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Introduction

Exact results for F-terms

in N = 2 supergravity theories from string theory
Quantum entropy function for BPS black holes in N = 2

Microstate counting for BPS black holes in N = 2
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Introduction

Wilsonian LEEA  for type Il superstring theory on My x CY3 :
N=2 supersymmetry in four dimensions.
F-terms:

For every integer g > 0: 3 F-term at precisely g-loop order in string
perturbation theory, schematically

/ d*xd*0 > FO(X') (w?)9

9=0

X': conical affine special Kéhler manifold (/=0,...,h"! (or ©*1))
Special Kahler geometry. de Wit, van Proeyen

F©)(X) determines Kahler metric Ny = 2Im (92F(© /ox'9x7).
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Introduction

Assemble: g > 1

QX,A)=> FOX)A? , AccC
g=1
Special significance of F-terms:

@ determine entropy of half-BPS black holes oSV, 2004

Quantum entropy function: partition function in AdS, spacetime
Ashoke Sen, 1108.3842

Path integral, with F(®(X) and Q(X, A) as input
Dabholkar, Gomes, Murthy, 1012.0265
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Introduction

o F(9) topological string amplitudes.
Actually, the F(9) are not quite holomorphic (g > 1):

holomorphic anomaly equation (recursive relation, g > 2)
Bershadsky, Cecotti, Ooguri, Vafa, 1993

Two perspectives:

@ Wilsonian LEEA

@ Holomorphic anomaly of TST

Combine.
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Wilsonian LEEA

Wilsonian LEEA encoded in

F(X,A) = FO(X) +2iQ(X, A)

@ Can we compute Q(X, A) = 352, FO)(X) A9 ?
Asymptotic series in A/(X°)?

@ Can we obtain an exact expression for Q(X, A)?
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STU model

Resort to models with exact duality symmetries:

imposes severe restrictions on Q(X, A).

STU-model Sen and Vafa, hep-th/9508064
@ Exact prepotential FO(X) = —X §((§x3
e Special coordinates S= —i %y, T=—i%, U=—-i%;

@ Q(X%° S T, U A
@ S-, T-, U duality symmetry: MNo(2) c SL(2,7Z)

(i b)eSL(Z,Z) , c=0 mod2
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STU-model

@ Symplectic vector

(X', Fi(X,A) | F,(X,A)ZW

@ S-duality:

X0 = X% =Ag X0
, aS—ib
T icS+d’
2 9Ag 99
s (Y92 85 U
2 0Ag 022
As (Y02 9S aT

9 AS:iCS+d7

Gabriel Lopes Cardoso (CAMGSD, IST) STU model Johannesburg, March, 2017



STU-model

o\ _ 09 o0\ _ 09

aT)s — oT’ au)s au’
oy a2 0BT, 000 2 anAs 9909
98 89S~ 0S 57 9X0 T (X092 9S aT oU

XO@ 02 4 0 90209
aX0 X% T Ag (X002 98 9T U

where Ag=icS+d

Non-linear in €. Similarly for T and U duality.  Triality.

Q by iterative procedure.
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STU-model

Local supersymmetry requires Q(X, A) to be holomorphic and

homogeneous of degree 2: AeC
_ X2, o S (LA )
Q(X,A)_A[y In <= (S,T,U)+;((XO)2) (S, T, U)

Note presence of logarithmic term:  beyond usual perturbative
expansion in A/(X°)2.

LEEAinputdata: w(M(S, T,U) = w(S) + w(T) + w(U) with

0 w(S) = 5 IN7x(S)

0 w(S)=w(S)—2yINAg(S)  withy = — k.
0 X0 — Ag(S) XO
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STU-model

@ AcC: ~ In ° LS, T, L)

@ AcR: v Indet Njy + (w(S, T, U) + c.c)

STU-model:

K= In|X°P = —In [iX'F® - iF{OX']

Symplectic function.
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Log area correction

AcC:  Lyisonian ~ 7 IN(X®)2 W2 + h.c.

logarithmic correction to BPS entropy for large black holes from duality:

Area law: A
80 = Z = I ()_(I Fl(o) - Xl ,_:/(O)> |attractor
Correction:
AS =2In |Xo|2|attractor =2 II’]‘S‘O
in agreement with Sen, arXiv:1108.3842
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STU-model

Higher-order contributions  w("(S, T, U) by iterative procedure:

1 0w Ow Ow
B) _ 10w dw 0w
wHS T U) =2 55T a0
1 Ow Ow Ow\2
®) _ 1 (0w Ow dw
wHS T U) =23 (as aT au)
[T (e Deye | O (Do DuyE T (D 0
212|952 \oT au) T a2 \au 8s) Taur \asaT/) |-
etc.

All determined in terms of w("(S, T, U) = w(S) 4+ w(T) + w(U) —
Q(X,A) as a series.

Exact expression for Q7 — TST
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Relation with topological string theory

Subtle relation betweeen Wilsonian LEEA and the topological string
partition function (TST).

LEEA:

A
(X0)?

QX,A) =A [’y In (X:)Qw(”(s, T, U)+§: (

n=1

)n w(n+1)(s7 T, U):|

TST: free energies F9(Y,Y), symplectic functions.
Relation: C, de Wit, Mahapatra, 2014

@ Legendre transformation Q(X,A) = H(¢,x)
H: Hesse potential
@ New variables X' =y
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The Hesse potential

LEEA:  F(X,A) = FO(X) +2iQ(X, A)
@ Hesse potential H(¢, x) Freed 1997
gZSl:XI—i-)_(I , X/:F/—l-/_:/

Obtained by Legendre transform with respect to X/ — X:

H(6, ) = 4Im <F(°)(X) FiQ(X, A)) i (X = X)!

Significance: symplectic function

@ New variables:

(iﬁ) = 2Re <F/(§i n) =2Re (F,“K(l Y))

Relation between Y’ and (¢, x) only involves F(©),
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Evaluating the Hesse potential

In TST variables Y': H(p,x) =30, ATFI(Y V) + ...

Expansion in terms of symplectic functions F("(Y, Y), the topological
free energies.

STU model: LEEA

QX,A)=A [7 In (X:)ZJW(‘)(S, T, U)+i ((Xﬁ)z)"w(nm)(s, T, U)]

n=1

TST: A= A/(Y%)? topological string coupling

H=4A [—’y In 22| + h(\, w, N¥) + (A, @, N'J)]
h depends holomorphically on w and A, but noton S, T, U:

Ny = 2Im (a2F(°)(Y) /Y9 YJ)

Gabriel Lopes Cardoso (CAMGSD, IST) STU model Johannesburg, March, 2017 16/19



Exact results

°
oh 2\

on DrhDyh
85 (5+82 7Y

: ot (1) — o) 2y
Covariant derivative  Dyw T ToF

Equivalentto BCOV hep-th/9309140
@ hseriesin \. Consider h=h(\w NY)with w=0
Alim, Yau, Zhou 2015

Can rewrite holomorphlc anomaly equation as ODE in
A=

(S+S)(T+T)(U+U)

dh 2 1 S
ax A 4)\2[ ! ]

Exact expression for h when w = 0!
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Exact results

When w # 0:
h=f\)+g(\w), g(\w)series expansionin A, g(\,w=0)=0.

This series contains

00 n+2
;)(njz)!( 3(8) (2 orudus)

where (S) = 24 + (gg) , Dsx(8)= (a% + 2 3;@) ¥(S).

Compare with Cohen-Kuznetsov type series (convergent, modular
form of weight k)

Z I(k (DT f(S) ™ , TeC

m=0
Pochhammer symbol (k) = T o X ar
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Questions

@ Exact expression for g(\,w)?

@ Exact result for Q on effective action side?

Thanks!
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