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0 Motivation
@ A numerical experiment
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Numerical experiment
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MR, V. Dunjko, V. Yurovsky, and M. Olshanii, PRL 98, 050405 (2007).
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@ The expectation values of the observables become (almost) time independent.
There is no need to couple the system to a bath to see equilibration!
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@ The expectation values of the observables become (almost) time independent.
There is no need to couple the system to a bath to see equilibration!

@ The density is nearly homogeneous. This is expected in thermal equilibrium!
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MR, V. Dunjko, V. Yurovsky, and M. Olshanii, PRL 98, 050405 (2007).

@ The expectation values of the observables become (almost) time independent.
There is no need to couple the system to a bath to see equilibration!

@ The density is nearly homogeneous. This is expected in thermal equilibrium!
@ |s the momentum distribution after equilibration in “thermal” equilibrium?
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0 Motivation

@ Foundations of quantum statistical mechanics
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Foundations of quantum statistical mechanics

Quantum ergodicity: John von Neumann ‘29
(Proof of the ergodic theorem and the
H-theorem in quantum mechanics)
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Foundations of quantum statistical mechanics

Quantum ergodicity: John von Neumann ‘29
(Proof of the ergodic theorem and the
H-theorem in quantum mechanics)

Some “more recent” related works (keywords)
Tasaki ‘98
(From Quantum Dynamics to the Canonical Distribution. . .)
Goldstein, Lebowitz, Tumulka, and Zanghi ‘06
(Canonical Typicality)
Popescu, Short, and A. Winter ‘06
(Entanglement and the foundation of statistical mechanics)
Goldstein, Lebowitz, Mastrodonato, Tumulka, and Zanghi ‘10
(Normal typicality and von Neumann’s quantum ergodic theorem)

MR and Srednicki ‘12
(Alternatives to Eigenstate Thermalization)

P. Reimann ‘15
(Generalization of von Neumann'’s Approach to Thermalization)
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0 Motivation

@ Experiments with ultracold quantum gases
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Bose-Einstein condensation

Eric A. Cornell, Wolfgang Ketterle, Carl E. Wieman (1995)
Nobel Prize in Physics 2001

Experimental systems
@ Temperatures between 1nK and 100u:K
@ Maximum densities 10! to 10'5 atoms per cm?

@ Gas with 1000 to 108 neutral alkali atoms
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Optical lattices and lattice models

Jaksch et al. '98
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Optical lattices and lattice models

Jaksch et al. '98

Bose-Hubbard model

; N
H:—JZ(b:fbj—kb}bi)—kEzm(ﬁi—l).

Fermi-Hubbard model

H=-J Z (flTUfjfT + f;a-ﬂa) +U E ﬁiTﬁu-
(i3) i
o=14
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Quenches in one-dimensional superlattices

Quantum dynamics from a oA ]
1D superlattice (2005000060000
0.4} ° i
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Nature Phys. 8, 325 (2012). 0.2 " o) I paicet s
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< 0.6} 1t .
Unitary dynamics under the 00%00000(]
“Bose-Hubbard” Hamiltonian 0.41 17T )
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Experimental results (o) vs KiJ =910 KiJ =15:10°
exact t-DMRG calculations 00 1 2 3 4501 2 3 4 5
(lines) without free parameters A4Jt] h
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Quenches in one-dimensional superlattices
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Slow equilibration in quenches in Bose-Fermi mixtures

Delocallzed fermions Bose- Elnslem condensate

/\v/\A/\ Ya /\o\

a= )\| at/2

S. Will, D. lyer, and MR,
Nat. Commun. 6, 6009 (2015).
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Slow equilibration in quenches in Bose-Fermi mixtures

Delocahzeq fermions Bose-Einstein condensate

\ 7
AUV TE A

—>
a=Nal2

ng Sin[ﬂ,nFj]GQTLB[cos(UFBt/h)fl]

(@l Lolo)(®) = - :

np and np are the fermion and boson fillings.

S. Will, D. lyer, and MR,
Nat. Commun. 6, 6009 (2015).
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Slow equilibration in quenches in Bose-Fermi mixtures

Delocallzed fermions Bose- Elnslem condensate
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S. Will, D. lyer, and MR,
Nat. Commun. 6, 6009 (2015).
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Slow equilibration in quenches in Bose-Fermi mixtures
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Slow equilibration in quenches in Bose-Fermi mixtures

Delocalize(}:rmions Bose-Einstein condensate
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e Quantum chaos and random matrix theory
@ Classical mechanics
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Classical chaos and integrability

Particle trajectories in a circular cavity and a Bunimovich stadium (scholarpedia)
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Classical chaos and integrability

Particle trajectories in a circular cavity and a Bunimovich stadium (scholarpedia)

@ A Hamiltonian H(p, q), with q = (q1,--- ,g~) @and p = (p1,--+ ,pn), IS
said to be integrable if there are N functionally independent constants
of the motion I = (I3, -- - , Inx) in involution:

of 99 Of 9y
IC“H =Y, IOMI =Y, h ) = - A T s -
{la, HY =0, {Io,3} =0, where {f,g}= 3 oooh—ood

i=1,N
Liouville’s integrability theorem: (p, q)—(I, ®), so that H(p, q)—H (I).
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Classical chaos and integrability

Particle trajectories in a circular cavity and a Bunimovich stadium (scholarpedia)

@ A Hamiltonian H(p, q), with q = (q1, -+ ,g~) @and p = (p1,--+ ,pn), IS
said to be integrable if there are N functionally independent constants
of the motion I = (I3, --- , In) in involution:

- _ _ N~ 2l 00 0f 0y
{I.,H} =0, {I.,Iz}=0, where {f g}= i:XI:N Ba: 9o Op: Bar’
Liouville’s integrability theorem: (p,q)— (I, ®), so that H(p, q)—H (I).

@ Chaos: exponential sensitivity of the trajectories to perturbations
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e Quantum chaos and random matrix theory

@ Random matrix theory
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Random matrix theory

@ Wigner (1955) & Dyson (1962): Statistical properties of the spectra of
complex quantum systems (in a narrow energy window) can be pre-
dicted from the statistical properties of the spectra of random matrices
(with the appropriate symmetries). It was used with great success to
understand the spectra of complex nuclei.
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Random matrix theory

@ Wigner (1955) & Dyson (1962): Statistical properties of the spectra of
complex quantum systems (in a narrow energy window) can be pre-
dicted from the statistical properties of the spectra of random matrices
(with the appropriate symmetries). It was used with great success to
understand the spectra of complex nuclei.

Distribution of level spacings for the “Nuclear Data Ensemble”

10 T T —
I Poisson NDE 1
L 1726 spacings 4
051 ¥, b
GOE
L - i
1 1
0 1 2 3

T. Guhr et al., Physics Reports 299, 189 (1998).
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 \‘//5 €1+ €2 1
v R El,z = ﬂ:*\/(é‘l —62)2—|—2|V|2.
7z €2 2 2
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 \‘//5 €1+ €2 1
v R El,z = ﬂ:*\/(é‘l —62)2—|—2|V|2.
7z €2 2 2

For systems that are invariant under time reversal, H can be written as a real matrix.
Draw €1, 2, and V from a Gaussian distribution with zero mean and variance o.

Plw=FE—E;) = m/del/dzsg/ch;(\/(&—52)2—|—2V2—w)

ed+ea+V?
Xexp 7T 3
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 \‘//5 €1+e2 | 1
Vv , Eis= :E*\/(éj —£2)2 + 2|V |2.
a2 2 2

For systems that are invariant under time reversal, H can be written as a real matrix.
Draw €1, 2, and V from a Gaussian distribution with zero mean and variance o.

Plw=FE—E;) = m/del/d@/d‘/c?(\/(&—52)2—|—2V2—w)

ed+ea+V?
Xexp 7T 5

Calculating the integrals (change of variables plus cylindrical coordinates)

w OJ2
P) = 552 oxp [*ﬂ}
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 % €1+ &2 1
v* ,  Eip= +>4/(e1 —e2)> + 2]V
7z €2 2 2

For systems that are invariant under time reversal, H can be written as a real matrix.
Draw €1, 2, and V from a Gaussian distribution with zero mean and variance o.

Plw=FE—E;) = m/del/d@/d‘/c?(\/(&—52)2—|—2V2—w)

ed+ea+V?
Xexp 7T 5

Calculating the integrals (change of variables plus cylindrical coordinates)

w OJ2
P) = 552 oxp [*ﬂ}
Wigner Surmise (Wigner-Dyson distribution)
P(w) = Ag w” exp[—Bsw?], where 8 =1 (GOE) and 8 = 2 (GUE)
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Semi-classical limit: Statistics of energy levels

@ Berry-Tabor conjecture (1977): The statistics of level spacings of quan-
tum systems whose classical counterpart is integrable is described by
a Poisson distribution. (Energy eigenvalues behave like a sequence of
independent random variables.)
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Semi-classical limit: Statistics of energy levels

@ Berry-Tabor conjecture (1977): The statistics of level spacings of quan-
tum systems whose classical counterpart is integrable is described by
a Poisson distribution. (Energy eigenvalues behave like a sequence of
independent random variables.)

@ Bohigas, Giannoni, and Schmit (1984): At high energies, the statistics
of level spacings of a particle in a Sinai billiard is described by a Wigner-
Dyson distribution. This was conjecture to apply to quantum systems
that have a classically chaotic counterpart (violated in singular cases).
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Semi-classical limit: Statistics of energy levels

@ Berry-Tabor conjecture (1977): The statistics of level spacings of quan-
tum systems whose classical counterpart is integrable is described by
a Poisson distribution. (Energy eigenvalues behave like a sequence of
independent random variables.)

@ Bohigas, Giannoni, and Schmit (1984): At high energies, the statistics
of level spacings of a particle in a Sinai billiard is described by a Wigner-
Dyson distribution. This was conjecture to apply to quantum systems
that have a classically chaotic counterpart (violated in singular cases).

Distribution of level spacings: rectangular and chaotic cavities

/GOE distribution

s=0 1 2
Z. Rudnik, Notices AMS 55, 32 (2008).
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Lattice models with no classical counterpart

Spinless fermions (hard-core bosons, spin-1/2) in one dimension

H= i {_J (fini+1 + H.c.) + Vi —J (ﬁfwg + H.c.) + V//fl/i’ﬁ/i+2}
i=1
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Lattice models with no classical counterpart

Spinless fermions (hard-core bosons, spin-1/2) in one dimension
L
H= Z {—J (ﬁfiﬂ + H-C-> + Vit — J' (ﬁfzﬂ + H.c.) + V’ﬁmiﬂ}
i=1

Level spacing distribution (Ny =L/3, J =V =1, J =V’)
1

V'=0.32

0.5

0

2
(0]
L. Santos and MR, PRE 81, 036206 (2010); PRE 82, 031130 (2010).
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e Dynamics and thermalization
@ Quantum mechanics vs statistical mechanics
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Exact results from quantum mechanics

If the initial state is not an eigenstate of 4
[ini) # |y  where Hla) = Eule) and  E = (tini H|tni),
then observables O evolve in time:

O(t) = (W(D)|O[(1)) where [ih(1)) = e~ o]y
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Exact results from quantum mechanics

If the initial state is not an eigenstate of 4
[mi) # |a)  where  H|a) = Eola) and B = (i H i),
then observables O evolve in time:
Ot) = ((®)|Ol(®) where [¥(t)) = = |ym).
What is it that we call thermalization?

Ot >t*)~O(E) ~O(T) ~ O(T, p).
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Exact results from quantum mechanics

If the initial state is not an eigenstate of 4
i) # [a) where Hla) = Eqla) and  E = (Pini H|¢ini),
then observables O evolve in time:
Ot) = ((®)|Ol(®) where [¥(t)) = = |ym).
What is it that we call thermalization?
Ot>t")~O0(F)~0(T) ~O(T, p).

One can rewrite

= Z C;Oﬂei(Ea—Eﬁ)thﬂ using |7/}ini> = Z Ca|a>'
a, [e%
Taking the infinite time average (diagonal ensemble ppe = 3", |Ca|?|a){(c|)

= lim ~ /dt IONE(t) = |Cal*Oaa = (O)pE,

[e%

which depends on the initial conditions through C\,, = (a|tin;)-
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Energy fluctuations after a sudden quench (locality)

Initial state i) = >, Cao|a) is an eigenstate of Hini. Att =0

Ho— H=Hy+W with W=> () and Hla)= Eala).

J

MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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Energy fluctuations after a sudden quench (locality)

Initial state i) = >, Cao|a) is an eigenstate of Hini. Att =0

Ho— H=Hy+W with W=> () and Hla)= Eala).
J

The energy fluctuations after a quench, AE, are:

AE = \/Z EZ|Cal? — (D BalCal?)? = \/<¢ini\w2|¢ini> — (i [ W),

from which it follows that:

AE = Z [<wini|w(j1)w(j2)|1/’ini> - <wini|1I)(j1)|¢ini><¢ini|w(j2)|"/}ini>] N&oo \/N7

J1.J2

where N is the total number of lattice sites.

MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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Energy fluctuations after a sudden quench (locality)

Initial state i) = >, Cao|a) is an eigenstate of Hini. Att =0

Ho— H=Hy+W with W=> () and Hla)= Eala).
J

The energy fluctuations after a quench, AE, are:

AE = \/Z EZ|Cal? — (D BalCal?)? = \/<¢ini\w2|¢ini> — (i [ W),

from which it follows that:

AE = [ [(tbinild (51 )i (G2) [eoni) — (il (51) b} (i D (5z) )] Y& VN,

J1,32
where N is the total number of lattice sites.
They are subextensive as in traditional ensembles in statistical mechanics.

MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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e Dynamics and thermalization

@ Dynamics
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Numerical experiments in one dimension

Hard-core bosons (b2 = b> = 0) in one-dimension

= EL: {—J (BZTBM + H.c.) + Vi — J' (Ejé,-+2 + H.c.) + V'mm+2}
=1
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Numerical experiments in one dimension

Hard-core bosons (b2 = b> = 0) in one-dimension

= EL: {—J (BZTBM + H.c.) + Vi — J' (Ejé,-+2 + H.c.) + V'mm+2}
=1

“One can rewrite

= CiCue"Fa"B)0, 5 using  [ini) = D _ Cala).
a,f3 «

Taking the infinite time average (diagonal ensemble ppe = 3", |Ca|?|a){c|)
_ 1 [t
O(t) = lim - [ dt'(u(t)|O|w(t Z 1Cal?Oaa = (O)pg,

t—o0 0

which depends on the initial conditions through C,, = (a|¢ini).”
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Numerical experiments in one dimension

Hard-core bosons (b2 = b> = 0) in one-dimension
L
ﬁ = Z {—J (EIBH-l aF HC) + Vﬁiﬁi+1 — Jl (BIIA)H_Q + HC) aF Vlfliﬁi+2}
p=il

Nonequilibrium dynamics in 1D (density-density structure factor)

Time evolution of N(k)
T

: - 1 .
o g2 = N(k) = 2> e "0 Dy
B!

N, = 8 hard-core bosons
N = 24 lattice sites

Fix J/ = V' and “quench”
Jini = 0.5, Vini = 2

L L
-2 0 2

ka ’ — Jiin = 1, Vin = 1

MR, PRL 103, 100403 (2009).
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e Dynamics and thermalization

@ Thermalization
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Statistical description after equilibration

Microcanonical calculation

OMe = (T, |0]%,)

states a
with £ - AEF < E, < E+ AFE

Nitates : # of states in the window
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Statistical description after equilibration

0?tructure factor (nonintegrable)

1 H H T
Microcanonical calculation A
—— Diagonal
= = Microcanonical

OMe = (T, |0]%,)

states 3 02
with E—AE<E,<E+AE =
Nytares © # of states in the window 0.1
0
T -m/2 0 w2 T
ka
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Statistical description after equilibration

0?tructure factor (nonintegrable)

Microcanonical calculation

T
Initial
—— Diagonal

OvE = <\Da|é|\lla> 0.3 — — Microcanonical
states @ 3
. E« 0.2
with £ - AEF < E, < E+ AFE
Nytares © # of states in the window 0.1
0
T -m/2 0 w2 T
ka

Relative difference
(atfixede = E/LorT)
>k [NpE(k) — Nve(k)|

Zk NDE(k)
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Statistical description after equilibration

Structure factor (nonintegrable)

1 H H T
Microcanonical calculation A
—— Diagonal
= = Microcanonical

OMe = (T, |0]%,)

states 3 02
with E—AE<E,<E+AE =
Nytares © # of states in the window 0.1
0
T -m/2 0 w2 T
ol ke
=1
. . S 0.08
Relative difference 8
(atfixed e = E/L or T) § 0.06
on 0,041
>k |Npe(k) — Nyvie(k)| g
Zk NDE(k‘) g 0.02f
0

0 0.125 0.25 0.375 0.5
v
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Statistical description after equilibration

Structure factor (nonintegrable)

Microcanonical calculation

T
Initial
—— Diagonal

OvE = <\Da|é|\lla> — — Microcanonical
states 3
. E« 0.2
with £ — AFE < E, < E+ AFE
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0
T -T/2 0 w2 T
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S
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e Dynamics and thermalization
@ Eigenstate thermalization
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Eigenstate thermalization

Paradox?

2 1Cal0u = NEAE Y. Ou

|E—E.|<AE

Left hand side: Depends on the initial conditions through C,, = (a|ini)
Right hand side: Depends only on the energy
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Eigenstate thermalization

Paradox?
Z |C | OaOé -

Left hand side: Depends on the initial conditions through C,, = (a|ini)
Right hand side: Depends only on the energy

Oaa

N
EAE \p_p,|<AE

Eigenstate thermalization hypothesis (ETH): diagonal part
[Deutsch, PRA 43 2046 (1991); Srednicki, PRE 50, 888 (1994);

MR, Dunjko, and Olshanii, Nature 452, 854 (2008).]

The expectation value («|O|«) of a few-body observable O in an
eigenstate of the Hamiltonian |«), with energy E,, of a large in-

teracting many-body system equals the thermal average of O at
the mean energy E,,:

(@|Ola) = Ome(Ea)
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ETH — away from integrability (J’

Structure factor =
. . . 2, —— Diagonal
Eigenstates with energies closestto £ .1} — — cigenstate I
- eigenstate 2 |
- — - eigenstate 3
0 " 1 " " 1 "
-T -T/2 0 /2 T
ka
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Eigenstates with energies closest to £

0.6

0.5
—~ 04
B

% 0.3
=02

Structure factor

0.1

T

i Canonical

T T T T T T T T T
L=2]
L=24

1 L | s 1 |

0 I 1
-08 -0.6 -04 -02 0
EJL

Marcos Rigol (Penn State)

N T
02 04

N(k)

0.1

—— Diagonal

— — eigenstate 17
- eigenstate 2 |

- — - eigenstate 3
" 1 "

-T/2

0 /2 T
ka

N(k = m) vs eigenstate energy

There is no eigenstate thermaliza-
tion at the edges of the spectrum
(there is no quantum chaos either)
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Breakdown of ETH at integrability (J' = V' = 0)

0.2
Structure factor

Eigenstates with energies closestto £ ¢ 1}

N(k)

— Diagonal

— — eigenstate 1
- eigenstate 2 |

C— eiglenstate 3

- -1/2 0 /2 s
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Breakdown of ETH at integrability (J' = V' = 0)

0.2
Structure factor

Eigenstates with energies closestto £ |

N(k)

— Diagonal

— — eigenstate 1
- eigenstate 2 |

C— eiglenstate 3

0 L 1 "
T /2 0 /2 T
0.7 ka
0.6 C —
_ 05| 1 N(k =) vs eigenstate energy
14 04+ -
1 ] .. 0
§ 03F 1 In finite systems, eigenstate ther-
02k 1 malization breaks down close to in-
o1k 1 tegrable points (there is no quantum
' o chaos either). Quantum KAM?

0 — Yo
08 0.6 -04 02 0 02 04 06
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Eigenstate thermalization, other models/observables

- A 1
AZAZ AT ~z 0i5 ~z 22
H=1J> 6i6i+gY 67 +ey o7, SAF:NE(_I)”Uij
(1.3) i i ij
N =10 . N=12 . N =16 - N=18 . N =20
20
15 -
= _ S s I e oo LE . -
& 10 =0.0 o e=g=05 [ e=g=15 H e=g=20
& 3 B
5 :
0 =& gy R >
-2 -1 0 1 2 —08 00 08 —04 00 04 08 —04 00 04 08

Eu/[(17]+ g +e)N] Eo/[(17]+ g +€)N] Eu/[(17]+ g +e)N] E /(171 +g+2e)N]
R. Mondaini, K. R. Fratus, M. Srednicki, and MR, PRE 93, 032104 (2016).
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Eigenstate thermalization, other models/observables

A 1
2 2 0ii Az A
H= JE zz-}—gg +6£ 6% SAF—NE(—I)‘JO'lzf
(3) i i
N =10 N=12 N =16 - N=18 - N=20
‘ e=g=20
&
2 —0.8. 0.0 0.8 70,4' 0.0 0.4 08 —04 0.0 0.4 08

. 1
1D model, local observable: A = — Sr . 8267

-1 0
E,./[(|J\ +9

W]

Eo/[(17]+ g +¢)N]

i+1°

Eo/[(17] + g +)N]
R. Mondaini, K. R. Fratus, M. Srednicki, and MR, PRE 93, 032104 (2016).

Eo/[(|7]+ g +¢)N]

T. LeBlond et al., PRE 100, 062134 (2019).
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Eigenstate thermalization, other models/observables

. . a 1 R
T SR SN ST
(i,3) i ij
N =10 N=12 N =16 . N=18 . N =20

. 1
1D model, local observable: A = — Sr . 8267

-1 0
E,./[(IJH W]

2

—0.8

00 08 04 00 04 08

Eo/[(17]+ g +€)N] Eo/[(17] + g +)N]
R. Mondaini, K. R. Fratus, M. Srednicki, and MR, PRE 93, 032104 (2016).

7.1, T. LeBlond et al.,

e=g=20

—0.4 0.0 0.4 0.8
Eo/[(I7]+ g +¢)N]

PRE 100, 062134 (2019).
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Time fluctuations

Relative difference
_ >k |IN(k,7) — Npg(k)|
>« VoE(k)

ON(T)
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Time fluctuations

Relative difference
>k |N(k,7) — Npg(k)|
>« VoE(k)

ON(T) =

V’'=0.24

0 I 1 | 1 1
0 20 0 60 80 100
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Time fluctuations

Will they always be small because of dephasing?
to
iim = [ &HOWP ~ 0 = ¥ ICl!Csl*10asP

to—o0 to ’ﬂ;ﬁa

typlcal| Z'C | |C/3|2 |Otyp|cal|

)

2
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Time fluctuations

Will they always be small because of dephasing?
1™ —
ot = Jim o [ @OOF - ©F = X IC.PICPIOws

to—o0 to ’ﬂ;ﬁa

Otyplcal| Z'C | |C/3|2 Otyplcal|

2

Time average of O(t)

= Z |C |2Oaa

Otyplcal Z |C’ |2 Otyplcal
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Time fluctuations

Will they always be small because of dephasing?
1™ —
ot = Jim o [ @OOF - ©F = X IC.PICPIOws

to—o0 to ’ﬂ;ﬁa

Otyplcal| Z'C | |C/3|2 Otyplcal|

2

Time average of O(t)

= Z |C |2Oaa

Otyplcal Z |C’ |2 Otyplcal

Dephasing is not enough.
One needs |0Y5%| < [OYRea!|
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Time fluctuations

Will they always be small because of dephasing?

1 [t =
o = lm 7/ QO] =0 = 3 [CPICsPI0us]?
0—>00 to 0
a,fFa
N typlcal| Z'C | |CB|2 |Otyplcal|
Nep(k=)|
Time average of O(t) 50 R
- 2
= Z Cal*Oaa 25
-~ Og/gicaIZ|C |2 Otyplcal .0
o -25
Dephasing is not enough.
One needs |05 < [OYpe2!| 50
MR, PRA 80, 053607 (2009). B
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Eigenstate thermalization hypothesis
Off-diagonal ETH: Results vs w = E, — Eg, at constant £ = (E, + Ej3)/2
' i i S

o o

N—-
1 [coR
O
)
S
en
S
A 2 1 2
35 | logplAgpl”™ — - logglBygl”™ ——

0 5 10 15 0 5 10 15 20

w

(V)
T. LeBlond, K. Mallayya, L. Vidmar, and MR, PRE 100, 062134 (2019).

T. LeBlond and MR, PRE 102, 062113 (2020).
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Eigenstate thermalization hypothesis

Off-diagonal ETH: B
Smooth size-independent function: | fo(E ~ 0,w)|?> = LD |Oys?

— 0:' [y 0 \\\\\\ i
S S
S S
”@-10- e -l0F
= =
an en
S 2 :
-20- 1 1 1 _207 Il Il Il i
0 5 10 15 0 5 10 15
w w

T. LeBlond, K. Mallayya, L. Vidmar, and MR, PRE 100, 062134 (2019).
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Eigenstate thermalization hypothesis

Off-diagonal ETH: )
Smooth size-independent function: | fo(E ~ 0,w)|?> = LD |Oys?

— 0: — |

s S

S S
Ngka -10r NLNCQ

= =

en o0

£ S

-20- 1 1 1
0 5 10 15 0 5 10 15

T. LeBlond, K. Mallayya, L. Vidmar, and MR, PRE 100, 062134 (2019).

Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999); L. D’Alessio et al., Adv. Phys. 65, 239 (2016).
Oaﬁ = O(E)(Sag + e_S(E)/Zfo(E,w)Raﬁ
where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at
energy E, and R, is a random number with zero mean and unit variance.
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),

Oagp = (a|018) = Eo (al)( Zown e

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

Marcos Rigol (Penn State) Dynamics in quantum systems January 12, 2023

37/40



Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),
Oagp = (a|018) = Eo (al)( Zo (@) 9!

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

This means that (to leading order):

1 _ I —
OaazﬁgOiEO, while O.5 =0 for o #p6.
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),
Oagp = (a|018) = Eo (al)( Zo (@) 9!

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

This means that (to leading order):

1 ~ . .

Oaa = 5;01- =0, while O.3=0 for a#8.
One can further show that (n = 2 for GOE and n = 1 for GUE):

"2 2_ . 2z 1 2 _ A3
02, — Oca = N|Oasl? = EZOZ» = 507
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),
Oagp = (a|018) = Eo (al)( Zo (@) 9!

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

This means that (to leading order):
1 _ . .
Oaa = 5;01 =0, while O.3=0 for a#8.
One can further show that (n = 2 for GOE and n = 1 for GUE):
A2 . A 2_ o 2. "1 2 _ N7z
O%a = Oaa” = n[Oasl? = 5 Zi:oi = 507
Combining these results one can write
_ |02
Oup =~ O(SQB + 5Ra5,
where R,z is a random variable (real for GOE and complex for GUE).
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Ratio of variances in the 2D F-TFIM

Hamiltonian: H = —J ) ~6767 +g» 67
i

(1L.3)

Ratio of variances for the ferromagnetic structure factor
6 ——— |
* 10 i :

- |
wn
3
>
P
S 2 -
0
* A T T
0 50000 100000 150000

Q

R. Mondaini and MR, PRE 96, 012157 (2017).
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@ Equilibration and thermalization
occur in generic isolated systems
* Finite size effects
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@ Equilibration and thermalization
occur in generic isolated systems
* Finite size effects

° Eigenstgte thermalization hypothesis
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@ Thermalization and ETH break down
at, and close to (finite L), integrability
% Quantum equivalent of KAM?
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@ Equilibration and thermalization
occur in generic isolated systems
* Finite size effects

° Eigenstgte thermalization hypothesis
* <\IJOI|O|\IJa> = <O>microcan.(Ea)

@ Thermalization and ETH break down
at, and close to (finite L), integrability
% Quantum equivalent of KAM?

@ Small time fluctuations <— smallness of
off-diagonal elements

@ Time plays only an auxiliary role |

%j@ thermal / Thermal state
thermal

=

time,

dephasing

Initial state

thermal

.
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@ Equilibration and thermalization %
occur in generic isolated systems ‘ erm

* Finite size effects mml A
° Eigensta}te thermalization hypothesis %"
* <\IJOI|O|\II0¢> = <O>microcan.(Ea)

@ Thermalization and ETH break down
at, and close to (finite L), integrability
% Quantum equivalent of KAM?

=

time,

dephasing

Initial state

@ Small time fluctuations <— smallness of
off-diagonal elements

. thermal

‘ EIGENSTATE THERMALIZATION

@ Time plays only an auxiliary role

@ Integrable systems are different (GGE)
L. Vidmar and MR, J. Stat. Mech. 064007 (2016).

Marcos Rigol (Penn State) Dynamics in quantum systems January 12, 2023 39/40



Collaborators

Rubem Mondaini (CSRC, Beijing)
Maxim Olshanii (U Mass Boston)
Anatoli Polkovnikov (Boston U)
Lea F. Santos (Yeshiva U)

Dries Sels (Flatiron & NYU)

Lev Vidmar (JoZef Stefan Institute)

Luca D’Alessio (Broad Institute)
Vanja Dunjko (U Mass Boston)
Benjamin Lev & group (Stanford)
Yariv Kafri (Technion)

Tyler LeBlond (Booz Allen)
Krishna Mallayya (Cornell)

Supported by:

ARTMENT OF T

-

(‘l'eno\o‘b

Marcos Rigol (Penn State) Dynamics in quantum systems January 12, 2023 40/ 40



	Motivation
	A numerical experiment
	Foundations of quantum statistical mechanics
	Experiments with ultracold quantum gases

	Quantum chaos and random matrix theory
	Classical mechanics
	Random matrix theory

	Dynamics and thermalization
	Quantum mechanics vs statistical mechanics
	Dynamics
	Thermalization
	Eigenstate thermalization

	Summary

