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Higher Spin Gravity

CFT5 : O(N) , U(N) vector

o M. A. Vasiliev o Boson: ¥i (1=1,...,N)
o Infinite tower of higher spin o Singlet sector

Non-minimal Bosonic Theory ~
S=0,1,2,...

[ U(N) complex vector modelj
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Quick Derivation of Bi-local Map
SO(2,3) generator for HS field and Bi-local Map



HS Field : Light-cone Gauge

- Spin-s field : package with harmonic oscillator

b = (I)AlmAS QA " QA PArAs = o/l ---efjh““’“s [@Aa aB] — TAB

- Symmetric, double-traceless
(@A@A)2(I) =0 (XA@A(I) = sP

- Light-cone gauge : @™ ® =0

- Physical Field : two helicities

Opny = P01 ay, o, (I=1,2) [R.R.Metsaev,1999]
alar®on, =0  ataadyny = Oy 040, Pppy =0

Spin matrix Mi12 = a1g — gy ——> Ch

Doy = P87 + P02 Br = a1 Tiay



& HS S0(2,3) Generators : Light-cone

B
B

= SO(2,3) generator for physical HS field on
AdS,xS! (in Light-cone gauge) [R.R.Metsaev,1999]
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Schematic Bi-local Map

SO(2,3) Decomposition [C. Fronsdal & M. Flato,1978]

D(1/2,0) ® D(1/2,0) = Z D (s + 1, s) cf. Addition of Angular momentum
s=0

Bi-local Field : O(N) invariants
Uzt oy, 21,3y, 02) = G 27, 31) - o™ 2y, 12)
SO(2,3) Generators for Bi-local field
Map form collective field to HS field

H(X,y) = /duldu2 K (X, yluy,u2) W (uy, us)
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+ Bi-local Generator : Light-cone Gauge

= SO(2,3) Bi-local generator

- pip1 p2p2 A
=y -y T =l —wepg
+ +2p1 + 2292 p1p Dap
D n= T - . LP1 2P2
Poincare P’ =D1 t P m-o T =Ty p1+Typ2 — T <_—+) — %2 <_ +)
2p| 2p,
AL _ B B B
Pr=pitp Mt =~z p —2yps
DilatiOn d = :Cl_pi‘_ —+ T1p1 + xQ_p;_ + ToPo + 1
A 1 1
+
k+ = —imlxlpi’_ — §$2$2p2
Special . — + 11 o 1
p k= TP +z1(zypf +x1p1 + 5) — 5T2T2P2 + zo(x5 py + xaps + 5)
Conformal
-1 pip - 1, 1 pip - 1
k— = _Exlml (_ 2;1’_1) + xq (171 p;r + T1p1 + 5) — 51‘1%1 <— 22)5) + Tq (ajZ p; + Topa + 5)
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Map : Ganonical Transformation

o Identifying two generator Jus = Jgitocal = Jopr + Jopr
- Bi-local Map [A. Jevicki, J.P.Rodrigues, R.d.M.Koch, K.Jin, 2010]

-+ — +
+ o+ o+ — _ TP TPy
p' =p{ +p r =
1 2 pi +p3
P =p1+ P2 _— 33120ir+932]9§F
py +p3
Py py [+ T CFT
Pq Po Z = ¥ ¥
P{ + Do

+
p2 + +
e E— - o 1~ % p— p—
0 = 2 arctan - P = \/pipd (e —3) + 12 S Y A Y s
pl Dy Do

- Canonical Transformation

_ )
{p+,x }Bi-local PB {px’x}Bi—local PB — {r*, Z}Bi-local PB — {p”,0}Bi-local PB = 1



Kernel

Kernel : K", 0,07, 0; 01, p1.05 . 02) = To(wF +pF —pH)d(p1 + p2 — )

17_2_p2”p_1_ 2arctan\/ —0)
p1 pl

One-to-one, induce Extra Bulk coordinate z
Transformation : From Bi-local field to HS field

~

H(p+,p,pz,9)=/dp dp1dps dps K(p™,p,p%,0;07 , 01,05, 02)¥ (P71, P1,P9 , D2)

Local H(p*,p,p*,0) Z/dp dp1dps dpy K 0

—

W(p+,p,pz,9)=/dp dp,dp3 dps K TI

Ut pr,pE,pe) T e, T k)| = pEpE 8T — KT)o(p — k1)O(0F — K3)3(p2 — ko)

Ht,p.p7,0), W k. k7, 9)] = pHo(p™ — k5)3(p — k)3(p" — k9)5(6 — ¢)



Spin-s Primary Current

- Fourier Transformation : (»*,p,p*,0) — (z7,z, z,p’ =

H3($+,Jf—, x, Z) — / ) 2 dp—dp—I—dp eix+p_+ix_p++ixpj_% (z\/—2p+p_ _ p2)
—2pTpT —p<>0

X\/ Vi O e . &.p-.ptp)  [l.Bena, 1999]

2 L (s+3)®")
) s! / dp—dpTdp eia;"‘p_—i—ix_p“‘—l—ixp@vs(w_’ . %)
z— 0 g (S T %) 02 —2pTp~——p2>0
Os = f (—4)" i” (—1)* a”+k$- 8s—n—kq§ : Spin-s primary field in CFT
S = (2n)! = k(s —2n—k)! T -

= Bi-local map (in z — 0 limit) gives primary CFT
operator



Time-like Gauge : Quick Derivation

Transformation in “Momentum” space

(ﬁlaﬁQ) ’ (ﬁ?pz79)
Total momentum ( CM of two particles )
p=p1+ P2 p’ = |pi] + |p2]

On-shell condition

p == 7 = 2yl sin (2522
SO(2,3) Casimir e representation
Cso(2,3) = Ef + s° bt Cso(2,3) = 25° = 2(p”)’
Compare to SO(2,3) Casimir of Bi-local generator

= Y1 + V2 ST o7 . Pl T P2
p? = V/|p1| |pa| cos 5 (z3 — z1) + V/|P1| P2 sin 5 (23 — 27)
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Time-like Gauge : Quick Derivation

-1 Ansatz for 9 ( to have canonical transformation, )
2p2 X p1 )
(Ip2] = |P1|)p*

0 = arctan (

» Can be found naturally.(Later)
- Bi-local Map 1n time-like gauge

KU 030, 72) = I (. )5 51 + 2~ 96 2V el (£222) )

20
<arctan ( P2 X P ) — 9)
|p2| |p1




Coordinates Transformation

0 “Momentum” space transformation
—— Coordinates transformation by Chain rule

R E 1 S U e
Vo +P PR+
2 _ [Pl =d A+ [po| 73 N p'p*p’
P> +p* PPV ()PP

(Z1 — @2) - p1 |p2| — (T1 — @2) - pa |pA |
p* ([P1] + |p2)

- 1+ P2 S TS T P12
p’ = VI |p2] cos 5 (z3 —x1) +V/|p1] |P2] sin : (22 — 22)

- Canonical Transformation by Construction
{pz’,xj}:(gij {pz,Z}: {p979} —1

z =




+ Reduction

Package spin s current with ¢

Os(z;a) = O3, 00 - alts ", "] ="
Constraints
a"0,04(z;a) =0 : Conservation
a'a,Os(z;a) =0 : Traceless

a'a,Os(x;a) = sO° (x;c)  : Spins
To make contact with physical collective picture,
we need to solve constraints

Let’s solve



Solve Constraints : Canonical Transformation

4=] E]

0 (6+6) dim phase space (2, p*; at, at)

- Canonical Transformation a0, 0,(z;a) = 0
ala,Og(z;a) =0

"
_ ,u@ :O
(2, p; o, o) Py
T aray, =0
N~ T,
_ _ 1 - _
— _ — (61)2+(52)2_—(60130+61]51+52]72)2:O
(z#, p*; B*, BH) )
T -39 =0
N B“/ T,
~u - 277—71‘(19,) 0
(@, p"s 9", M) 00 _ ¢
—3%

Two ~ B o o0 _ e
Solutions 70:’70:’)’2:72:0 v =7 =7 =7 =0
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+ (Unconstrained) Primary spin-s Gurrent

B
B

o (Unconstrained) Primary spin-s operator (7" >0)
(_1)32%3—1
s!

~

Os(p;€) = /dﬁldﬁQ 5B (pl + ph — p*)

X (2[p1] |p2| — 2P1 - P2)? ei‘g@(pl’m)/a‘(plam)
: annihilation operator of bi-local field
(_1)32%3—1
s!

~

Os(p; ) = /dﬁldﬁz 53 (p} + pb — p*)

X (2|p1] [p2| — 2p1 'ﬁ2)% e 159(P1P2) (1) py)

O (p1,p2) = 2arctan 2p1 X pa
V2T -2 7 (VA - V)
: Equal to © map (up to sign)

e(p) = ! ( r vy + ip? L —ip1> : polarizati t
NI AN e W= : polarization vector



S0(2,3) Generator for HS field

= SO(2,3) Generator for physical spin-s primary

AL 50 —
P =p P’ = VP2 + (p?)?
5 _ 1 1
d= —2%° + 2'p' + 22p® + 201 a’ pl=p
A2 2
m122x1p2—332p1 ApOl—p . pzpz ,
2 1 0y2,1 m- =—-Trp ———=7P
~20 _ 2.0 0 2 P~ ,p__,(p)p 1-1
m= =x'p —rp+ | 5 1 aQ .19 1 9 57
P’ g qp | m= =xp°—x°p
o Loy 0 0f L L1142 7 3 P\ / Lz
k= 2(:1: z,)p + D+2(aa) D0 T 0 T g / ThQO—xzﬁO—p_}; pe
g (atpt 42ty g f 1,1 2 92
—(a'a’) (p—oﬂﬁ(xlpz—xzpl)) d=x"p +z°p —l—zpzAO

]/{\70 = _1(3_3’2 + 22)]50 . p_zm12p9 . p (pQ)Q
2 P 2p?
A0

1

> 1 Zp*p p

1 -2 2\ 1 1 0 02

k ——§($ —|—Z)p +x D—i-pr +ﬁ(p)

P2 — 1 5 2.2 2p zp'p° 0 p° 0\2
=—5@ +2)p" + 2 gz P +—2ﬁ2(p)

HS Generator
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Bi-local Map in Time-like Gauge

- HS generator = Bi-local generator

0 Same Result

— — — z — — . (101_902

P =Dp1+ P2 p—2\/\p1Hp251n( 5 )
R Y1 + P2

o = VIl cos 2022 (od — o)

R Y v
P> +p* PPV ()PP
2 _ [Pl =d 4 [po| 73 p'p*p’

P+ PV + PP
(T1 — T2) - p1 |Pa| — (T1 — T2) - pa |ph]
p* (Ip1] + [P2])

z =

S = Y1+ P2 S . P11+ P2
P’ = VIp] cos = (a3 — af) + V] [l sin == (a5 — i)

=7 . P11+ P2
VIl sin 2522 (02— a2)




Properties of Kernel

=R

o “Momentum” space transformation : Kernel

K(p,p*, 0; 1, 12) = T (D1, 02)0 (1 + Pz — P)O (2 71 |92 sin (901 _ 9"2) _pz)
X 0 <arctan ( _)2]?2 X P > 9)
([p2| = |p1])p*

= 6@ (51 — B1(7,p",0))5 (B2 — Ba (5,17, 0))
® One-to-one

- Inverse kernel
OB, 7i B, 8) = 6@ (1 + s — )5 (2 7l sin (*”1 - *02> —pZ)

X 0 <arctan ( _)2]?2 X_,pl z) — 9)
(Ip2] = [p1))p




Properties of Kernel

Local  g;,7.0) = [ v K7 051, 5) D5 )

WiEp,0) = [dpidp K700 )T 72)
D5, o), Tk, o) | = 171 12| 6 (B — K1)8) (5 — o)
N
HE.p*,0),W(E K, 6)| = VI + )7 07 (5~ )™ — k)5(6 — )
Redundancy in Bi-local field 9 (5,5) = ¥ (5, p1)
> Redundancy in HS field #(5,p*,0) = H(5,—p*, -0)

? i in p* sins" «sp®z CcOSse ap’z
cossfcosp®z  sinsfsinp®z L& Sp /{ﬁ

HP) (¢, 2,2) ~ cos sl cosp®z
H (¢, Z, 2) ~ sinsfsinp®z 1) = 0



From CFT Primary to HS Field

-1 Kernel : creation(annhilation) operpator of bi-local field to
HS creation(annihilation) operator

- Quadratic Hamiltonian of Collective field 1s
mapped to Quadratic Hamiltonian of HS field

1 e o
Hy = §/q>ﬁ dp1dp2 {H/(pl,—pz)nl(p%—m)+w§1,52\11’(p1,—p2)\1!’(p2,—pl)}
P1=p2

A4

Hy = / dpdp*do/FE 1 (72 A (5,07, 0) A(. 1", 0)




From CFT Primary to HS Field

o Fourier Transformation : (7,p*,0)

- New basis
1
Hgi) (fa Z) = 5 [HS(fa Z) + H—S(fa Z)]

- Perform time-evolution and change of variable

m Recall time-evolution of HS field is induced from time-
evolution of bi-local field

= From p* to p° = \/152 ¥ (p?)2

HE6,2) = [ didy = [ dpag” -
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Summary : Time-like Map

- Canonical Map to Bulk field

2>7..0
e e e (U
255t5 pO>|7] (27’(’)32]?

(\/(p0)2 —p? 2) [63(]?; €) + Os(p; 6*)} + h.c

XJ_

1
2

~

27)32pY
z — 0 )

~ —1 82%8—1
Os (p; )Z/dpldp 63 (ph + ph p“)( )S'

x (2|p1] [pa] — 2P '192)é €is®(ﬁl’ﬁ2)a(p1,p2)
: Physical spin-s primary in CFT

B -\ "2 d?pdp° ~
p 272 1 ( (80) _|_82> / & [Os(p; 6) —l-(’)s(p;
0> (

-

s+

N

e*)} +h.c.



Solving Constraints

Define Kernel M,,; = MiMoM3M, tand = 7
M1 =exp [—ao <1% (a'p' + d2p2)>] Ms = exp [—alal log <2%>]
Ms = exp [—0 (a'a% — a?a1)] My = exp [Tia%a?| exp [T (ala? — a?at)]

Designed to generate previous canonical transformation
Spin-s current :  Oy(p;a) = M Bs(p; a)
@up“éjs(p; a) =0 (—a’p")B,(p;a) =0
a*a,Os(p;ar) = 0 (2a'a? —a’f(p;@))Bs(p; ) = 0

-

00,0, (p; @) = sO,(p; ) al'ay,Bs(ps ) = sBs(p;a)

~

Os(pi @) = Miot (B () ()" + B (p) (2)°)
= BM(p) (e,a™)® + B (p) (e at)”

m
) = < P ppt ip? p’p? _Z.pl)  solarizati .
V2P \V=PPu P Pe DD : polarization vector




Solution : spin-s primary operator

=R

o Solution : O.(p;a) = BV () (e,0)* + BP (p) (€0

7
= Properties of polarization vector
e(p) - €(p) =0  €p)-e(p)=0  p'-eulp)=0

— (58(]9; a) = (58(19; €*) (e,at)” + (58(}9; €) (e;a“)s
- Physical projected spin-s primary operator
o Fourier transformation ( »° >0, Pa = (IPal,Pa) )
O.(p: a) = 2° / P e PT0% (2 a)
= /dﬁldﬁz 27 (9, 72)8°) (0} + vy — p*)

1 _1 Q- — Qe
X(Oé'p1+04'p2)sps 2 2( p1 b2 CL
o-pp+o- pQ/A

: annihilation operator of bi-local field
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+ (Unconstrained) Primary spin-s Gurrent

B
B

o (Unconstrained) Primary spin-s operator
(_1)32%3—1
s!

~

Os(p;€) = /dﬁldﬁQ 5B (pl + ph — p*)

—

X (2|p1] [p2| — 2p1 'ﬁz)% et5OWLD2) g (py o)

~

" @y o (£1)72207
Os(p; ) = | dpidps 6% (p + p — pH)

s!

X (2|p1] [p2| — 2p1 'ﬁ2)% e 159(P1P2) (1) py)

201 X D
O (p1,p2) = 2arctan P1 X P2
VRV - 25 (VIR — ViR)

: Equal to © map (up to sign)



Other Dimension

AdS,xS?/CFT, covariant gauge

[JY, A. Jevicki, J.P.Rodrigues, R.d.M.Koch, 2014, 1408.1255 ]I

Representation of SO(2,3) for higher spin in the embedding space
(5+5 dim) with constraints & Fronsdal Gauge

Possible to find SO(2,3) generators in AdS,xS?
Too complicated to find map

AdS;xS!Y/CFT, covariant gauge :

Representation of SO(2,2) for higher spin in the embedding space
(4+4 dim) with constraints & Fronsdal Gauge

Bi-local map

AdS,/CFT, time-like :

Bi-local map
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