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String Thermodynamics in flat space

Consider a gas of (non-interacting) strings at finite temperature
(canonical ensemble):

What happens as we heat the gas?

Canonical ensemble of non-interacting strings Zg = Tr (e‘BH)
exhibits maximal temperature = Hagedorn temperature Ty

Reason = Exponential increase of p(E) ~ e#E at high E
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String Thermodynamics in flat space: Random walks

For T < Ty, no divergence is present yet
Near Ty, string gas recombines into one (or several) highly excited

|Ong Strings Deo-Jain-Tan '89, Bowick-Giddings '89, Mitchell-Turok '87

T<<Tn T<Tu

Long string behaves as random walk in space
Hagedorn divergence can be interpreted as instability towards long
string formation
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Alternative Perspective: Thermal Manifold

Alternatively: Study string theory on the thermal manifold sathiapalan
'87, Kogan '87, O’Brien-Tan '87, McClain-Roth '87, Atick-Witten '88

Thermal manifold = Wick-rotate + periodically identify time
direction

Extra feature: winding modes possible

G-

As T (or B) changes = masses of wound strings change

w = 1 state is called thermal scalar
» Masslessness of this state determines Ty
» T > Ty, state becomes tachyonic = instability of theory
» Dominates TD for T < Ty (random walk)
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Motivation (1)

GOAL
Study string thermodynamics in the high-temperature regime in
curved backgrounds using the thermal manifold approach

Take gas of strings ...
. and place it on a curved background

» How does the curvature affect the Hagedorn behavior?

» Thermal scalar and its random walk interpretation?
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Motivation (2)

In particular: black hole backgrounds

Why study string thermodynamics near black hole horizons?

1. Deeper understanding of black hole horizons (Firewall

Almheiri-Marolf-Polchinski-Sully ’12)

2. Holography: Black hole horizons < deep IR of dual field
theory
Fluid properties of quark-gluon plasma ?

3. Better understanding of string thermodynamics (not
completely understood in general)
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Issues with String Thermodynamics

1. Jeans Instability
Matter clumps together (Perturbative generation of imaginary
mass of gravitons)
= Restrict amount of thermal matter by using compact space
or AdS as a container Barbon Rabinovici '02

2. Canonical ensemble suffers from large fluctuations near Gy
= Use the canonical picture as a tool to obtain p(E)
Or study this discrepancy further

3. Hagedorn transition could be first order at a lower
temperature than Ty (semi-classical tunneling) acick-witten ‘g8
= We will study overheated spaces
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Set-up of the geometry

Background metric of the static form
ds? = Goo(X)dt2 + G,'J-(x)dxidxj

Thermal manifold
Flat space Cylinder = Curved space: varying size

Olp~—=—=

What about black holes?
» Thermal circle pinches off

» Does the thermal scalar exist ?




Random walks in curved backgrounds: Path integral

approach (1)

Torus string path integral reduced to particle path integral
Kruczenski-Lawrence '06, TM-Verschelde-Zakharov '13

Starting point = Torus path integral on the strip modular domain:

dmd o v
Z, :/ = AFP/[DX] VGe mmar | FoVhh P 0uX19X" Gy (X)
E 27
Near-Hagedorn approximation:
» We consider strings that are singly wound around the

Euclidean time direction: X%(o, 7+ 1) = X%(0,7) £ 8
= Interpretation of a free closed string performing one loop
around the thermal dimension

» Small 7 region in strip E
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Random walks in curved backgrounds: Path integral

approach (2)

In the near-Hagedorn limit, it is found that this simplifies to

Z, = 2/ dar / [DX] \/det Gjj exp —Sp(X)
0 27-2 /(7—2 XI(O)
with particle action Sp:

Sp 47ra [ o dtG 87-'X atXJ + /62 ” dtGOO - 6I2-I,flat7—2 +.. ]

= particle path integral on the spatial submanifold and can be
interpreted as a random walk of the long string
= Particle Trajectory = Spatial form of long string

(o= Oy

Unfortunately, some corrections to the action S, are missed (naive)
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Thermal Scalar action

Alternative perspective: field theory of the thermal scalar
(supposed to dominate near Tp)

Q-

Thermal scalar field ¢(x) = complex scalar field only depending on
the spatial coordinates of the manifold

Its action (non-interacting) can be obtained using T-duality and
dimensional reduction:

Stnse. = | dV/Giv/Goo [ G10,60;0" — 200" + 28 60|

41202
Q: o’'-corrections?
A: Possibly, depends on model
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Determining Hagedorn Temperature

For T < Ty, partition function is dominated by thermal scalar
= Zy =Tr(e P") x Zip o = [ [Dp] e 5

Determining Ty:

Sthse. ~ [ dVe 2®\/Gp*O¢ , Otpy = Ayihy
= Zihsc. = det_lé = O0F =~ TrIn@

Ao = 0 determines Sy
1o determines where random walk is localized

Link with previous random walk picture:

Schwinger proper time representation of logarithm:

In(a) = — [y 92 (72 — e772)

Predicts corrections to previous random walk
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Comparison of two methods

String path integral approach  Field theory approach

Advantages Advantages
> Intuitive geometric > Field Theory = in principle
derivation of random walk also off-shell

» Direct control on
corrections

Disadvantages Disadvantages
» On-shell backgrounds only ~ » Interpretation on real-time

» Corrections to action manifold obscured

Both approaches individually not ideal
= Combining them gives full picture
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Application 1: thermal AdS;

Q: Does thermal scalar exist and predict Ty ? = Thermal
Spectrum

Geometry:

AdS3 WZW model is group manifold = a’-exact background
ds? = o’k (cosh(p)?d7? + dp? + sinh(p)?d¢?)
T~T+Fand g~ o+ 27

p

N

Additionally B = —ia’ksinh(p)2dT A d¢
Imaginary in Euclidean signature
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The (bosonic) thermal spectrum in AdS;

Spectrum on non-thermal space is known
Thermal spectrum constructed uUSiNg: Tw-verschelde-Zakharov 14
» Twisted vertex operator method
> Field theory methods
» Hamiltonian rewriting of the (known) partition function
Maldacena-Ooguri-Son ‘01 Z = T (qLO_C/24C_]E°_C/24>

Resulting thermal spectrum:

s°+1/4  .qpp pn kp?3°
h = -1 hln
k—2 an T a(amyz T int

p = Cylinder Winding , n = Cylinder Discrete momentum

w = Cigar Winding , g = Cigar Discrete momentum
Properties

» No Cigar-winding modes

» Only continuous modes (due to B), s ~ radial momentum
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The thermal scalar in AdSs

Defining a tachyon ©
Genus 1 vacuum amplitude in F (for large m2):
~ dridm =hi—1
I~ f]- 27 Z Hmatter q ’
where qh—lc—]h—l _ e27riT1(h—h)e—27rT2(h+l_'l—2) .

= Quantity R(h + h) determines convergence

Thermal tachyon: p = £1, g € Z are all marginal at
/BH - 4% <4 - ﬁ) Berkooz-Komargodski-Reichmann '07, Lin-Matsuo-Tomino '07
> Infinitely many states become marginal at Ty
» Thermal scalar is continuous = Spreads over entire space
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Orbifolded thermal spectrum in AdS;

Zy orbifold by modding out a 27/ N rotation around cigar

Hamiltonian rewriting of Z = Appearance of discrete states
Mathematical Reason = correct analytic continuation of Poisson’s
summation formula:

Snez € (m)=27 Xy cp [ F(z+2mK) 4271 5, p Resp, (F)3(z—pi+-27K) |
Resulting spectrum:

» Continuous part:
h_5+1/4+ +l7rnw+k2/ quﬁ+pn+

4(271')2

» Discrete part:
w2 222
h= _/(Jl)_|_qW_7rlEvn+ _%___i_f(pzf)

where j=tbxl gl pimn_j 1=0,1,2,..., qeNZ, neZ, peZ and |w|<1/2

Application: Chemical potential in AdS;3
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Application 2: generic black holes

Susskind: an asymptotic observer throws in 1 string

» As it falls, the string is seen to elongate dramatically near the
black hole horizon (distance £) susskind ‘04

» Elongation not seen by free-falling observers, only by fiducial
observers

» Two different situations with long strings: high T and near
horizon ? = Related ?
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Thermodynamics and Black holes

Susskind's story from canonical point of view
Recall: Unruh effect (intrinsic to black holes)

» Close to the horizon, infalling QFT vacuum around the black
hole is viewed by fiducial observers as thermally populated
with temperature T = %p where p ~ \/r —rs
For r — rs, T diverges (QG effects should be important!)

Thermal gas is emergent from the black hole quantum mechanics
with T = 7-Hawking
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Thermal structure of black holes

Extremely high temperature regio

Hawking Radiation

Thermal Atmosphere

In thermal atmosphere: Rindler approximation of metric:
2
d$2 = —mdtz + dp2 + dXi
= Study string theory on thermal manifold = Euclidean Rindler
2
space: ds? = (Tc%)ﬂhz +dp?+dx3, 7 ~ T+ 87GM
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Results from string theory (1)

Approach: Small curvature (large k) limit of SL(2,R)/U(1) cigar
= Euclidean Rindler space civeon-itzhaki '13
= d w = 1 state in thermal spectrum
From coset construction = «’-exact thermal scalar field theory for
type Il superstrings verlinde-Verlinde-Dijkgraaf 92
From thermal scalar FT perspective:

2_ ¢ 2 2 2
dsc = (T(%dT +dp +dXJ_

ﬁZ 2

O =_92_ 15 2, pBp°
Wave operator: O = 8p pap =+ T2 (4GHI)?

Spectrum (enforcing regularity at the origin and at infinity):

Unlp) o exp (~gmciny ) Ln (i)

_ B-8xGM+28
M = ooy - 120

With 8 = BHawking = 8mGM and n = 0 (lowest mode)
2
voxexp (~47), Ao =0
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Results from string theory (2)

2
@Z’OOCeXP (_é%g> ) )\0:0
» Bound to black hole, width ~ ¢ = Random walk near horizon

» Even though no reference to /s is made in the background,
the thermal scalar 1) is sensitive to /s (reason = T-duality)

» Predicts Ty = THawking

Gas around black hole behaves as T = Ty gas of flat space!
Thermal scalar dominates one-loop TD

Susskind's picture of long
string surrounding black
hole horizon
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Resulting thermal structure

Extremely high temperature regic

Hawking Radiation

Thermal Atmosphere

Disclaimer: only genus 1 = interactions expected to be important
near horizon
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ress Tensor (1)

Energy-momentum tensor of string gas for type Il superstrings

Horowitz-Polchinski '98

Microcanonical Canonical
High-energy averaged stress Near-Hagedorn stress tensor
tensor < (compact space):
<Tﬂy(x)>E ~ INE th sC. (x) <Tl“/(x)> %IB 7-tl:1,/sc ( )ﬁ

» Classical stress tensor evaluated on lowest eigenmode g of
thermal scalar

» Thermal scalar wavefunction determines where stress-energy is
located




Stress Tensor (2)

Example Near-Hagedorn energy density in Rindler space

Rindler space: 1y o< exp <—2£€2§>

2

<T(§)>thermal = g ¢ . 2

-2

» Energy density located close to black hole horizon
» Negative energy density zone is present (violates weak-energy

condition)
Generic feature in curved spacetime

» Consistency Check: Eior = d3(3F)
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Conclusions

1.

High-temperature string theory contains a divergence, the
Hagedorn divergence, related to long string dominance
Thermal scalar is singly wound state on thermal manifold and
encodes the random walk near-Hagedorn thermodynamics of
the gas

Random walk picture can be generalized to curved spacetimes
using 15t quantized string path integral methods or 2"
quantized field theory methods

AdSs3 contains infinitely many states becoming marginal at Ty
Thermal scalar wavefunction spreads over entire space

Black hole atmosphere behaves precisely the same as the

T = Ty gas of flat space: long strings are present

The long string configuration is close to the event horizon
Other properties such as the stress tensor of the
near-Hagedorn gas can also be analyzed
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Thank you!

Thomas
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