p-forms, Hodge dual & Stokes’ theorem in SR

1 Intro

Completely antisymmetric (2) tensors, called p-forms, have a special geometric properties and many appli-
cations in physics. For instance, they allow for a very elegant expression of Maxwell’s equations (and its
generalisations) as well as nice generalisation of Stokes’ Theorem to arbitrary dimensions.!

2 Notation

To make these notes more self-contained some notation is introduced in this section.

The components of a (g) tensor with respect to a set of basis vectors {€;} is given in term its action on the
basis vectors:

Definition 2.1:

E]k S T(é;, €j7 coog é}c)
We write the anti-symmetric part of a (g) tensor as:

Definition 2.2: .

o (Lo = Tji) -

Ty =
More generally for a (2) tensor we write

Definition 2.3:

1
Ty ..ip) = H (alternating sum over permutations of the indices 4; to i) .

So, for example
Tiiji) = & Tije — Tjik + Tiki — Trji + Thij — Ting) (1)

The tensor product of a (0) tensor, S, and a (2) tensor, T, is a (piq) tensor, S ® T, whose action on (p+9q)
vector arguments is defined by

Definition 2.4: L L. . - . L =
S®T(A1,...,AP,B1,...,Bq):S(Ah...,Ap)T(Bh...,Bq)

1 After this section the enthusiastic student might like to consult Gravitation by MTW which has an extensive discussion of
the geometric interpretation of forms.



3 1-Forms

Aside from mapping vectors to numbers, 1-forms also allow us to map lines to numbers using line integrals.
Consider a 1-form in R?

p = pida’ (2)

and a curve, ¢, parameterised by z*(u).

s b

o The curve has tangent U’ = ‘%

/ o If we shift v — u + du, we get infinitesimal dis-
placement along the curve in the i-th direction:

Zen
/i C dxt A
y/4 dot = 2 du = Udu
/ du
aTHN P . .
e vy — The infinitesimal displacement vector is

% dl = (U'du)e,

/

e

Divide the curve up into little line segments Al Tt is not hard to see that we can approximate the curve

using the segments
- Azt
Al'= ( A”; Au) z. (3)

At the start of each line segment, the form p can map Al to a number

%

o= Azt ~ Az
D(AL) = p; Au Au da’ (€;) = p; A

Au (4)

&7

Now adding up all the numbers for all the segments and taking the limit Al =0 gives us the line integral

b ,
= dz"
p = p(dl) = i ——d 5
[ o= [t = [ o )
and using the chain-rule we can write
b
C1 a

Aside: Everything in this section can be easily generalised to space-time by including a time-index.

Aside:  This looks like a lot of work to go from d — d but its useful to understand since
1. The basic steps go through for integrals over higher dimensional surfaces.

2. Having formulated things in terms of forms will mean that the generalisation to space-time will give
answers independent of the frame we chose or indeed even the coordinates we choose.



4 2-forms

We see 1-forms map lines to numbers. We would like to try construct something to map areas to numbers
using surface integrals — these will be called 2-forms. Just as we need to construct an infinitesimal line
element to define the line-integral, we need to construct an infinitesimal area element to define the surface-
integral:

/C2 Foy=# (7)

Consider the area of the a parallelogram whose sides are formed by two vectors V and W. The area is given
by
A=V xW| (8)

and taking these vectors to be in the (z,y) plane, in terms of the components, we have

= det(VWV). (9)

i|A|:V-TWy—VyW-T=‘ vew

vy wv

Notice that the area, calculated this way comes with a sign. We shall interpret this sign as denoting the
orientation of the area and accept negative areas.

A (9) tensor maps two vectors to a number so we would like to construct the tensor which will map vectors
to the area given by the parallelogram whose sides they form. Consider the area 2-form in the (x,y) plane
which we define as

Definition 4.1:  dz A ciy =dzr® Jy — Jy ® dx.

The area two form acting on two vectors gives

dz A dy(V, W) = dz(V)dy(W) — dy(V)dz:(W) = VEWY — VIW?® = A. (10)

Aside: We could have defined the area two form as czy A dz which would have given the opposite sign for
the area. Choosing a particular form as the area form defines an orientation for the plane.

Aside: It is not hard to see that for vectors with components outside the (z,y) plane, dz A ciy gives us
the area defined by their projection on the plane.

For general one-forms we can define the wedge product as the anti-symmetric tensor product

Definition 4.2: pAG:=pR®F—GRp

so that o .
PAGA,B)=-pNq(B,A) (11)

In terms of components this becomes:

PAG = (padz®)® (chZxﬁ) - (qgcixﬁ) @ (padz®)
paqg(dx“ ®dz’? — dz’ ® Jxo‘)
= pagp(dz® A dzP).

It is convenient to introduce the notation

Definition 4.3:  Short-hand dz®® := dz® A daP.



Now
(Padz®) A (gpdz®) = pagp(dz® A da”)
L (pagsdz®® + pagadz®®)
2 (pats — Ppda)dz™”
= Plagp (dz® Adz”)

so that the wedge product picks out the anti-symmetric part. Notice that

(p A Q)aﬂ = (ﬁ A (j)(gaa gﬂ) = Padp — qaPp = 2p[aQB] (12)
The most general 2-form in 3-D can be written
A= %Aijczxi Adz) = %A[Z—j]dxi A dz? (13)

with A;; antisymmetric. The factor of § is chosen so that A;; = A(ej, e;) which we can check

Alen,er) = FAyda’ Adad (ex, er) (14)
= 34;505.5] - 6,9 (15)
$(Aw — Ai) = Ay = Awg (16)

It is useful to define a generalised Kronecker delta as follows:

0, 9

Definition 4.4: 4§} := det 5 o |~ 8157 — 810% = dat A da (&, &)

Aside: Properties of Generalised Kronecker delta

e Takes on values —1,0 or 1.

e Completely antisymmetric in its upper and lower indices
— So if any upper or lower index repeats it gives zero

e = ( if the upper indices are not a permutation of the lower indices

e = =1 if the upper indices are a permutation of the lower indices
— Sign = Sign of permutation
~ Egdzi =017 =0,013 =05 =1

We are now in a position to consider surface integrals in the language of forms:

/ Foy = # (17)

Aside: We will sometimes us a subscript (p) to denote a p-form and subscripts to denote the dimensionality
of a region of integration.



]
w
) /,,/ﬂ / )?\\ e Consider a surface, co, parametrically defined by
/ /] xi(ul,u?).
’L,i 4 —~ } )
I m
’ / ai = a2,
/ T A \\\ 8UI
o z ~ 2 "
e \AL\ / a 74 AP = du’ 68:62 e
\_ / <)
Y .

Along the curves of constant u’ we have infinitesimal line elements

m

il = i 2 (18)

ouy

/
— / -
{ These line elements can be used to define infinitesimal
X/ /A area elements
— A ——t | dAY = dx’ A da (dI, dI?) (19)
17 2 ~
4

so that for some 2-form (in analogous way to how we defined the line-integral) we can define

/ Foy = / Foy(dit, di?)
1 o 0x™ Ox™
_ 1 2 0
= /cluldu2 (anx"fxnz)

which adds what we get from the action of F' on the dis defining the infinitesimal area elements.



Notice that the area-form just calculates the Jacobian for a change of variables

1 ox™ Ox
1 2 1
/C2 F(g) = /du du ( F”(Swjln 6u1 8u2)

1.9 1 oz’ '’
= ZF.. oul u?,
= /du du 2FZJ det | Ju; M5
oul  du?
| ——
a(xt,zd
8((“1 uz)) =[J]

Jawao (1r,)

and we’ve once again gone through a bit of work to go from d—d

Aside: You can often just “follow your nose” when calculating these integrals by just substituting

$F dat Nda? = LFj(atdu' + a'ydu®) A ( jdu1+m{2du2)
F;

N—= N

(xle—wQ:rl)du A du?

—~

[ mlx )du' A du?

5 3-forms

Just as we defined area forms we can define a volume form

Definition 5.1:  dz! A dz? A dz® = {alternating sum dz’ ® dz? @ da*}

so that
dz* Ada? Nda®(A,B,C) = A'B*C° — A'B3C? +
Al Bl Cl
= det| A2 B? (?
A3 B (3
= det|ABC|

= Volume of parallelepiped with sides (A', B, C_")

In particular the volume form acting on the basis vector gives us another generalised Kronecker delta

58 o
dat A dx? A dz® (6,8, E,) =det| & 61, 61 | =67 (20)
5 On O

In a similar fashion we can define the wedge product of three 1-forms as an alternating sum of tensor products
PAGAT=PRGRTH+IRXTRDP+TRDPR(—DPRITRG—(RIPRT—TRIRD (21)

which will be anti-symmetric in all its arguments, that is

ﬁA(j/\F([f,é, C_") = fﬁ/\(j/\f(é, A, é) ( odd permutation )
—pAGA f(ff, c, é) ( odd permutation )

—pAGA F(C_", B, /T) ( odd permutation )

= 4PpAGA f(é, C, _’) ( even permutation )

= 4+pAGAFC, A B) (even permutation )



In terms of components we have
(BPAGAT)ijr = 3PpEgiri

The most general 3-form can be written as

1 - ..
= Fijpda’ \da? A da®

o =3

where Iy is completely antisymmetric in all indices and we can check

1

3 ”kéz Ik Flmn

lmn —

Fi3)(€1,€m, €n) =

Defining the integral of a 3-form over a volume, c3 parameterised as z*(u', u?, u?) gives

/ Fia :/ F(g)(d&dz;,d@):/duldu?du o' 2yt Fyg,
C3 C3

which can also be written using the chain-rule in differential notation as

ig k(1 _ 1,25 02l ak) (1
/d.T dx? dx (3' ijk | = du-du“du W ?Fljk
N————’

1]

6 General forms

Recall that a p-form is just a completely anti-symmetric (2) tensor.

In general, for a particular frame, we can define higher dimensional p-volume forms
dz Ada'® A ... A da'r = { alternating sum over dr'" @ de”? ®...® inf’}
and space-time volume p-forms
dz™ Adxt2 A ... A datr = { alternating sum over da*! @ dzf? ® ... @ dat®}

and write a generic p-form as

1 - ~
F(p)_;FHI dxﬂl/\.../\dl“up
So that 1
F(p)(gyl, .. .,é',,p) = HFM Mpé,,f = Fylmup

The integral of a p-form over a p-volume given by

/ F(p):/F(p)(dl_i,...,dl;):/dul...dupr‘f...xf;PFm___up

P

which can be written in differential notation using the chain-rule as

1 O(xrr k2, .. ake) (1
/dx“lda:’” .. datr (Z)!FMI#Z“.#p) = /duldu2...dup Tl ) <p!me...up>

17|




Aside: In space-time, the dl’s are not necessarily space-like.

It is not hard to see that in p-dimensional space there are no p + 1 forms. For instance in three dimensions
the four form ~ 3 3 5 R ~ R 5

Fyy = dz' Ada® Ada® A dz® = —dz' A da® A da® A da? (33)
has to be zero. Similarly in four dimensional space-time there are no 5-forms.

Finally we end with general formulae for the components of the wedge product of two forms. In general

Ay ANByy = (;AH_“,Jx” AN dz”) A <ql!Ba__ﬂJx“ A A Jasﬂ)
= p!iq!A[u___yBa,_B]Jx#A...AJx”AJx“A...AJxﬁ
= (p%q)!(A(p) A Bg)p...gdat A ... A dz”
so that we must have
(Ap) A Bg))u...p = (pqu?)!A[u..‘B...m = (p ; q) Ay B g (34)

IZ” From the second line of the above derivation, we can also see that

A) A By = (=1)PD By A A, (35)

since we have to move the g dz’s of B through p da’s of A to rearrange the formula picking up p x ¢ sign
changes. This means that even forms commute with everything and odd forms anti-commute with
each other.

7 Hodge dual

We summarises some of the forms of (3+1) dimensional special relativity below

R? | p-form basis  dimension
1 1
JJ:, ciy 2
dz A dy 1

N = OT

R3 ‘ p-form basis dimension
1 1
dz, dy, dz
dz A cZy, Jy A Jz, dz A dx
dz A Jy Adz

w N~ o
— W w

R3! p-form basis dimension
1 1
Jt, Jx, Ciy, dz
dt A Jx, dt A dy, dt A Jz, dz A Jy, (iy N Jz, dz A dx
dt/\ozx/\ciy, dt/\ozy/\dz, cft/\ciz/\dx, ch/\ciy/\cZz,
dt A dxz A Jy Adz

= w N~ o

el S 2 IS



Aside: The notation R%? is often used to denote a flat space-time with s spacial and ¢ time-like directions.

Looking at the tables above we note that the number of forms follows Pascal’s triangle so that

n n n!
#p — forms = #(n — p) — forms = <p> = (n _p> = =) (36)
which suggests that it is possible to construct a map between p-forms and (n — p)-forms.
Definition 7.1: The Hodge Dual, which maps p-forms to (n — p)-forms is given in terms of the basis
forms as,
s (dz" A .. A dxtv) = ﬁs”l'”“mwlm#n (dzFe+1 AL A dztn) (37)

where &, which is called the Levi-Cevita Symbol, is completely antisymmetric in all its indices. This means
that it has only one independent component, which in our conventions is:

5012-“1) - 1= _5012...[) (38)
and in Euclidean space we take
e P =1=¢ep , (39)
Aside: We could have taken ~ ~ ~ ~
E=dx® Ndx' Ndz? A ... daxP (40)
which has the correct components
E oot = dz° A dz? AchQ.../\pr(é'ﬂ,...,é'y) (41)

We define the Hodge dual to act linearly on its arguments so that
Definition 7.2:  xF{,) = I%me#p s (dzm A ... A dzie)

For R? we have

x1 = %in/\jxj = (Zm/\cfy
wdr = sdz' = alid~xi =dy
sdy = —dz
sdx A ciy = P21=1
so that
21 = 1
$2drt = —dz’
w2da A Jy = dz A d~y
For R? we have
1 = dxA Jy Adz
o Jy A dz and cyclic perms.
*dz A dy = dz and cyclic perms.
*dx N cZy ANdz = 1



so that %2 = 1 in R3.

Finally in R3! we have

x1 = cit/\cix/\cfy/\(zz
wdt = —dz A cZy A J:z:, wdx = —dt A Jy A\ ciz7 ete.
sdz N Jy = dtA dé, sdt A dz = —Jy A Jz, etc.
swdz N d~y ANdz = —Jt, sdt N Jy Adz = —dz ete.
*Jt/\cix/\ciy/\ciz = -1
so that
+* Fp) = (=P Fy)

in R3!

The general formula is
R™: *2F(p) = (—l)p(nip)F(p)
Rn—l,l . *QF(p) — (_1)p(n—p)+1F(p)

8 Generalised Stokes’ theorem and the exterior derivative

The exterior derivative allows us to generalise the curl to higher dimensions and gives us an elegant expression

of a generalised Stokes’ theorem.

Given a p-form
1 5 .
F(p) = jFNI"'N’pdmul /\ .. /\ dm'up
p!

we define the exterior derivative d, which gives us a p+1 form, as follows

Definition 8.1:

dFyy = %(dFm,__ﬂp) Adz" AL A dzte
= %me#p,yi’r” Adx"t A ... A dxte
- %F[m”_uw]cim”miz“l A .. Adzte

and reading off components we find that for a p-form

(dF)a..py = (0 + 1) Fa. s

Acting twice with d on a function gives 0 since partial derivatives commute:
&ef = f’,wcix“ Adz’ = fv[#,,]cix“ Adz” =0
so that d2 =0 acting on any form gives zero since

1

= ]
d F(p) : p!

(d%Fy ) Az AL A dat = 0.
—_———

0

10

(45)



8.1 Vector Calculus revisited

The fact that the exterior derivative is nilpotent (ie. squares to zero) can be used to rederive some familiar
results from vector calculus

Consider a one-form

D szdx +pyCZy —l—pzciz. (49)
By explicit calculation we find that
dp = Pezdre Adx+peydy Ndr +py.dz \dx
0
+Dy.y dy A dy +py,mdx Ady + py7ZCZz A dy
——
0

P2,z d~z A\ Jz —&—pz,ydy A\ cZz + p,chm A\ Jz
0

= (py,w - pLy)CZ.’E A Jy + (pz,y - Py,z)CZy A JZ + (pm,z - pz,w)dz A JLL’
which has the components of V x p.

Now let
Fuoy = bedy A dz + bydz A dx + b.dx A dy (50)

then
(jF(Q) = by odx ANdy Adz + by ydy Adz Adz + b, .dz Ade Ady = (V- b)dz A dy A dz (51)

Now since d?p = 0 we conclude that V-V x p'=0
As another example recall that d f has the components of V f so that d? f =0 implies that V x Vf = 0.

8.2 Liebnitz for forms

Forms satisfy the generalised Liebnitz property

d(A@p) A Big)) = dAg) A Bgy + (=1)P Ay A dB) (52)

To derive this property consider and p-form, A, and a g-from, B,?

A=ay, pde"t B=b, ., dg"te (53)

then

7 7 7 Vi...
d(ANB) = day, . pu,bu,..0,) NdxhtHerrta
T YHL - hpVL e ld
(Qpycoopiy iy bvn vy + Qg oy buy gy )T ’ ¢
_ T AL e fhp VT ee b _1\p T e hp YV «e b
= (Qpr.cpipybin vy )dT ’ C+ (=D)P(apy ooy gy )dT ? ¢

= dAANB+(-1)PAANdB

2We’ve dropped the pesky combinatorial factors for clarity here

11



8.3 Boundary operator: 0

The boundary operator, 8 , maps a p-volume to its (p — 1) dimensional boundary. For instance
9a,b] = {a} U {b}

and
0 Disc = Circle

Just like the exterior derivative, cZ, the boundary operator is nilpotent: “A boundary has no boundary”.

8.4 Stokes’ theorem

We state with out proof a Generalised Stokes’ Theorem

/ Ap) = / dA ). (54)
(0¢)p Cpt1

Notice that on the left hand side we have a p-form integrated over the p-dimensional boundary, and on the
right hand side we have (p + 1)-form integrated over a (p+1)-volume.

12



9 Exercises

1. If
0100
~ 310 0

00 0 1

find

(a) Ta(, ) if Ta(V,W) = 3(T(V,W) - T(W,V))

(b) g T

(C) (j/\TA

(d) Ty

2. Consider the one-form

find

where

(a) ¢1 is worldline of an observer at z =1 m for ¢ € [0,1] m

(b) c1 is the world-line of an observer, starting at (0,1) m, travelling in the z-direction at v, = % for
a proper time interval of 1 m.

(¢) ¢ is the world-line of an observer, starting at (0, 1) m, travelling in the a-direction with a constant
acceleration (in SI units) of 10 m/s? for a proper time interval of 1 m.

3. Let I, = [ xdz A dy.

(a) Find I., with co = {(z,y) : z € [0,1] and y € [0,1]}.

(b) Find a one-form such that zdz A dy = dA and check your answer to the first part using Stokes’
Theorem

4. (a) Find 427y where ¢y is the unit disc in the (z,y)-plane centred on the origin.
C2 T

(b) Show that @ = J(r’l(chy — yciac)) and check your answer to the first part using Stokes’
Theorem.

5. Find ch % where c¢; is southern hemisphere of the unit sphere centred on the origin.

6. Let
oy 0y ... 0%
5 S . 88 o5 ... 8
(5;_'_'_'1:dxa/\dx'@/\.../\dm”(é’wé},,...,é}\):det S (58)
&y o) ... 0

13



(a) Show that in R3

5lz£rlb€n = gijkslmn (59)
511371 = 511372@ = e e (60)
; T o 1 4
%= 5% = g% = 5 e o
Lo T 1o 14
L= 30= g0 = gl = g& " eun (62)
(63)
(b) Show that in R3:1
aBvd «
5.&51/) = ¢ 6765#11)\# (64)
G = G = =P, (%5)
« 1 A 1 @
(Lf = 55;.:5)\ = 5° P2 n (66)
a 1 « 1 afBA 1 af
5u = chHg - 65u§>\ = _65 ’ pgﬂﬁ)\p (67)
1 - 1 o 1 afB 1 o
1 == 1504 - Edag - ﬂéagk = _2745 IB)\peaﬁAp (68)

7. Confirm the expressions for Hodge dual of basis forms for R3! shown in the notes

8. Consider the Maxwell 2-form and current 1-forms:

—
o
-~

—
@
~

Foy = (Eudz+ Eydy+ E.dz2) Adt
Bx(iy Adz + Bydz A dx + B.dxz A Jy
J = —pdt + J;da’

) What are the components F),,, and J"?

Find the components of Fj;; in a frame travelling a velocity v relative to the original frame by

i. Performing a Lorentz transformation on Fj,,
ii. Performing a Lorentz transformation on the basis forms of F{,) in the expression above

Find «F and J
Determine dF and d x F
Show that Maxwell’s equations are equivalent to
dF = 0
d«F = 4]

Show that in component form the above equations reduce can be written

Flapy = 0
FW = gt

Rewrite the forms so that we obtain Maxwell’s equations in SI units.
Use the nilpotency of d and the equations above to show that
d+J=0. (69)

Write this equation out explicitly and show that it is the law of charge conservation. Show that
in component form it can be written J* ,=0.

14



(i) Find the components of the 1-form ¢ F(g)([j' , ) where U is the four-velocity of a particle with
charge q. How do you interpret this form?

(j) Find the components of F' A F and F' A «F. What do the components correspond to ?

(k) Bonus: Show that their is a frame in which the Maxwell tensor can be written

Floy = Ezdz A dt + Bzdz A dy (70)
9. Given a p-form A, and a vector X we can define an interior product ix that maps p-forms to p-1
forms by R
ixA() = AX, ) (71)
(a) Find the components of ix A
(b) Show that
ix(Ap) A Bg)) = (ixAp)) A Big) + (=1)"Ag) A (ix B(g)) (72)

10. Show that the Generalised Stokes’ theorem implies

(a) Stokes’ theorem in 3d:

/A’df:/(vXA‘) i dA (73)
dc c
(b) Gauss’ theorem in 3d:
/ (§~ﬁ)dA:/(V~§) dv (74)
v %
(¢) The 4d Gauss theorem:
/ (Vona) &S = [ (Vo )d' (75)
ovi Vi

10 Bibliography
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