductor with two Majorana zero-
modes localized at the wire ends1,8,9. Tunnelling into a Majorana mode 
will show a zero-energy state in the tunnelling density-of-states, that 
is, a zero-bias peak (ZBP) in the differential conductance (dI/dV)2,6. 
This tunnelling process is an ‘Andreev reflection’, in which an incom-
ing electron is reflected as a hole. Particle–hole symmetry dictates 
that the zero-energy tunnelling amplitudes of electrons and holes are 
equal, resulting in a perfect resonant transmission with a ZBP height 
quantized at 2e2/h (refs 3, 4, 10), irrespective of the precise tunnelling 
strength3–5. The Majorana nature of this perfect Andreev reflection is a 
direct result of the well-known Majorana symmetry property ‘particle 
equals antiparticle’11,12.

This predicted robust conductance quantization has not yet been 
observed2,6,7,13,14. Instead, most of the ZBPs have a height consider-
ably less than 2e2/h. This discrepancy was first explained by thermal 
averaging15–18, but that explanation does not hold when the peak width 
exceeds the thermal broadening (about 3.5kBT)13,14. In that case, other 
averaging mechanisms, such as dissipation19, have been invoked. The 
main source of dissipation is a finite quasiparticle density-of-states 

within the superconducting gap, often referred to as a ‘soft gap’. 
Substantial advances have been achieved in ‘hardening’ the gap by 
improving the quality of materials, eliminating disorder and inter-
face roughness20,21, and better control during device processing22,23, 
all guided by a more detailed theoretical understanding24. We have 
recently solved all these dissipation and disorder issues21, and here we 
report the resulting improvements in electrical transport leading to the 
elusive quantization of the Majorana ZBP.

Figure 1a shows a micrograph of a fabricated device and schematics 
of the measurement set-up. An InSb nanowire (grey) is partially covered  
(two out of six facets) by a thin superconducting aluminium shell 
(green)21. The ‘tunnel-gates’ (coral red) are used to induce a tunnel 
barrier in the non-covered segment between the left electrical contact 
(yellow) and the Al shell. The right contact is used to drain the current 
to ground. The chemical potential in the segment covered with Al can 
be tuned by applying voltages to the two long ‘super-gates’ (purple).

Transport spectroscopy is shown in Fig. 1b, which displays dI/dV 
as a function of voltage bias V and magnetic field B (aligned with the 
nanowire axis), while fixed voltages are applied to the tunnel- and  
super-gates. As B increases, two levels detach from the gap edge  
(at about 0.2 meV), merge at zero bias and form a robust ZBP. This is 
consistent with the Majorana theory: a ZBP is formed after the Zeeman 
energy closes the trivial superconducting gap and re-opens a topologi cal  
gap8,9. The gap re-opening is not visible in a measurement of the local 
density-of-states because the tunnel coupling to these bulk states is 
small25. Moreover, the finite length (about 1.2 µ m) of the proximi tized  
segment (that is, the part that is superconducting because of the 
proximity effect from the superconducting Al coating) results in  
discrete energy states, turning the trivial-to-topological phase transition 
into a smooth crossover26. Figure 1c shows two line-cuts from Fig. 1b 
extracted at 0 T and 0.88 T. Importantly, the height of the ZBP reaches 
the quantized value of 2e2/h. The line-cut at zero bias in the lower 
panel of Fig. 1b shows that the ZBP height remains close to 2e2/h over a  
sizable range in B field (0.75–0.92 T). Beyond this range, the height 
drops, most probably because of a closure of the superconducting gap 
in the bulk Al shell.

We note that the sub-gap conductance at B =  0 (black curve, left 
panel, Fig. 1c) is not completely suppressed down to zero, reminiscent 
of a soft gap. In this case, however, this finite sub-gap conductance does 
not reflect any finite sub-gap density-of-states in the proximitized wire. 
It arises from Andreev reflection (that is, transport by dissipationless 
Cooper pairs) due to a high tunnelling transmission, which is evident 
from the above-gap conductance (dI/dV for V >  0.2 mV) being larger 
than e2/h. As this softness does not result from dissipation, the Majorana 
peak height should still reach the quantized value27. In Extended Data 
Fig. 1, we show that this device tuned into a low-transmission regime, 

1QuTech and Kavli Institute of NanoScience, Delft University of Technology, 2600 GA Delft, The Netherlands. 2Condensed Matter Theory Center and Joint Quantum Institute, Department of Physics, 
University of Maryland, College Park, Maryland 20742, USA. 3Department of Applied Physics, Eindhoven University of Technology, 5600 MB Eindhoven, The Netherlands. 4Materials Engineering, 
University of California Santa Barbara, Santa Barbara, California 93106, USA. 5Philips Innovation Services Eindhoven, High Tech Campus 11, 5656AE Eindhoven, The Netherlands. 6Electrical and 
Computer Engineering, University of California Santa Barbara, Santa Barbara, California 93106, USA. 7California NanoSystems Institute, University of California Santa Barbara, Santa Barbara, 
California 93106, USA. 8Microsoft Station Q Delft, 2600 GA Delft, The Netherlands.
*These authors contributed equally to this work.
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TOPOLOGICAL MATTER

Chiral Majorana fermion modes
in a quantum anomalous Hall
insulator–superconductor structure
Qing Lin He,1*† Lei Pan,1† Alexander L. Stern,3 Edward C. Burks,4 Xiaoyu Che,1

Gen Yin,1 Jing Wang,5,6 Biao Lian,6 Quan Zhou,6 Eun Sang Choi,7 Koichi Murata,1

Xufeng Kou,1,8* Zhijie Chen,4 Tianxiao Nie,1 Qiming Shao,1 Yabin Fan,1

Shou-Cheng Zhang,6* Kai Liu,4 Jing Xia,3 Kang L. Wang1,2*

Majorana fermion is a hypothetical particle that is its own antiparticle.We report transport
measurements that suggest the existence of one-dimensional chiral Majorana fermion
modes in the hybrid system of a quantum anomalous Hall insulator thin film coupled
with a superconductor. As the external magnetic field is swept, half-integer quantized
conductance plateaus are observed at the locations of magnetization reversals, giving a
distinct signature of the Majorana fermion modes. This transport signature is reproducible
over many magnetic field sweeps and appears at different temperatures. This finding may
open up an avenue to control Majorana fermions for implementing robust topological
quantum computing.

M
ajorana fermion, proposed by Ettore
Majorana in 1937 (1), is a putative elemen-
tary spin-1/2 particle with the unusual
property of being its own antiparticle. In
condensed-matter systems, analogs of

Majorana fermions can be realized as quasipar-
ticles of topological states of quantum matter,
such as the n = 5/2 quantumHall state (2), Moore-
Read–type states in the fractional quantum Hall
effect (3), two-dimensional (2D) px + ipy spinless
superconductors (4), strong spin-orbit coupling
semiconductor-superconductor heterostructures
(5, 6), and ferromagnetic atomic chains on a
superconductor (7, 8). Viewed as a supercon-
ducting analog of the quantum Hall state (9),
a chiral topological superconductor (TSC) in two
dimensions has a full pairing gap in the bulk
and an odd number N gapless chiral Majorana
fermion modes at the edge (10, 11). The funda-
mental aspects of the Majorana fermion modes
and their non-Abelian braiding properties can be
potentially used to implement topological qubits
in fault-tolerant quantum computation (12–15).
Numerous schemes to accommodate Majorana

fermion modes in superconductors coupled with
topological matter have been proposed (16–31).
The Majorana zero mode, a 0D version of the
Majorana fermion, is a charge-neutral bound state
that exists strictly at zero energy. Its existence
could be spectroscopically demonstrated by the
“zero-bias conductance anomalies”modulated by
external electrical/magnetic fields (20–27, 32).
Although these observations provide promising
signatures of Majorana bound states, it is difficult
to energetically resolve the contributions from
other effects, such as Kondo correlations, Andreev-
bound states, weak antilocalization, and reflec-
tionless tunneling (20–22, 33–35).
In contrast, a recent theoretical proposal fo-

cuses on the direct transport signatures of the 1D
Majorana fermion modes (16–18). The 1DMajorana
fermion mode satisfies the propagating wave
equation originally proposed by Ettore Majorana
(1). A series of theoretical results (16–18, 36) sug-
gests that a chiral TSC based on a quantum anom-
alous Hall insulator (QAHI) might be a promising
host of 1D Majorana fermion modes because the
chiral Hall state can be achieved without strong
external magnetic fields, preserving supercon-
ductivity. To break time-reversal symmetry, the
single-domain phase of the QAHI requires an
external field of ~0.1 T, which is more than one
order of magnitude lower than the critical field
of typical superconducting metals. By modu-
lating the external field, topological transitions
can lead eventually to the establishment of single
chiral Majorana edge modes (CMEMs).
When a superconductor is coupled to a QAHI

thin film—i.e., a magnetic topological insulator
thin film—a reversal of the magnetization can
induce a series of topological phase transitions.
The proposed scheme is demonstrated in Fig. 1A,
(i) to (vii), where a superconducting region is
introduced in the middle of a QAHI channel. The
effective Hamiltonian of the QAHI region is

written as H0 ¼
X

k
y†
kH0ðkÞyk , with yk ¼

ðctk↑;ctk↓;cbk↑;cbk↓Þ
TandH0ðkÞ¼ kysx~tz$kxsy~tzþ

mðkÞ~tx þ lsz, where cks annihilates an electron
of momentum k and spin s = ↑, ↓; superscripts
t and b denote the top and bottom surface states,
respectively; si and ~tiði ¼ x; y; zÞ are the Pauli
matrices for spins and for the two surfaces, re-
spectively, whereas l is the exchange field along
the z axis induced by the perpendicular ferromag-
netic ordering (18, 37).mðkÞ ¼ m0 þ m1ðk2x þ k2yÞ
describes the hybridization between the top and
bottom surfaces, which is responsible for open-
ing a trivial surface gap (the Chern number C =
0 state). m0 and m1 are the hybridization gap
and the parabolic band component, respective-
ly. The Chern number of the system is C = l / |l|
for |l| > |m0|, where |C| is equal to the number of
the chiral edge channels; for |l| < |m0|, C becomes
0. As a result, by adjusting the external magnetic
field, a transition between a normal insulator
(NI) with C = 0 (zero plateau, Hall conductance
sxy = 0) to a QAHI with C = ±1 (integer plateau,
sxy = ±e2/h) can be achieved (38, 39). In the middle
of the QAHI bar, the proximity to an s-wave super-
conductor drives the QAHI into a superconduct-
ing regime, where a finite superconducting pairing
amplitude is induced to the surface of the QAHI,
and in this case the system can be described by
the Bogoliubov–de Gennes (BdG) Hamiltonian
HBdG ¼

X

k
Y†

kHBdGYk=2, whereYk¼ ½ðctk↑; ctk↓;

cbk↑; c
b
k↓Þ; ðct†$k↑; c

t†
$k↓; c

b†
$k↑; c

b†
$k↓Þ'

T , and

HBdG ¼
!H0ðkÞ $ m Dk

D†
k $H(

0ð$kÞ þ m

"
;

Dk ¼ iD1sy 0
0 iD2sy

# $

Here, m is the chemical potential and D1,2 are
the pairing gap functions of the top and bottom
surface states, respectively (17, 18, 36). In prin-
ciple, each chiral edge state in the quantum Hall
regime is topologically equivalent to two iden-
tical copies of CMEMs, such that the total Chern
number is even (N = 2C in this case). The key to
achieving a single CMEM is to induce a topological
phase with an odd Chern number to separate
the two copies of CMEMs (16). When the struc-
tural symmetry is preserved between the top
and bottom surface states—i.e., D = D1 = D2—
the topological transition in the TSC region can
only occur betweenN = ±2 [Fig. 1A, (i) and (vii)]
and N = 0 (iv), where the QAHI regions expe-
rience a NI-QAHI-NI transition, thanks to the
surface hybridization. The topological phase tran-
sitions for all three regions are synchronized, and
the two CMEMs cannot be distinguished from
each other. However, when the structural inver-
sion symmetry is broken, the pairing amplitudes
of the top and bottom surfaces are different
(D1 6¼ D2), and phases withN = ±1 [Fig. 1A, (ii),
(iii), (v), and (vi)] emerge (17, 18, 36). The half-
integer conductance of the system can be de-
rived from the scattering matrix for the two
QAHI edge states at the entrance and exit of
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Have Majoranas been finally seen? 2207/02472, 
PRB 107,245423 (2024)

Title of the paper : InAs-Al Hybrid devices passing the topological gap 
protocol - Microsoft team - over 127 authors with 35 graduate students 

Combination of local and non-local  transport measurements which 
implies high probability of having actually detected a topological 
phase hosting  Majorana modes 

Seen in roughly 1/2 of 25 samples studied. Passes the cut proposed by 
Pan and Das Sarma, 2020, to prove the existence of the Majorana

C . Nayak et al, 2024



“Our main result is that several devices, fabricated according to the design's 
engineering specifications, have passed the topological gap protocol defined in 
Pikulin et al. [arXiv:2103.12217]. This protocol is a stringent test composed of a 
sequence of three-terminal local and non-local transport measurements performed 
while varying the magnetic field, semiconductor electron density, and junction 
transparencies. Passing the protocol indicates a high probability of detection of a 
topological phase hosting Majorana zero modes as determined by large-scale disorder 
simulations. Our experimental results are consistent with a quantum phase 
transition into a topological superconducting phase that extends over several hundred 
milli-Tesla in magnetic field and several millivolts in gate voltage, corresponding to 
approximately one hundred micro-electron-volts in Zeeman energy and chemical 
potential in the semiconducting wire. These regions feature a closing and re-opening 
of the bulk gap, with simultaneous zero-bias conductance peaks at both ends of the 
devices that withstand changes in the junction transparencies. The extracted 

maximum topological gaps in our devices are 20-60 eV. This demonstration is a 
prerequisite for experiments involving fusion and braiding of Majorana zero modes”

μ



I believe Majoranas have been seen 
But jury is still out - no consensus yet!



Need to braid these 1 D Majorana end modes

Can be done, in principle 
using T-junctions

4

(a)

(b)

(c)

(d)

(e)

(f )

(g)

(h)

�1 �2

�1

�2

�1

�2

�2 �1

�1 �2

�1

�2

�1

�2

�2 �1

FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

restoring the coupling generically fuses these Majoranas into
an ordinary, finite-energy state.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |�| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose the superconducting phases are �L/R in the
left/right chains and that the fermion cL,N at site N of the left
chain couples weakly to the fermion cR,1 at site 1 of the right
chain via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end
Majoranas at the junction couple as follows,

H� ⇠ �
i�

2
cos

✓
�L � �R

2

◆
�L
B,N�R

A,1 (8)

and therefore generally fuse into an ordinary fermion18. An
exception occurs when the regions form a ⇡-junction—that is,
when �L � �R = ⇡—which fine-tunes their coupling to zero.
Importantly, coupling between end Majoranas in the semicon-
ductor context is governed by the same �L � �R dependence
as in Eq. (8)1,2.

Finally, when all three segments are topological, again only

a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇡ junctions. Recall from
Eq. (6) that the spin-orientation favored by spin-orbit coupling
determines the effective superconducting phase of the semi-
conducting wires. Two wires at right angles to one another
therefore exhibit a phase difference of ⇡/2, well away from
the pathological limits mentioned above.

The T-junction permits two types of (topologically equiv-
alent) exchanges. First, consider the configuration of Fig.
3(a) where the horizontal wire resides in a topological phase
while the vertical wire is non-topological. Counterclockwise
exchange of �1 and �2 can be implemented as outlined in
Figs. 3(b)-(d). Here, one shuttles �1 to the junction by mak-
ing the left end non-topological; transports �1 downward by
driving the vertical wire into a topological phase; transports
�2 leftward in a similar fashion; and finally directs �1 up and
to the right. Exchange of two Majorana fermions connected
by a non-topological region as in Fig. 3(e) can be similarly
achieved—counterclockwise exchange of �1 and �2 proceeds
as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how
non-Abelian statistics of vortices arises in a spinless two-
dimensional p+ ip superconductor6,7, following Ivanov’s ap-
proach. Ultimately, this can be deduced by considering two
vortices which bind Majorana fermions �1 and �2. Since
the spinless fermion operators effectively change sign upon
advancing the superconducting phase by 2⇡, one introduces
branch cuts emanating from the vortices; crucially, a Majorana
fermion changes sign whenever crossing such a cut. Upon ex-
changing the vortices, �2 (say) crosses the branch cut emanat-
ing from the other vortex, leading to the transformation rule
�1 ! �2 and �2 ! ��1 which is generated by the unitary
operator U12 = exp(⇡�2�1/4). With many vortices, the anal-
ogous unitary operators Uij corresponding to the exchange of
�i and �j do not generally commute, implying non-Abelian
statistics.

Following an approach similar to that of Stern et al.25, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0i and |1i = f†

|0i, where f = (�1 + i�2)/2 annihi-
lates |0i. In principle, one can deduce the transformation rule
from the Berry phases �n ⌘ Im

R
dthn|@t|ni acquired by the

ground states |ni = |0i and |1i, though in practice these are
hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
since the semiconductor Hamiltonian and Kitaev’s model in
Eq. (1) can be smoothly connected, let us consider the case
where each wire in the T-junction is described by the latter.
More importantly, we further deform Kitaev’s Hamiltonian to
be purely real as we exchange �1,2. The states |0i and |1i

Alicea et al, Nature Phys.2011



More exotic non-abelian anyons ?  Parafermions? 
Fibonacci anyons? 



What are parafermions and why study them?

Parafermions are more exotic  quasiparticles than Majoranas, and cannot 
be realized in a free fermion model - building blocks themselves need to be 
fractionally charged 

Motivation -  braiding of Majoranas cannot lead to universal quantum 
computation - it does not allow for all possible unitary operations. 
Parafermions allows for more gates ( With Fibonacci anyons, can 
engineer universal topological quantum computer) 

Can be constructed using quantum Hall platforms (still in the range of 
theoretical proposals)

Fradkin, Kadanoff,1980
P . Fendley, 2012



Quantum Hall systems can be used to engineer 
Majorana  and parafermion modes 



Majorana modes engineered  at edges

Essential idea is that gapless  edge states (of opposite chiralities) mimics  a 
wire and gapping out by superconductor and ferromagnet essentially 
mimics the Kitaev model. So Majorana modes created at the interface between 
two different gappings

Ma and Zyuzin, EPL21,(1993)
F . Amet et al, Science352,(2016)

Spin T
U = 1L

e-

SC-
-
NS .T

Spin ↓ 2 = 1

↓ ↑

Spin T
U = 1L

e-

SC-
-
NS .T

Spin ↓ 2 = 1

↓ ↑



Parafermions at FQHE edges 

Parafermions are similar to Majoranas but need FQHE. Building blocks are 
themselves fractionally charged quasi-particles - eg, e/3 quasi-holes at edge of the 

fractional quantum Hall state with conductance  

Backscattering (Andreev)at SC and(normal at) Insulator  traps quasi-particle - 
quasi hole bound states- parafermions 

G = e2/3h

Spin T
2 = 13L

2/3
SC-

-
NST ↑

Spint 2 = 1/3

↓ ↑

Clarke, Alicea and Shtengel,2012
Lindner, Berg, Refeal and Stern,2012



Our recent work 

What happens to Majoranas/parafermions in quantum Hall systems 
when there is edge reconstruction?   Kishore Iyer, Amulya Ratnakar, 
Sourin Das and S.R., PRB, 110, L161302 (2024). 

Spontaneous fractional Josephson Current from parafermions  - 
Kishore Iyer, Amulya Ratnakar, Aabir Mukhopadhaya, S.R and 
Sourin Das, PRB 107, L121408 (2023)



General model of anyons and how they can be 
used  for topological quantum computation



General model for non-abelian anyons

2D system with particles ( anyons) labelled:  

Vacuum or 0 anyon, anti-anyons:  

Rules for fusion ( and splitting) :  ,  non-

negative integers ( but usually, )

a, b, c . . . . .

ā, b̄, c̄ . . . .

a × b = ∑
c

Nc
abc Nc

ab

Nc
ab = 0,1

A . Kitaev,2001
Das Sarma, Freedman, Nayak,2005

Preskill,2004

Nayak, Simon, Stern, Freedman, Das Sarma, RMP,2008
Topological quantum, Steve Simon,2023



More on fusion

For abelian anyons, only one way to fuse 
and for non-abelian anyons, multiple ways 
to fuse 

Fusion rules specify allowed ways two 
anyons can combine.  State of 2 anyons 
will be in any one or superposition of allowed 
ways 

Fusion is commutative a × b = b × a

8.3 Fusion and the N matrices 89

8.3 Fusion and the N matrices

We are well on our way to fully defining an anyon theory. A theory
must have a finite set of particles, including a unique identity I, with
each particle having a unique antiparticle.
The general fusion rules can be written as

a× b =
∑

c

N c
ab c (8.3)

where the N ’s are known as the fusion multiplicities. N c
ab is zero if a

and b cannot fuse to c. N c
ab is one if we have a× b = . . .+ c+ . . ., and

c only occurs once on the right hand side. If c occurs more than once
on the right hand side, then N c

ab simply counts the number of times it
occurs8 .

8A particle a is a simple current if
∑

c N
c
ab = 1 for each particle b.

What does it mean that a particle type can occur more than once in
the list of fusion outcomes? It simply means that the fusion result can
occur in multiple orthogonal ways9 in which case a diagram with a vertex

9While this does not occur for angu-
lar momentum addition of SU(2) (and
also will not occur in Chern-Simons
theory SU(2)k correspondingly) it is
well known among high energy theo-
rists who consider the fusion of repre-
sentations of SU(3). Recall that

8⊗ 8 = 1⊕ 8⊕ 8⊕ 10⊕ 1̄0⊕ 27

and the 8 occurs twice on the right.
showing a and b fusing to c should also contain an index (µ ∈ 1 . . .N c

ab)
at the vertex indicating which of the possible c fusion channels occurs,
as shown in Fig. 8.12. For most simple anyon theories N c

ab is either
0 or 1, and we will not usually consider the more complicated case in
examples for simplicity, but they are discussed in the chapter appendices
for completeness (See section 9.5.3. See also section ***). It is good to
keep in mind that such more complicated cases exist.

c

a b

µ

Fig. 8.12 Multiple fusion channels. In
nonabelian theory fusion of a and b to c
can occur in multiple orthogonal ways
when Nc

ab > 1. To specify which way
they fuse, we add an additional index
µ ∈ 1 . . . Nc

ab at the vertex as shown.

Elementary properties of the fusion multiplicity matrices

• Commutativity of fusion a× b = b× a.

N c
ab = N c

ba

• Time reversal
N c

ab = N c̄
āb̄ (8.4)

• Trivial fusion with the identity

N b
aI = δab (8.5)

• Uniqueness of inverse
N I

ab = δbā (8.6)

c

a b a c̄b

Fig. 8.13 An equivalence of Nc
ab with

Nabc̄. Both types of vertices have the
equivalent fusion multiplicity. Note
that the left half of the right picture
is exactly equivalent to the right — c
is entering the vertex from below (then
this c turns over to become a c̄ going
up on the far right).

It is sometimes convenient to define

Nabc̄ = N c
ab (8.7)

which is the number of different ways that a, b, and c̄ can fuse to the iden-
tity. An example of this equivalence is shown graphically in Fig. 8.13.
The advantage of this representation is that Nabc is fully symmetric in
all of its indices. For example, using this notation Eq. 8.5 and Eq. 8.6
are actually the same. Further, using Eq. 8.7 along with the symmetry

if Nc
ab ≠ 0



Can fuse multiple anyons -e.g n=5 

anyons          

Define quantum dimension of anyon as  

=  = largest eigenvalue of  - can be 
fractional  

Dimension of Hilbert space  

Example : Quantum dimension of 

Majorana =  ( 4 Majoranas = 2 
fermions needed to have 4 dimensional 
Hilbert space)

e = ∑
b,c,d

Nb
aaNc

baNd
caNe

da

da Na

dn
a

2

90 Fusion and Structure of Hilbert Space

of Nabc we can derive identities such as

N c
ab = N b̄

ac̄ = N c
āb. (8.8)

where in the last step we used Eq. 8.4.

Fusing Multiple Anyons

If we are to fuse, say, five anyons of type a together into a final result of
e, we can do so via a tree as shown in Fig. 8.14.
To find the dimension of the Hilbert space, we write

Dim of fusing five a anyons to final result e =
∑

bcd

N b
aaN

c
baN

d
caN

e
da

=
∑

bcd

N b
aaN

c
abN

d
acN

e
ad

and we identify each factor of N as being one of the vertices in the figure.
It is convenient to think of the tensor N c

ab as a matrix Na with indices
b and c, i.e, we write [Na]cb, such that we have

Dim of fusing five a anyons to final result e = [(Na)
4]ea

Similarly were we to have a larger number p of anyons of type a we would
need to calculate [Na]p−1. We recall (See Eq. 3.8) that the quantum
dimension da of the anyon a is defined via the fact that the Hilbert space
dimension should scale as dNa where N is the number of a particles fused
together. We thus have that

da = largest eigenvalue of [Na] (8.9)

Note that this implies da = dā given the symmetries of N .

a a a a a

b

c

d

e

Fig. 8.14 Fusing five a type anyons
together into a final result e.

Example of Fibonacci Anyons

The fusion matrix for the τ particle in the Fibonacci theory is

I τ

Nτ =

(
0 1
1 1

)
I
τ

where, as indicated here, the first row and first column represent the
identity and the second row and second column represent τ . The first
row of this matrix says that fusing τ with the identity gives back τ and
the second row says that fusing τ with τ gives I and τ . It is an easy
exercise to check that the largest eigenvalue of this matrix is indeed
dτ = (1 +

√
5)/2, in agreement with Eq. 8.2.



Fusion rules are associative.  

F matrices : When we have more than 2 anyons, we can fuse in 
different orders.  Two choices related by a unitary matrix called F 

matrix ( basis change). Here  is a unitary matrix Fabc
e

Evaluating Diagrams of procceses

3.1.3 Three particle

We can continue on and consider states of three particles. If either Nab= 0 or Ndc= 0 then
the corresponding fusion is disallowed and the value of the diagram is zero. In defining
our three particle states we have fused the two particles a and b on the left first to form
d and then fused d with c to form e |a, (b, c), f ; ei. We could have chosen to fuse the
particles in a di↵erent order to form a di↵erent tree. Here b and c fuse together to form
f and then a and f fuse together to form e. We notate this state as |a, (b, c), f ; ei. Both
perfectly good (but di↵erent) complete orthonormal basis of states for three particles,
these change of basis is given by the F-matrices,

Figure 4: The F-matrix

3.2 3-D braiding diagram

Our next task is to consider how we handle over- and under-crossings. With this infor-
mation, used in conjunction with the rules we have already developed for planar algebras,
we will be able to evaluate any diagram in 2+1 dimensions. Diagrammatically we define
the R-matrix as shown in Fig.5. On the right of this figure, the particles b and a come

Figure 5: Definition of R-matrix

from c, with a going o↵ to the left and b to the right. In the left of the figure, the two
particles are moved away from each other, b to the right and a to the left, before they
are braided around each other. The key here is that in both cases, the final state of the
system has b on the left and a on the right, and the two particles fuse to a quantum
number c, so that the two processes can be compared to each other and di↵er from each
other only by a phase, which we define to be R

ab
c .

3.3 Isotropy Normalization

For isotropy we want the following two sides of diagram Fig.6(a)in to be same,
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To make the F matrices consistent, we need to look at 4 anyons - 
pentagon equation 

Don’t need any further consistency conditions if we add more anyons

Figure 7: F-Matrix

Identity operation, then

rF Ibc
e sbe “ rF aIc

e sac “ rF abI
e seb “ 1 (11)

Constraints on F matrices : The costraints on the F matrices allow us to evaluate them given the fusion rules.

1. The Pentagon : Changing the connectivity of the diagrams we get,

F
cf̄g
edl F

baf
el̄k

“
ÿ

h

F
baf
gch F

h̄ag
edk F

cbh
kdl (12)

Figure 8: Pentagon Constraint

2. Relating F to d : da “ 1
F āa

āaII

3. Inversion :
∞

F
bad
ecf F

cbf
aeḡ “ �dg

Figure 9: Inversion

4. Rotation : Rotating by 180 degrees gives F bad
ecf “ F

ecd̄
baf̄

5. Unitarity : F matrices are unitary.

6. Hermitian Conjugate : F
bad
ecf “ F

ēāf
b̄c̄d

7. Reflection : Reflection does bnot change the diagram. F bad
ecf “ F

ced̄
abf

6
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a b c d
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h
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h
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k

F F

F

F

F

Fig. 9.7 Pentagon Diagram. Each step in the diagram is a new description of the
same basis of states via and F -matrix.

the far left to the far right of the diagram via two completely different
paths (the top and the bottom path) and the end result on the far right
should be the same either way. This diagram, known as the pentagon
diagram8, puts a very strong contraint on the F matrices, which written

8An analogous relation holds for 6j
symbols of angular momentum ad-
dition, known often as the Elliot-
Biedenharn identity.

out algebraically would be

[F fcd
e ]gl[F

abl
e ]fk =

∑

h

[F abc
g ]fh[F

ahd
e ]gk[F

bcd
k ]hl (9.7)

where the left hand side represents the top route of the figure and the
right hand side represents the bottom route.9 9It is very worth working through this

to make sure you understand how this
equation matches up with the figure!
Note that in the equation the F ma-
trices are written in an order such that
those furthest right in Fig. 9.7 are fur-
thest right in the equations.

For very simple theories, such as the Fibonacci anyon theory, the
fusion rules and the Pentagon diagram are sufficient to completely define
the F -matrices (up to some gauge convention choices as in section 9.4).
See exercise 9.4. Further, for any given set of fusion rules there are a
finite set of possible solutions of the pentagon equation10 — a property

10A finite set of gauge inequivalent so-
lutions. I.e., a gauge transform of a
given solution does not count as a new
solution.

that goes by the name “Ocneanu rigidity”11.

11Ocneanu did not manage to ever pub-
lish this important result. See for ex-
ample Etingof et al. [2005].

One might think that one could write down more complicated trees
and more complicated paths through the trees analogous to Fig. 9.7 and
somehow derive additional constraints on the F -matrices. A theorem
by MacLane [1971], known as the “coherence theorem”, guarantees that
no more complicated trees generate new identities beyond the pentagon
diagram.

9.4 Gauge Transforms

We have the freedom to make gauge transformations on our diagrams
and these will be reflected in the F -matrix. While this is a bit of a
technical point, we make frequent use gauge transformation in some
later chapters so it is worth discussing it briefly here.



Braiding 

Rules for braiding : what happens when 2 neighboring anyons are 
exchanged 

Also, when we have more than 2,  we need to swap 2 at a time. Turns 
out exchange statistics depends on other anyons in the system and 
is a unitary matrix and not just a phase

Evaluating Diagrams of procceses

3.1.3 Three particle

We can continue on and consider states of three particles. If either Nab= 0 or Ndc= 0 then
the corresponding fusion is disallowed and the value of the diagram is zero. In defining
our three particle states we have fused the two particles a and b on the left first to form
d and then fused d with c to form e |a, (b, c), f ; ei. We could have chosen to fuse the
particles in a di↵erent order to form a di↵erent tree. Here b and c fuse together to form
f and then a and f fuse together to form e. We notate this state as |a, (b, c), f ; ei. Both
perfectly good (but di↵erent) complete orthonormal basis of states for three particles,
these change of basis is given by the F-matrices,

Figure 4: The F-matrix

3.2 3-D braiding diagram

Our next task is to consider how we handle over- and under-crossings. With this infor-
mation, used in conjunction with the rules we have already developed for planar algebras,
we will be able to evaluate any diagram in 2+1 dimensions. Diagrammatically we define
the R-matrix as shown in Fig.5. On the right of this figure, the particles b and a come

Figure 5: Definition of R-matrix

from c, with a going o↵ to the left and b to the right. In the left of the figure, the two
particles are moved away from each other, b to the right and a to the left, before they
are braided around each other. The key here is that in both cases, the final state of the
system has b on the left and a on the right, and the two particles fuse to a quantum
number c, so that the two processes can be compared to each other and di↵er from each
other only by a phase, which we define to be R

ab
c .

3.3 Isotropy Normalization

For isotropy we want the following two sides of diagram Fig.6(a)in to be same,
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R matrices 

Consistency conditions : The hexagon rules

2. Hermitian Conjugate : rRab
c s´1 “ rRba

c s˚

3. Heaxgon Equation : Rca
e F

c̄āe
dp̄bqgR

cb
g “ ∞

f F
āc̄e
db̄f

R
cf
d F

b̄āf
dc̄g

Figure 12: Hexagon Constraint

1.3 Z3 parafermions

Z3 parafermions are a type of exotic particle that generalize the concept of majorana fermions. They are their

own antiparticle and obey fractional statistic that are neither bosonic nor fermionic. Paramerfion operators are

generalization of the free fermions operators used to solve tranverse field Ising-spin chain. They involve a phase factor

of e2⇡i{3 upon commutaion, leading to a complex braid statistics. This facilitates more possible quantum gates.

The Zn clock model, a generalization of the Ising chain, can be mapped to free parafermions. This is similar to a

mapping between Ising model and a free Majorana system in one dimension, and Majorana can be thought of as Z2

parafermions.[1] Zn spin chain Hamlintonian can be written in terms of free paramerfions modes. Parafermion edge

modes exists when nearest neighbour interactions are chiral.[1]

3- State clock model : A N-state clock model is a generalization of 1-D quantum Ising chain, where each site have

a N-levels of spin states. We look into the 3-state clock model:

The Hilbert Space consists of three spin states. The �z and �x is generalized to

� Ñ
´

1 0 0
0 � 0
0 0 �2

¯
⌧ Ñ

´
0 0 1
1 0 0
0 1 0

¯
(17)

�j measures the spin state on site j: �j |ly “ �
l |ly while ⌧j turns the state by �: ⌧j |ly “ |l ` 1y, where � “ e

2⇡i{3 and

l “ t1, 2, 3u.[2]
The operators obey,

�
3
j “ ⌧

3
j “ 1, �

:
j “ �

2
j , ⌧

:
j “ ⌧

2
j , �j⌧j “ �⌧j�j

The quantum three-state Potts Hamiltonian for chain of size L is given by,

H “ ´J

L´1ÿ

j“1

�
:
j`1�j ´ f

Lÿ

j“1

⌧
:
j ` h.c.

this has a global Z3 symmetry. We do the following transformation,

 2j´1 “
˜

j´1π

m“1

⌧m

¸
�j ,  2j “ � 2j´1⌧j .

Which follows the algebra,

p jqn “ 1,  
:
j “ p jqn´1

,  j j`m “ � j`m jpm ° 0.q

8
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have the property that the diagrammatic rules give a unique final result.
In fact, it is even possible that for a given set of F -matrices that satisfy
the pentagon, there may not even exist a set of consistent R-matrices!
When we discussed planar diagrams in chapter 12, the pentagon equa-

tion guaranteed self-consistency of F -matrices. Now, given some F -
matrices that satisfy the pentagon equations, the consistency equations
for R-matrices are known as the hexagon equations and are shown dia-
grammatically in Fig. 13.10.

d

e

ba c →R

→F

d

e

b ca

→F

→R

d

b

g

ca

→R

→F d

b

g

ca

d

ba c

f

d

f

b ca
d

e

ba c →R
−1

→F

d

e

b ca

→F

→R
−1

d

b

g

ca

→R −
1

→F d

b

g

ca

d

ba c

f

d

f

b ca

Fig. 13.10 The hexagon equations in graphical form.

In equations the hexagon conditions can be expressed as

Rca
e [F acb

d ]egR
cb
g =

∑

f

[F cab
d ]efR

cf
d [F abc

d ]fg (13.2)

[
Rca

e ]−1[F acb
d

]
eg
[Rcb

g ]−1 =
∑

f

[F cab
d ]ef [R

cf
d ]−1[F abc

d ]fg (13.3)

The top equation is the left diagram whereas the lower equation is the
right diagram in Fig. 13.10. The left hand side of the equation corre-
sponds to the upper path, whereas the right hand side of the equation
corresponds to the lower path.
The structure we have now defined — a consistent set of (unitary)

F and R-matrices satisfying the pentagon and hexagon equations, is
known as a unitary braided tensor category4 . All 2+1 D anyon theories 4This is also sometimes known as a uni-

tary ribbon tensor category due to the
fact that Eq. 15.3 holds, which is always
true for unitary theories with braidings.
The unitary braided tensor category is
also sometimes known as a premodular
category.

must be of this form.
Given a set of fusion rules, the pentagon and hexagon equation are

very very strong constraints on the possible F and R matrices that can
result.
With simple fusion rules, such as Fibonacci (as we saw in exercise

9.4) the fusion rules completely determine the F -matrices of the theory.
Even with more complicated fusion rules, as we mentioned in section
9.3, there are only a finite number of possible solutions of the pentagon
equation5. 5Solutions that can be obtained from

other solutions by gauge transform are
not counted as being different solutions.

Once the F -matrices are fixed, there are only a finite number of pos-



Solution of the pentagon and hexagon rules

Complicated set of equations in terms of the F and R matrices 

No general solution. TQFT’s not fully classified 

But for any given anyon model, it is possible to solve the consistency 
conditions for the  F and R matrices and compute what are called the 
topological invariants, the S and the T matrices, which define the 
topological phase



We had defined exchange phase as .  Turns out that 

 

Can also compute the S-matrix 

Tab = δabeiθa

θa =
1
da ∑

c

Raa
c dc

Sab =
1
D ∑

c

Nc
abRab

c Rba
c dc, D = ∑

a

d2
a

·T
XX./

---XY19as

xY
&

·T
XX./

---XY19as

xY
&



To recap : Essentially started with an anyon model :  

Defined fusion rules, associativity and the F matrices 

Defined braiding and the R matrices 

For consistency,  need pentagon and hexagon rules. This defines the 
model. 

By solving these consistency conditions, we get the topological spin  

or  and the mutual statistics  

We can now go onto understand how it can be used for quantum 
computation

a, b, c, . . .

θa
Tab Sab



Many other connections that we haven’t explored 

Relation to anyons as punctures on Riemann surfaces 

Verlinde relation relating S-matrix ( obtained from braiding) to    
(related to fusion). Turns out that fusion rules can be derived from the 
S-matrix. 

Relation to Hopf links, knot theory, Chern-Simons theory, K-theory, 
unitary modular tensor category theory, ……

Nc
ab



Examples

Toric code model : Excitations with mutual abelian anyon statistics  

Majorana model  - with Majorana modes  . So model with 

3 anyons, 0,  and  

Fibonacci model, with just 0 and  

 parafermion models, and more generally  parafermion models 

γ × γ = 0 + f
γ f

τ

Z3 ZN



Quantum computing with anyons

Easiest to do it for a specific example : the Fibonacci model 

3 states possible when 3 anyons are fused - forms our qubit

τ × τ = 1 + τ, 1 × 1 = 1, 1 × τ = τ × 1 = τ

= |0 > = ((τ, τ)1, τ)τ # = |1 > = ((τ, τ)τ, τ)τ

# = |N > = ((τ, τ)τ, τ)1 =

#

8.2 Multiple Fusion Channels - the Nonabelian Case 87

shown in Fig. 8.10. The key thing to notice is that if the first two
particles fuse to τ , then this combination acts as being a single particle
of overall charge τ — it can fuse with the third τ in two ways.
There is a single state in the Hilbert space of three anyons with overall

fusion channel I. This state is labeled as4 |N⟩. As mentioned above 4Here |N⟩ stands for “noncomputa-
tional”, since it is not used in many
quantum computing protocols that use
Fibonacci anyons.

by Fig. 8.7, due to locality, no amount of braiding amongst the three
particles will change this overall fusion channel (although braiding may
introduce an overall phase).
There are two states in the Hilbert space of three anyons with overall

fusion channel τ . These are labeled |1⟩ and |0⟩ in Fig. 8.10. Again,
as mentioned above by Fig. 8.7, due to locality, no amount of braiding
amongst the three particles will change this overall fusion channel. Fur-
ther, since in these two basis states the first two particles furthest left
are in an eigenstate (either I in state |0⟩ or τ in state |1⟩) no amount
of braiding of the first two particles will change that eigenstate from |0⟩
to |1⟩ or from |1⟩ to |0⟩. However, as we will see below in section 10.1,
if we braid the second particle with the third, we can then change the
quantum number of the first two particles and rotate between |0⟩ and
|1⟩.

τ τ τ

τ

I

= τ τ τ
τ I = |N⟩

τ τ τ

I

τ

= τ τ τ
I τ = |0⟩

τ τ τ

τ

τ

= τ τ τ
τ τ = |1⟩

Fig. 8.10 Notations for the three different orthogonal fusion channels of three
Fibonacci anyons. The notation |N⟩, |1⟩ and |0⟩ are common notations for those
interested in topological quantum computing with Fibonacci anyons!

For our Fibonacci system, with 2 particles the Hilbert space is 2 di-
mensional. With 3 particles the Hilbert space is 3 dimensional. It is easy
to see that with 4 particles the Hilbert space is 5 dimensional (fusing a
fourth anyon with |0⟩ or |1⟩ in figure 8.10 can give either I or τ , whereas
fusing a fourth anyon with |N⟩ can only give τ , thus giving a space of



F and R matrices

We can now solve the pentagon equation to get the F matrices and the 
hexagon equation to get the R matrices 

Only non-trivial F matrix turns out to be  

We also find that , Rττ
τ = e+3iπ/5 Rττ

1 = e−4iπ/5

9.1 Example: Fibonacci Anyons 103

τ τ τ

I

τ

= τ τ τ
I τ = |0⟩

τ τ τ

τ

τ

= τ τ τ
τ τ = |1⟩

Fusing the two particles on the left first

τ τ τ

I

τ

= τ τ τ
I τ = |0′⟩

τ τ τ

τ

τ

= τ τ τ
τ τ = |1′⟩

Fusing the two particles on the right first

Fig. 9.4 Two ways to describe the same two dimensional space in the case of
Fibonacci anyons. The basis {|0⟩, |1⟩} fuses the left two particles first, whereas the
basis {|0′⟩, |1′⟩} fuses the right two particles first.

description. Thus, there must be a unitary basis transform given by
(

|0⟩
|1⟩

)
=

(
F00′ F01′

F10′ F11′

)(
|0′⟩
|1′⟩

)
(9.2)

Here F is a two by two matrix, and in the notation of the F matrix
defined in Fig. 9.1, this two by two matrix is [F ττττ ]ab and the indices
a, b should take the values I and τ instead of 0 and 1, but we have used
abbreviated notation here for more clarity.
For the Fibonacci theory the F matrix is given explicitly by6 6We can redefine kets with different

gauge choices (see section 9.4) and this
will insert some phases into the off-
diagonal of this matrix, but the sim-
plest gauge choice gives the matrix as
shown.

F ττττ = F =

(
φ−1 φ−1/2

φ−1/2 −φ−1

)
(9.3)

where φ−1 = (
√
5− 1)/2, so φ is the golden mean. As one should expect

for a change of basis, this matrix is unitary. In Section 9.3 we will discuss
how this matrix is derived (See also section 18.2).

ϕ−1 =
( 5 − 1)

2



We now can implement unitary operations on our qubit by braiding 

Braiding first 2 ’s can be implemented by the R matrix since they are in 

the same fusion channel - , ,  

But to braid 2nd  with 3rd  or 1st  with 3rd , need to first change basis 

by applying  matrix and then braid using  matrix and then bring back 

to old basis by using  . 

Essentially  and using braid group properties 

 

τ
B120

= e−4iπ/5 B121
= e+3iπ/5 B12N

= e+3iπ/5

τ τ τ τ
F R

F−1( = F)

B23 = FτB12Fτ
B13 = B12B23B−1

13



So in the basis ( |N > , |0 > , |1 > )

116 Exchanging Identical Particles

On the right hand side of Fig. 10.13 (i.e., in the prime basis) we know
the fusion channel of the rightmost two particles, so we can braid them
around each other and use the R-matrix to compute the corresponding
phase as shown in Fig. 10.14.

τ τ τ

I τ = F00′

τ τ τ

I τ +F01′

τ τ τ

τ τ

= F00′RττI
τ τ τ

I τ +F01′Rτττ
τ τ τ

τ τ

= F00′R
ττ
I |0′⟩+ F01′R

ττ
τ |1′⟩ (10.4)

= F00′R
ττ
I

(
[F−1]0′0|0⟩+ [F−1]0′1|1⟩

)
(10.5)

+ F01′R
ττ
τ

(
[F−1]1′0|0⟩+ [F−1]1′1|1⟩

)

=
(
F00′R

ττ
I [F−1]0′0 + F01′R

ττ
τ [F−1]1′0

)
|0⟩

+
(
F00′R

ττ
I [F−1]0′1 + F01′R

ττ
τ [F−1]1′1

)
|1⟩

Fig. 10.14 To exchange the right two particles we first use an F -move so that we
know the fusion channel of these two particles, then we can apply R and then F−1

to transform back into the original basis.

Where between Eq. 10.4 and 10.5 we have used the inverse F transform
to put the result back in the original |0⟩ and |1⟩ basis.2. The final result,

2For this particular case (using Eq. 9.3
for the F -matrix) the matrix F and
F−1 happen to be the same matrix
(however we write out the inverse ex-
plicitly for clarity!) Eq. 10.6 is precisely the same as Eq. 10.1 just written out in all of its

detail33To fully harmonize the notation with
that of Eq. 10.1 we should make the
identification |0⟩ → |I; τ⟩ and |1⟩ →
|τ ; τ⟩. The indices 0 and 1 are replaced
by I and τ and as mentioned above the
Fab matrix is really [F ττττ ]ab.

We can summarize the results of the two possible braiding opera-
tions on the three dimensional Hilbert space. Assuming right-handed
Fibonacci anyons and using a basis |N⟩, |0⟩, |1⟩ (also notated as |τ ; I⟩,
|I; τ⟩, |τ ; τ⟩) we have

σ̂1 =

⎛

⎝
e3πi/5

e−4πi/5

e3πi/5

⎞

⎠ (10.6)

σ̂2 =

⎛

⎝
e3πi/5

φ−1e4πi/5 φ−1/2e−3πi/5

φ−1/2e−3πi/5 −φ−1

⎞

⎠ (10.7)

where φ = (
√
5 + 1)/2 is the golden mean.

10.2.2 Ising Anyons

σ σ σ

I

σ

=
σ σ σ

I σ = |0⟩

σ σ σ

ψ

σ

=
σ σ σ

ψ σ = |1⟩

Fig. 10.15 A simple basis for a qubit
made from three Ising anyons. (See
Fig. 9.5).

For Ising anyons the situation is perhaps even simpler since three σ par-
ticles have only two fusion channels (See section 8.2.2). The appropriate
F -matrices are given by Eq. 9.4 and the R-matrices for a right-handed
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ticles have only two fusion channels (See section 8.2.2). The appropriate
F -matrices are given by Eq. 9.4 and the R-matrices for a right-handed

B12 =

B23 =



Any arbitrary braiding operator is a combination of  and  

operators and we can reach any  unitary matrix using their 
combinations 

Topologically protected from noise and decoherence 

Hence, fault tolerant quantum computation

B12 B23
2 × 2

Now, the only braiding operation remaining is B13. This is easy. We can use the stan-

dard braid group properties to write B13 as product of B12 and B23 as B13 = B12B23B
�1
12 .

We can see that in figure 9

Figure 9. Converting the qubits into qubits of other fusion channel through F

Therefore, we can see clearly any braiding operation is e↵ectively some combination of

R and F⌧RF⌧ matrices and these R and F⌧RF⌧ form a dense subgroup of U(2), mean-

ing any 2 ⇥ 2 matrix can be implemented using arbitrary iteration of these matrices that

is via braiding operations upto the desired accuracy (see [6]). Moreover, these braiding

operations are topologically protected. As long as we are able to braid the anyons we are

able to implement the unitary operations required, as we can pictorially visualize it in irre-

spective of what local noise or perturbations are present in the system and the anyons are

excitations of topologically ordered phase. So, we can actually perform a Fault-Tolerant

quantum computation.

Figure 10. Any Unitary M can be implemented through Braiding
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Preskill’s bet

In March 2020, made a bet to be settled on March 1, 2030 at midnight 

Will someone have finally made a topological quantum computer ? 
Preskill : yes        Dowling : no.     Stake : Pizza and beer



Anyon,anyon 

Hope I have convinced you that  
non-abelian anyons are 
interesting from many points 
of view,  theoretical, 
experimental and for 
applications 

Thank you all for coming and 
listening to me!

Anyon, anyon, where do you roam? 
Braid for a while before you go home. 
  
Though you’re condemned just to slide on a table, 
A life in 2D also means that you’re able 
To be of a type neither Fermi nor Bose 
And to know left from right --- that’s a kick, I 
suppose. 
  
You and your buddy were made in a pair 
Then wandered around, braiding here, braiding 
there. 
You’ll fuse back together when braiding is through 
Well bid you adieu as you vanish from view. 
  
No one can say, not at this early juncture 
If someday we’ll store quantum data in punctures 
With quantum states hidden where no one can see, 
Protected from damage through topology. 
  
Anyon, anyon, where do you roam? 
Braid for a while before you go home. 
 

John Preskill,2005


